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Abstract

Shub, M. and S. Smale, Complexity of Bezout’s theorem V: Polynomial time, Theoretical Computer
Science 133 (1994) 141-164.

We show that there are algorithms which find an approximate zero of a system of polynomial
equations and which function in polynomial time on the average. The number of arithmetic
operations is ¢N%, where N is the input size and ¢ a universal constant.

1. Introduction

The main goal of this paper is to show that the problem of finding approximately
a zero of a polynomial system of equations can be solved in polynomial time, on the
average. The number of arithmetic operations is bounded by ¢N*, where N is the
number of input variables and ¢ is a universal constant.

Let us be more precise. For d=(d,, ...,d,) each d; a positive integer, let 5 ,, be the
linear space of all maps f:C"*! > C", f=(fi,..../fs), Where each f; is a homogeneous
polynomial of degree d;.

The notion of an approximate zero z in projective space P(C"*') of f has been
defined in [11,12,14,6] and below. It means that Newton’s method converges
quadratically, immediately, to an actual zero { of f, starting from z. Given an
approximate zero, an ¢ approximation of an actual zero can be obtained with a further
log{log | number of steps.
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A probability measure on the projective space (of lines) P(#,,,) was developed in
[5,11] and “average” below refers to that measure. Let N =dimension #,, as
a complex vector space.

Main Theorem. Fixing d, the average number of arithmetic operations to find an
approximate zero of fe P(# (4)) is less than ¢N*, ¢ a universal constant, unless n<4 or
some d;=1.

Remark. If n<4 or some d;=1, we get cN3

The result is also valid in the non-homogeneous case f:C"—>C".

The import of the Main Theorem can be understood especially clearly in the case of
quadratic polynomials. Thus consider the case d=(2,...,2) of this theorem. Here we
have that the average arithmetic complexity is bounded by a polynomial function of
the dimension n since an easy count shows that N <n®. This seems quite surprizing
in view of the history of complexity results for polynomial systems (see [1] for
references).

The special case of quadratic systems has extra significance in view of the NP-
completeness theorems of [1].

Here it is shown that the decision problem “quadratic systems” is NP-complete
over R or over C. This problem is given k quadratic inhomogeneous equations, in
n variables, to decide if there is a common zero. For various reasons, it seems unlikely,
that there is a polynomial-time algorithm, even with exact arithmetic (in the sense of
[17) for this problem.

Moreover in the recent “weak model” of [4], quadratic systems definitely do not
admit a polynomial-time algorithm, so that P # NP, as was shown in [2].

One might reasonably ask about the analog of the Main Theorem for the worst
case, rather than the average. In a trivial sense the corresponding conclusion cannot
be true since some polynomial systems have no approximate zeros.

But there seems to be a deeper sense in which the result (or a modification thereof)
fails for the worst case. The algorithms we use here are robust in that they work well in
the presence of round-off error (see [3,6]).

This could be made more formal, more conceptual, by the introduction of a
“d-machine”, see especially [6], but also [8,9,17] for background.

A d-machine is defined to introduce a relative error 6 at each computation node of
a [1] machine.

Then it could no doubt be proved that a J-machine would be sufficient in our Main
Theorem, where 6 >0 could be well-estimated.

On the other hand for n> 1, polynomial systems may have one-dimensional sets of
solutions (“excess components™) and that fact seems to imply, that the worst-case
complexity problem is undecidable with é-machines, for any 6 >0. Even the linear
case produces an argument. These ideas need formalization and development, but one
would expect that to happen in view of [6].
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The algorithm of the Main Theorem, developed in [11, 12, 14], is a homotopy
method, with steps based on a version (projective) of Newton’s method. There is
a weak spot in its present use in that the existence of a start system-zero pair (g, {) is
proved, but not constructively. Thus the algorithms depends on d=(d,,...,d,), and
even on a probability of failure ¢. It 1s not uniform in the sense of [1] in d and .

In Section 2 an obvious candidate for (g, {) is given. If our (highly likely) conjecture
stated there is true, then the uniformity of the algorithms is achieved.

The Main Theorem has the following generalization, which includes the case
studied in [14]. We say that z,, ..., z, are [ (distinct) approximate zeros of fe P (.# 4,) if
they converge under iteration of (projective) Newton’s method to ! distinct roots
(ioenGof f.

Generalized Main Theorem. Fixing d, the average number of arithmetic operations to
find 22121, where 2 =T]}-, d; is the Bezout number, approximate zeros of fe P(H 4))
is less than cl? N*, ¢ a universal constant, unless n<4 or some d,=1 in which case cl> N*

suffice.

2. Main theorem, weak version

Let 5% 4, be as in Section 1 and we suppose it is endowed with the Hermitian inner
product in [5, 11] invariant under the unitary group U(n+ 1). Then S(# ;) denotes
the unit sphere in #,, and

V={(f )eS(# &) x P(C"* )| f({)=0}.

Then let £ be the set of singular points of the restriction #, : I}HS(%(,,,) (ie. (£, 0)
such that the derivative DA, : T, ( )— T (S( )) 1s singular). Compare all this with
the similar notions for ¥ of [11, 12, 14]. In fact, one has the fibration V— V" with fibres
S0(2) induced by the fibration S(5# ) = P(# 4)); thus the vertical distance to X’ of
[11] defines a similar vertical distance p (same notation) and neighborhood Np(ff’) of
S in V.

Let &, be the space of great circles of §(#,) which contain geS(#,). Let
Y:S(H a)—{tg}—>L, ¥ (f)=L, be the map which sends finto the unique great
circle containing f and g¢.

For such an f we may define I:fzﬁfl (L)<= V. If L, =0, where 5 =#,(3")is the
discriminant locus [11], then L ¢ is a one-dimensional submanifold in V oriented by
going from g to fomitting —g. If in addition, { is a zero of g, then there is a unique arc
in I:f starting at (g,{) and ending at the first point of #; ! (f) met on I:f. Let us call
that arc L(f, g, {).

Remark. L(f,g,{) may be interpreted as a path of zeros of “the homotopy”
tf+(1—t)g as t goes from 0 to 1.
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Our Hermitian structure on 4 induces natural Riemannian metrics and prob-
ability measures on S(# ), P(# 4) and & ,; see [12,14]. Moreover with these
measures, the natural maps S(H# y)— P (A 4), ¥ :S(H o)) —{ g} &, are measure
preserving, in the usual sense that meas ¢ ~! 4 =meas A4.

Fixing (g,{) as above let 6 =0a(p,g,{), 0 <o <1 be the probability that L(£,9,0)
meets Np(f’) for feS((4). Later we will see how ¢ may be interpreted as the
“probability of failure”.

Theorem 2.1. For each p>0, there is a (g,{)e V such that

o<cp N2n*D¥2.
Here, as throughout this paper, ¢ is some universal constant. Moreover,

D= max (d;).

i=1,....n

Proposition 2.2. We have n* D3 < cN unless some d;=1 or n<4 in which case there is
a slightly weaker estimate.

The proof is left to the reader (use (?;")< N).
Using this proposition and [11] for the case n=1, one can use Theorem 2.1 to get
the estimate:

g<cpiN3.

Theorem 2.1 has a ready interpretation in terms of the condition number

of f,

/lg,;(f): m?x Hnorm (h,Z).
(h.2)eL(£.9.0)

Here see [11,12,14] for u,.m(h, z) as well as the condition number theorem

p(h, z)= (h,z)eV, (or V).

Hnorm (R, 2)’
Let

Seco={1eS(H )~ {£g}|L(£9.)NN, (L) #0}.

Theorem 2.3. Given p>0, there is a geS(# 4y) such that

1 ¥eg0=0VolSys, _ cp? N'n? D2,
92 VolS(Hu)

Note that Theorem 2.1 is a consequence of Theorem 2.3, since the left-hand side of
Theorem 2.3 is an average over the zeros { of g. For at least one {, one gets less than
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the average. Hence there exist a pair (g,{)eV such that

o= Vol S, .., <cp>N2n D32
Vol S(H# &)

proving Theorem 2.1,

Conjecture 2.4. The pair (g,{) of Theorem 2.1 given by g;(z)=z% "1z, i=1,...,n, and
{=eo=(1,0,...,0) makes the conclusion of Theorem 2.1 true.

The truth of this conjecture would make our algorithms more constructive and in
fact algorithms in the sense of [1] with input (d, o, /).

Remark. Let S, ,=|) : S,.,.So

g15=0

Vol (S,, )<Y VolS, . ,.
R

In this way it is seen that Theorem 2.3 is a sharp form of Theorem 2 of [14]. In fact
that suggests a proof. Theorem 2.3 is proved in the next section following [14], but
with a multiplicity function taken into account.

Next we use the Main Theorem of [11] and Theorem 2.1 to obtain a weak version
of our main result.

Main Theorem (Weak version). Let be given a probability of failure 6, 0 <o < 1. Then
there exists (g, {ye V such that a number of projective Newton steps k sufficient to find an
approximate zero of input feS(H 4) is

k<cN3/o.

(If n<4, or some d;=1, one obtains only ¢cN*/s.)

Proof. The Main Theorem of [11] asserts that k <cD3/?/p?. But by Theorem 2.1, we
can take 6=cp?*N?D*?n3. Thus by Proposition 2.2, we obtain the estimate of our
theorem.

The number of arithmetic operations of a projective Newton step can be bounded
by ¢N, so we get cN*/o arithmetic operations. [

This theorem is easier to prove than the Main Theorem, the weakness coming from
the factor 1/o which cannot be averaged. Thus we must be able to replace 1/o by
1/6' ~¢, Sections 4-7 are devoted to this.

3. The proof of Theorem 2.3

As we have noted Theorem 2.3 uses a sharpened form of Theorem 2 of [14]. This
suggests a proof. To this end we sharpen accordingly, Theorem C of [12] and then
Proposition 4(a) and (b) of [14].
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Let M,,:S(# 4)—Z " be defined as follows. M,,(f) is the number of roots of fin
sz(f’) (perhaps o0) or more properly, the cardinality of ﬁfl(f)msz(f?’). Here we
are following the notation of Section 2.

Theorem 3.1. For any p>0

1
S M, (f)<cp*n®N22.
VOIS(%M)) JVSUVMI) 2p f) P

This is a sharper version of Theorem C of [12], but the same proof works.
Define for (g, {)eV, ¥, , = &, as follows: Suppose that

LAS=0 (L EcS(Hw).
Then 77 ' (L)— L is a @-fold covering map and #7 ' (L)—7#; ' (—g) consists of Z open
arcs in V. Let A, denote the arc among them that contains {. Then define:

Ly o=lLeL | A, (AN, (E)#0}.

.80

Lemma 3.2. With notation as above,

Yoam=0VolS, ¢, < Yeao=0 Vol Ly o,
VolS(#y) Vol #,

The proof follows from the fact that y: S(# ') —{ + g} =&, preserves the prob-
ability measures and that

Sg-C,ﬂC‘pil(yg.C.p)'

Lemma 3.3. For any p>0,d=(d,,...,d,) there is a geS{(H ) such that

Vol Z, cp* 7' Vols!
Zc.g(c)vol 9. ~P<< 3/2> , M3, (f).
ol Z, D Vol S(H# ) S5,

(Here Vol S'=2m.)

Note that Lemmas 3.2 and 3.3, and Theorem 3.1 give the proof of Theorem 2.3. One
has to just check that the constants come out correctly.

Thus it remains to prove Lemma 3.3. For this we sharpen Propositions 4(a) and
4(b) of [14] as follows.

Let . denote the space of great circles in S(3# ).

Proposition 3.4, (a) There is a geS(H# )} such that

1 1
M <— M )
Vol &, L LGL 2(f) Vol &# Jy) LL 2(f)
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(b) Moreover,

Vol S! J
M Y= M,,(f).
Vol & L JreL ¢ (f VOIS(%M)) S(H ) 2 f

The proof follows so closely that of Propositions 4a, b of [14] that we leave it to the
reader.

Corollary 3.5. For any d, p there is a geS (3 (4)) such that

Vol S!
VOIgJ j f)\VOIS(JfM))JS(%(a.)sz(f)'

Let 7,:.%,—Z" be defined as follows. 7,(L) is the number of 4, ; meeting Np():“’).
Then from the definitions

Y Volg’g,g,p=J‘ 1,(L).

I4 Le
9(0)=0

g

From the corollary of Theorem 1 of [14] we have

Tp(L)<<%>_ Mlp(f)

Therefore, we obtain for any geS(# ),

2 -1
ZgVolﬁiﬂg‘w< 1 cp? Mo (f)
Vol &, Vol £, \ D3* P

The corollary of Proposition 3.4 now finishes the proof. [

4. Integral geometry

The goal here is to estimate the volume of certain real algebraic sets. The arguments
go back to Crofton and [19], but we use a modern form closer to [12, 14].}
The following theorem illustrates what we are doing.

Theorem 4.1. Let M = P(R') be a real algebraic variety, given by the vanishing of real
homogeneous equations with its complexification having dimension m and degree 3, over
C. Then the m-dimensional volume of M is less than or equal to 5 Vol P(R™* 1),

The affine version can be dealt with by the same methods and in fact is in [15] for
the one-dimensional case in R2.

Let V< S(# 4y x P(C""') be as in Section 2 with restrictions of the projections
denoted by #,: V= S(# ), #,: V- P(C"*1). Let L be a great circle in S(# ), with

! Added in proof. See also [18].
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LAZ=0. Then #7 ' (L)is a one-dimensional (real) submanifold in V. Also #, (% (L))
is a curve Bin P(C"™1).

Theorem 4.2. The length of B is less than or equal to 22>,

We sketch some basic results on integration, especially Fubini’s theorem, in
a Riemannian manifold setting (the Coarea Formula, see [7]).

Suppose F: X — Y is a surjective map from a Riemannian manifold X to a Rieman-
nian manifold Y, and suppose the derivative DF (x): T (X)— T, (, (Y)is surjective for
almost all xe X. The horizontal subspace H, of T,(X) is defined as the orthogonal
complement to ker Df(x).

The horizontal derivative of F at X is the restriction of DF (x) to H,. The Normal
Jacobian N, F(x) is the absolute value of the determinant of the horizontal derivative,
defined almost everywhere on X.

Example 4.3. Suppose a compact Lie group G acts transitively and isometrically on
a manifold S. Fixing speS, the normal Jacobian of the map G — S, g—y¢s, is a constant.

More generally the following result is seen easily.

Proposition 4.4. Let F: X — Y be a map of Riemannian manifolds, equivariant under the
action of a compact group G of isometries of X and Y. If G acts transitively on X then the
normal Jacobian is a constant.

Fubini’s theorem takes the following form.

Coarea Formula. Let F: X — Y be a map of Riemannian manifolds satisfying the above
surjectivity conditions. Then for ¢ : X —-R

1
L w(x)=fy le @ (x) NF()

Here the usual integrability conditions of Fubini’s theorem are supposed.

Next suppose that G is a compact Lie group acting transitively and isometrically on
the manifold S. Let N be a submanifold of § such that the subgroup Iy of G leaving
N invariant acts transitively on N. Thus the quotient space

Gy=G/Iy={gN|geG}

represents the various images of N under applications of elements of G.

Our application will be to the case S is real projective space P(R'), G is the
orthogonal group O(l) and N is P(R¥*!) considered as inbedded in P(R') as
a coordinate k subspace. In this case Gy can be identified with the Grassmannian G, of
k-dimensional linear subspaces of P(R').
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Returning to the general setting let W < Gy x S be the submanifold

Let p;: W—Gy, p2: W—S be the restrictions of the natural projections.
The following proposition can be easily proved.

Proposition 4.5. The above W is indeed a submanifold, the product action of G on Gy x §
leaves W invariant, and acts isometrically and transitively on W. Moreover, p, and p,
are equivariant under G.

Corollary te Propositions 4.4 and 4.5. The normal Jacobians of p, and p, are constant.

Since G acts on S it acts also on the tangent bundle 7(S) by the derivative. It also
acts on the associated bundle G, (T(S)) with fiber, all m planes through the origin in
T,(S). We say that the action of G on S is m-transitive if this last action is transitive.
Note that in our application, m-transitivity is satisfied for all the relevant integers m.

Proposition 4.6. Let M be an m-dimensional submanifold of S. Suppose that G as above
is also m-transitive on S. Let M =p[ ' (M) < W. Then the restriction p, | M - Gy has
normal Jacobian a constant ¢ (possibly not defined everywhere) depending only on G, S,
N and m.

Proof. Define an associated bundle E(T(W))=E over W of T(W) as follows. Let
we W: we will define the fiber E, by
E.={Dpy(w)" (L) = T | LEG (T, (w)(S)}

Then the induced action of G on E is transitive by our hypothesis of m-transitivity.
Let H,, be the orthogonal space to ker Dp, (w) in E,,. Then Njp lpp(w) is the determi-
nant of the restriction of the derivative of p, to H,,. By our transitivity we are finished,
noting also that the surjectivity of the derivative holds everywhere if at one point. T

Theorem 4.7. Let M be as above. Then

Vol M = f Vol(gN " M),
gNeGy

Vol WO

where ¢ is the constant of Proposition 4.6 and W,=p3 *(so) for some fixed sy€S.
The volumes are of course in the appropriate dimensions.

Proof. Apply the Coarea Formula and Proposition 4.5 to p, restricted to M to obtain

Vol M = Vol M Vol W,,.
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Next apply the same argument to p, restricted to M to obtain

- 1
Vol M = Vol(gNmM)( )
gNeGy Nyp, a1

By Proposition 4.6, and by elimination of Vol M we obtain the resuit. [

Returning to our special case of projective spaces recali that G, denotes the space of
k-linear subspaces of P(R').

Theorem 4.8. Let M < P(R') be an m-submanifold. Then

Vol P(R™*1) 1

VolM=— 0% ) °
O Vo P(R™ T 2) Vol G,

J Vol(LnM).
LeG,

Proof. It suffices to prove that

¢ VolP(R™!) 1
Vol W, Vol P(R™**~'*2)Vol G,

Apply Theorem 4.7 to M=P(R""1!). So

Vol P(R™*1)=

Vol (LA P(R™* 1))
Vol W, Leck oHLAPR™T)

The theorem follows, noting that Vol (L~ P(R™*1))=Vol P(R™ *~1*2) ]
Proof of Theorem 4.1. Let M < P(C') be the complexification of M < P(R') of the
theorem. So M = M¢n P(RY), P(R"Y < P(C'). The real dimension of M is less than or
equal to m and we suppose that it is m. The generic (l—m — 1) linear subspace in P(R')

meets M transversally and in at most é points since its complexification can meet
M¢ in at most ¢ points of transversal intersection. Thus

J Vol(LNM)<éVol(Gy—p— 1)
LeG,_,, |
Since Vol P(R!)=1, and we are finished by Theorem 4.8. [

Proof of Theorem 4.2. Real projective 2n+ 1 space P(R?*"* V) fibers over P(C"*1)
with S! fibres, by the isometric action of the unit complex numbers mod + 1. Let

q:P(R“"*”)—»P(@"“)
be this fibration. Denote by A4, ¢~ (B), where B is as in Theorem 4.2. Note that A4 is

a surface.

Lemma 4.9. (a) The length of B equals (1/n) Area A.
(b) A generic (2n—1) linear subspace of P(R?>"* )Y meets A in at most 9* points.
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Proof of Theorem 4.2 (continued). We first show that Theorem 4.2 follows from
Lemma 4.9.
We use Theorem 4.8 just as in the proof of Theorem 4.1. Thus,

Vol P(R?)

Arcad < 9?2 )
rea A < I Y TPRY)

< Vol P(R3) 22
and so length B<(Vol P(R3)/n)D? proving Theorem 4.2. [

So it remains to prove Lemma 4.9. Part (a) of Lemma 4.9 is again a (rather simple)
case of the coarca formula. Now consider (b). The idea is to lift the setting to P(R2"*?2)
and then complexity.

Observe that L < P(# ), so 7' Lc Lx P(C"*!) < P(# 4)x P(C"*') and of
course A7 'L V.

The following diagram helps:

g3 AT L) = (Lx P(R*F2) AV —s P(R?"*2)

! 14 . la
#7UL) =(Lx P(C*")AV —— P(C"*1)

Here g,:LxP(R**2)5LxP(C"*') is induced by g and V=g;' (V). Thus
A=ryq; ' A7 L.

Now L may be described as tg, +(s—t)g, for particular g,, g,€# 4, t,seR and
thus L may be identified with P(R?) = P(C?). Then g, ' #; ! L= X may be defined by
the 2n real homogeneous equations

tRe f+(s—t)Reg=0,
tIm f+(s—t)Img=0.

These equations are homogeneous of degree 1 in (s,t) and (d, ..., d,) in (x;, y;) where
z;=x;+./—1y;. Complexifiying these equations in s,t,x;,y;, we obtain a variety
X¢ in P(C?)x P(C2"* 1) The generic 2n— 1 linear subspace K = P(R?"*2) has the
property that the complexification P(C?2)x K¢ meets X¢ in at most 22 points of
transversal intersections (via elementary intersection theory).

This yields the upper bound 22 for the number of real intersection points, finishing
the proof of the Lemma 4.9 (and hence Theorem 4.2). O

5. Some approximate zero Theory

In this section we do some of the a-theory and approximate zero theory of [15] and
[11] in the projective Newton setting. See also [6].

We take a slightly different perspective than [11], but still relying on it in part. In
this account we do not attempt to get the best constants.
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Letf:C""' > C" f=(f1,...,f,), where f; is analytic and homogeneous of degree d,,
e.g fe A .
Recall that the projective Newton method is a map N, :C"**—»C""1 defined by

X_’X_(Df(x),Nullx)— lf(x)

and an induced map N,:P(C"*!')-P(C"*') which we have denoted by the same
letter. We also sometimes identify x and its equivalence class in P(C"™?). Also N is
obviously not defined everywhere, so the above represents a certain abuse of notation.

A point xeC"* ! or P(C"* ') will be called an approximate zero? for fif the sequence
x; defined by x=x, and N ;(x;)=x;,, is defined for all natural numbers i, and there is
a zero { of fsuch that dg (x;, ) <(3)? ™' dr(x0,). Here dg is the Riemannian distance
in P(C"*!) and { is the associated zero of x, i.e. {=lim x;.

The next theorems are devoted to giving criteria for a point to be an approximate
zero in terms of invariants «, o, 7o and the distance function dg.

1
Bolf. X)=H— DS (x) Inan <)~ S

x|l
X 1
Yo (s X)=iur2> <E (D () Inun ) ™' DX f(x) | >”“‘_“ <1,
a(f.x)=Bolf, x)yo(f, X),

where B, 70, o are taken as infinite if (Df(x)|xuns)~ ' does not exist

Note. We have not restricted D* f(x) to Null x as in [ 11]. This change does not effect
the theorems of [11]; they still hold with this 7.

If { is a simple zero of f; i.e. (D f({)|nun )~ " exists, then { is a fixed point of N,. We
begin by showing that N, contracts discs of a certain size in P(C"*1'), centered at {,
towards (.

Theorem 5.3. There are constants ¢>0 and i, >0 such that given [ as above, and
x, [eP(C"" ') with

f(0)=0,

dr(x,0)< 1,

dr(x,0)yo(f, )<y,
then | DN ;(x) || <cdg(x, {)y0(f ). Here DN ;(x): T P(C"" )Ty (P(C"* ') is the

derivative.

Remark. Theorem 5.1 is sharper if we maximize 7, and minimize c. In any case in the
sequel we assume #, <1/2c.

2In [15] there are approximate zeros of the first and second kind. Qur approximate zeros here
correspond to the second kind.
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Let B,(x) denote the closed ball of radius r around x.

Corollary 5.2. If r<min(1,d,/70(f, {)), then N;:B,({)>P(C"*") is well defined and
N;(B,({)) c B,({). It is a contraction with contraction constant cryq(f,{), so

N(BAL) = B (L), r'=cr?yo( £, 0).

Proof. Observe that B, ({)is convex. By Theorem 5.1 the length of the image of a curve
of length L in B,{({) is at most cryo(f. {) L. This establishes the assertions on the
contraction constant. Applying the contraction estimate to the straight lines from { to
x, xeB,({), shows that N (B{) =B, (), r'=criyo( £ (). As cryo(f,{)<1, Ny is
indeed a contraction and N (B.({)) < B,({). O

Contraction mappings have a convenient property, which we pause to record.
Let X be a complete metric space with metric d, ¢: X — X a contraction map with
contraction constant k and unique fixed point p.

Proposition 5.3. Let ¢, X, p,k be as above. Then for any xe X

1 1
Tl )< dx, p) <7 d(x, ¢(x)).

Proof. Both inequalities are standard. We prove only the left-hand one:

d(x,p(x))<d(x,p)+d(¢(x),p)<(1+k)d(x,p). O

Corollary 5.4. If f({)=0, dp (x,{) <1 and dr(x,{)yo(f, {) <, . Then x is an approxim-
ate zero of f with associated zero (.
Proof. By Corollary 5.2.
dr (N £ (x), {) < edr(x,0)? y0( £, 0)
and by induction
dg (N (x), ) < (edr (%, O 7o (£ )~ dr (%, ).
Since i, <1/2¢, cdr(x,{)yo(f, )<, O
Theorem 5.1 follows immediately from the next two propositions which are of
independent interest.
Proposition 5.5. Let f be as above. For xeP(C"*1)
[ DN (x) | <2a(f, x).

Proof. Let
E,.=x+Null x,
ENf w=Ns(x)+ Null N,(x).
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We use E, and Ey,(, as charts for P(C"*') at x and N (x), respectively, in the
obvious way. [

Let veNuli x.
DN ;(x)(v) =1 (Df (x) Inuti x) ~ * D DF () Inutt  (0) (DF () Ivurr ) ™ S (%),

where n is the orthogonal projection onto the null space of N (x).

Thus [DN(x)vlc <2y(fi x)B(f,x) | v]cn+r. Recall that N (x)ex+Nullx so
INs Yz Ixlen.

Now

DN (x)o fgre
IDN(x)vllzy o pcr-H= .

N (X} ligres
DN (x)v | gnr v n+1
DN ()vlle <2a(f,x)” lc
X llgnet I xlgne
=2a(f, x) vz Py U

For the next proposition we use a simple geometry lemma.

Lemma 5.6. Let x,yeC" ' —{0}. If dp(x,y)<1 in P(C"*') then xeAy+ Null Ay for
some A and | x—Aiyll/|| Ay || =tandg(x, y).

Proof. || x—Ay|/ix||=sindg(x,v) by Proposition 4, Section 1 of [17]. So
Ix—=Zy |/l 2ylf=tandg(x,y). [
Proposition 5.7. There exist constants ¢>0, 4, >0 such that, if
dr(x, ) <1
and
dr(x,0)yo (/. D)<y
Then 2a(f, x)<cdg (x,0)yo (£, ).

Proof. It follows from the lemma that

de e )< X2 an () de e 0,
BT

where xeAl + Null AL. Also, yo(f, AD)=7y0(f, ) so
. . | x— ALl
dr(x,{)70(f£ () and U= 7o(fs 9)

also differ at most by a multiple of tan(1).
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Now apply Proposition 2, Section III-2 of [11] to conclude that 2a(f, x)<

2(x%u/y (u)?); k=r(u) and ¥ (u) are close to one for u small so we are done. Here we
have been using the notation of [11]. O

Next we prove a version of the a-theorem.

Definition 5.8. Let 7,(f, x)=max(yo(f, x), 1) and &(f, x)=Fo(f, x) Bo( f, x).

Theorem 5.9. (Projective a-theorem). There is an 8,,,;>0 such that if G(f, x)<dpyeo;
then x is an approximate zero of f.

Compare this to [6].
In fact, we will prove a little more.

Proposition 5.10. There are constants o, >0, ¢ >0 such that if a( f, x) <o, then there is

a zero { of fand dx (x,{)yo(f. {)<ca(f, x)

First we prove Theorem 5.9 from Proposition 5.10.

Proof of Theorem 5.9. Just let d,,,;=min(x,, u,/c) and apply Proposition 5.10 and
Corollary 5.4. [

Proof of Proposition 5.10. By the Domination Theorem (following the notation of
that theorem) (Theorem 2, Section I-2 of [11] for a( f, x) <a, there is a zero { of fin
E,.=x+ Null x such that

1)
ix-00<"b D,
Thus,
R (*)

Now if &(f, x) is small so is Bo(f, x) and so is ||x—{ ||/ x| by the Domination
Theorem again. Thus || x—{||/l x| and dg(x,{) differ by a multiplicative constant
close to one and di(x, ) is also small. Since { is a zero, ker Df ({) ! =Null({) and

D (O)lnvang) ™! DA v < | < 1.

Hence in Proposition 2, Section I11-2 of [11], x may be taken as 1 and

Yol S, X)

Yol )< Yt (f, x) (1 —z(a(f, X))))
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Substituting in (*)
dR(x’ C)VO( ) :)Sca(ﬁ X)

for a(f, x) small enough. Finally, «(f, x)<4(/, x) so if &
done. [

oroj 18 small enough we are

6. The homotopy

The goal of this section is to give the proof of Theorem 6.1 below.

Throughout this section we suppose that (f,,,) is a curve in V=5, 0<r<1.
Except for Proposition 6.2 and Lemma 6.3, we assume moreover that f, can be
represented as f,=tf+(1 —t}g for some f, geS(# 4))). Let 7 be an upper bound for
1 and yo(f. (), 0<t< 1.

Theorem 6.1. With f, as above, there is a partition
to=0, <tivys t,=1

with
xo="{o, xizN,;((x[,l), i=1,...,k

well-defined for each i and x; is an approximate zero of f,, with associated zero {,,. Also
k<cpg,o(f)(1+D>2 L),

where L is the length of the curve {,. Moreover, (as we will see) t; can be easily calculated

att_,.

Recall that N, is given by projective Newton’s method.
Towards the proof we have the following proposition.

Proposition 6.2. There exist universal constants a*, u* with the following property.
Suppose

L, t+Ate[0,1], x,eP(C"*1)
satisfy:

Fdr (x,, )< u®,

$Bo(fr, X )<a*  for all t'e[t, 1+ At],

then for all t'e[t, t+At], Pdp(x', { ) <u*, where x'= N, (x,) and x, is an approximate
zero of f, with associated zero {,..

Moreover, given any positive constant K we may take u* < Ko*. In fact, K=1/48 in
what follows.
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Proof. Aslong as a* <d,;, X, is an approximate zero for f, from Theorem 5.9. That
¢, is the associated zero is a simple continuity argument. As usual there is a constant
K close to one such that,

dr(Ny (x)), x) S Ky Bo(firs x ) < K a*/].
So from Proposition 5.3,

dr(x., §) <2K 0% /F
and by Corollary 5.2

2K, a*\? | (2K a*)%¢
dR(N,f-;(xt),c,f)sc( ; > =

¢ the constant of Corollary 5.3.
Choose o*, u* so that 2K3c(a*)? < u* and u* <Ka*. [

Lemma 6.3. There are universal constants K >0, u,,, >0 with the following property. If
feP(H ), f(£)=0 and

dr (%, Oyo (f, ) Sttyx

dr(x, {)<1/D,
then pnoem (f, X) < K pnorm (. O)-

For the proof we may take xe{+ Null{,
Following [11] and the notation there,

Heorm (s XY =11 £ I 1(DF(X) Inun ) ™" A(d}?) A x (|4 ]
NS HIEDF () Inun =) ! Df(x)|Nuug (i (Df(x)|Nuug) 1Df &) Inuniz

di
“ (DF (D)) ™ A@HH A1) “A<<IICI|1|> )H

= ftnorm (S5 O) 1 (DF (%) Inun<) Df(x)\Nuuc [
x || (Df(x)lNuuc)_1 DO nunc |
()
Il
Let ro=1x—C /1l and u=roy0(f; {) so ro and dg(x, {) differ by a multiplicative

constant close to 1, and the same for u and dg(x,{)ye(f, g)-
By Proposition 1, Section III-2 of [11]

(1+r3)"?

- <(2—u)u>'
\ vl

”(Df(x)iNullx)_] Df (%) Inwug I <
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By Lemma 3(2), Section II-1 of [11]
1 (1—u)?
D Null g D Nullf Il "7,
DS () Inane) ™" DO Invane | < v

and these quantities are both bounded as soon as dg(x, {)7,(f, g) is small enough.

Finally
K. \2\12
|>f”=(1_+_r(2))1/2<<1+<31> ) for K, near 1

so (| x|I/11£])% is also bounded and we are done.
Now let

W= 1(Dfi(x} =)~ (= g)x) I,
B, =[(Dfi(x) Inunx) " D(f=g)(x) .

Proposition 6.4. (a) B, <2uporm (fi, X,)-
(b) B~ <Polfrx)<BT,

where

:AtWt+ﬂ0(.fz7 xt)

+
p 1 FAtB,

, At=|t'—t|
as long as At < 1/B,.

Proof. We may assume || x,||=1. Then

B, < [(Dfilx) Inan <)~ HID(f=g)(x) |
Sulfe, x)(IDAX) |+ 11 Dg (x) 1)

<2u(fes X0)
using Proposition 2, Section I1I-1 of [11]. Finally,

Au( 1> xr)giu'norm(f;’ Xt)
proving (a).
Since

Bo(firr xe)=1(t" = O)(Dfer (X)) Inun x) ™ (f =) (%) + (Dfp () bnum =) ™ f () 11
(I

Proposition 6.4(b) follows from the following lemma.

Lemma 6.5.

Df, <) DA vwne | S5
@) 1(Pfe(x) nvanx) ™" DA (X Inun x|l T —1[B,]

1

(6) 1(Dfe(x:) Inunx) ™ DF0x,) It x, llmin = m
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Proof.
Dfe (x) Inun = = Dfe (<) Inan v+ (' =) D(f = g) (X} Inutt x>
$0
(Dfi(x) Inanx) ™ Dfe () =T+ (' = )(DA(x) I x) ™' D= g)(x,).
Now the minimum norm

1
I(Dfe(x) Inunx) ™" DSy () I e

2;’
1+|t'—t|B,

I (DS (%M Nunx) ~ ! Dfi(x,)Inunx, lmin =

which proves Lemma 6.5(b). Part (a) follows from the additional fact that if
I I—A Bl <c<lthen | B '4|<1/(1-c). U

Define

/2 :pug,g(f): m;’ax .unorm(ﬁ’ Ct)

Choose $=D3?2i. This is permissible by Proposition 3, Section I-3 of [11]. Set
a** =min(a* u**), o* u** of Proposition 6.2, Lemma 6.3, respectively. Also
At=|t'—1t|.

Proposition 6.6. With notation as above, there exists a universal constant c as follows.
Given t with

Pdr(xy, &) <u*,
then there is a At such that

BT (A< a**/9

and

At?i or else dg((;, {iyac) = ca®*/y.
L

In fact At is easily computed as will be seen. Also there is an obvious adjustment to
make in case t+At> 1,

Proof. If

B lar=1/2p, S a**/§

let At=1/2B,. Then by Proposition 6.4,
B(fe, x)<Sa**/3.



160 M. Shub, S. Smale

Moreover by the same proposition, B, <2i,em( f;, X.). Then by Lemma 6.3 we obtain

Atsz : = ! —.
2B, Anorm (fis %) 4K toorm (f25 Ct)

Otherwise let At be the solution of

BT (At)=o**/5.
Then At<1/2B, and it only remains to show that

dr ({p, L) Zca**/].

Lemma 6.7. Under the conditions of Proposition 6.6,

. . a**
(a) dr (X, §o), dr(xy, Qz')<4—g7,
la**
(b) ,Bo(fz,xz)<§ o
!/
~ 1 g**
) B (Al)ZgT»
7
(d) dR(Xz,Xr')>ET,
1 a**
f s L .
© Lz 5

Proof. Since () gives our proof of Proposition 6.6 it only remains to prove Lemma
6.7. The first part of (a) is in the hypothesis and since (Proposition 6.4)

Bolfes x)<BT (At)=a**/f,

Proposition 6.2 yields the second part of (a).

Use (a) (first part), that Bo( f;, {,)=0 and Proposition 2, Section II-1 of [11] to easily
obtain (b). For (c) we argue as follows.

Recall AtB, <. Since

:AtW,-i-Bo(f;, {I)zﬁ

(At ,
pr Ay 1—AtB, 5
using (b},
1a** 3:x**
AtW, 2s———Bo(fi. L) 25—
29 8 7
Therefore,
_ ’ *% *k
b (an= A Bol 8 2(3 1Yottt
1+ AtB, 3\8 8/ 9 "6 7
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We obtain (d) using Proposition 6.4, Bo(f:-» x,)= "~ (At) and (c). This uses the
definition of B, as the Newton vector and the exponential map.
Finally, (e) follows from

dr (Lr, {) = drlx, Xp ) —dg (%, §)—dr (X5 &)
using (a) and (d). O

Proof of Theorem 6.1. We use Proposition 6.2 and 6.6. Let 1,=0, t;=f;_,; + At
according to Proposition 6.6. So at each step At satisfies one of the alternatives
in (b).

Since

ZdR(CtiaCIi—l)>L$ ﬁ=u(9,0(f)'
We get the result. O

7. The main theorem

The goal of this section is to prove the Main Theorem of Section 1. To this end we
first prove two theorems on the number of projective Newton steps sufficient to find
a zero.

Theorem 7.1. Fix d=(d,,...,d,) and a probability of failure 6, 0<o<1. Then there
exists (g, ()eV such that the number k of projective Newton steps, starting from (g,(),
sufficient to find an approximate zero of input feS(H ) is

cN3 1

kg__, =
gl e ¥ log 2

(or cN*/(67®) if some d;=1 or n<4).

Thus the set of f where the algorithm fails to produce such an approximate zero in
k steps has probability measure less than a.
For the proof we have the following result.

Proposition 7.2. Fix (d)=(d,,...,d,) and suppose (g,{)e v, feS(# 4))—{+g} and
0<&<1 are given. Then

k<e(pg, o (N ~H(2%) D2
steps of projective Newton’s method are sufficient to produce an approximate zero of f.

In Section 2 we have defined y, (f) and an arc L(f,g,0)inVc S(H# ) x P(C™H).
Let L be the length of #,(L(f, g, {)).
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Lemma 7.3. (a) L<2%2
(b) L<mp, (f).

Part (a) of the lemma is a consequence of Theorem 4.2, Part (b) is a projective space
version of the Proposition, Section 1D of [14]. The proof is the same noting
that p(h, 2) < porm (. ) for all (h, z)e V, and that the length of a great circle in S(#,,)
is 2m.

Returning to the proof of Proposition 7.2, we have from Theorem 6.1 that

Clig,o)(fYLD>?

steps of projective Newton suffice. Hence by the lemma (b),
i) (f)2—ELfD3/’2

steps suffice.
Finally, from Lemma 7.3(a),

228 1 3
Clig. o (f) P2 D2

steps suffice. This proves Proposition 7.2 [J

Proof of Theorem 7.1. In Proposition 7.2 take e=2/log @ so that 2% is a universal
constant.

By Proposition 7.2 we need to show there exists (¢, {)e V such that the function
tig.0 ([ ¢2%D3? is bounded above by ¢cN3/(c! %) for a subset of feS(#4) of
probability measure at least 1 —o.

Solve the equation 6 =cp?*N?n* D3 for p. Apply Theorem 2.1, for this p and the
condition number theorem to conclude the existence of (g, {) such that

B CN2n3D3/2
(g, 0 ()79 < i

for all fin a subset of probability measure at least | —s. Now Proposition 7.2, Section
2 and a hittle arithmetic finish the proof. [

Theorem 7.4. The average number of projective Newton steps sufficient to find an
approximate zero of f€S(H ) is less than or equal to c(log Z)N?3. (clog Z N* if some
di=1o0r n<4).

In Theorem 7.4 we employ a quasi-algorithm. This construction fails to be an
algorithm because it employs an infinite sequence (g;.;)eV, i=1,2,3,... without
exhibiting them.

The idea is quite simple. Start with (g, ()} as in Theorem 7.1 to insure a “small”
chance of failure say 6 =% initially. If on input fthe algorithm fails, halve the chance of
failure and start over.
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More formally let parameters of our quasi-algorithm (g;,{;)e V be given by
Theorem 7.1, with probability of failure o;=1/2%,i=1,2,3,4.

Let K(0)=cN3/(6'7%) (or cN*/(6"179) if some d;=1 or n<4).

For input f, i=1, do K{(o;) projective Newton steps for the homotopy (1—t)g;+tf
starting at {, as in Theorem 6.1.

If XK(%) is an approximate zero of f by the alpha test, Theorem 5.9, halt and output
Xk(ai)

If not set i=i+1 and repeat (some f).

The average number of steps of this algorithms is less than or equal to

el el 1
) Ui( Y K(Q))SC’ Y J,-K(o,-)Sc”Jv K(0)do.
i=1 J<i i=1 0

The first inequality follows by summing a geometric series. For the second note that
o;=|o;—0;-|,i=1,... with =1, that K is monotone on the interval [o;, 5;_, ] and
K(o;)/K(6;-,)=2""9 so the Riemann sum

o 1

) |oi—a,-f1|1<(a,~)<2“-“f K () do.

i=1 0

Finally, [y K(o)do=clog 2N? (or clog ZN* if some d;=1 or n<4).
See [10] for more arguments of this sort.

Proof of the Main Theorem. To prove the Main Theorem, we need only make the
passage from the number of Newton steps to the number of arithmetic operations.
This argument uses well-known facts from numerical analysis about the number of
arithmetic operations needed for approximations, for solving linear problems, etc. We
omit the details.

Proof of Generalized Main Theorem. We sketch some of the changes necessary for the
proof.
Theorem 2.1 has the following version which also follows from Theorem 2.3.
Fixing geS(#,) and {,...,(;eP(C""Y), | distinct zeros of g¢. Let
o=0,(p,9,(1,---,{1) 0<o;<1 be the probability for feS(#,) that for some
i=1,....1 L(f g, ;) meets N ().

Theorem 2.3 (New version). For each p>0 and |, 1 <I< @ there is a geS(H# 4)) and
distinct zeros {y,...,{,e P(C"*!) of g such that

o< p*niD3?].

Now we can apply Proposition 7.2 to each of the | homotopies starting at (g, {;),
i=1,...,1 as in the proof of Theorem 7.1. To prove an l-zero version (change an
approximate zero to [ approximate zeros and k<cN3/(o! %) to k<cN3I?/(c' %)) one
factor of I is for the probability estimate the other because we follow ! homotopies. The
l-zero version of Theorem 7.4 follows similarly.
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