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BOUNDARY BEHAVIOR OF INTERIOR POINT
ALGORITHMS IN LINEAR PROGRAMMING**

NIMROD MEGIDDO* anp MICHAEL SHUB?

This paper studies the boundary behavior of some interior point algorithms for linear
programming. The algorithms considered are Karmarkar's projective rescaling algorithm, the
linear rescaling algorithm which was proposed as a variation on Karmarkar's algorithm, and
the logarithmic barrier technique. The study includes both the continuous trajectories of the
vector fields induced by these algorithms and also the discrete orbits, It is shown that, although
the algorithms are defined on the interior of the feasible polyhedron, they actually determine
differentiable vector fields on the closed polyhedron. Conditions are given under which a
vector field gives rise to trajectories that each visit the neighborhoods of all the vertices of the
Klee-Minty cube. The linear rescaling algorithm satisfies these conditions. Thus, limits of such
trajectories, obtained when a starting point is pushed to the boundary, may have an exponen-
tial number of breakpoints. It is shown that limits of projective rescaling trajectories may have
a linear number of such breakpoints. However, projective rescaling trajectories may visit the
neighborhoods of linearly many vertices. The behavior of the linear rescaling algorithm near
vertices is analyzed. It is proved that all the trajectories have a unique asymptotic direction of
convergence to the optimum.

1. Introduction. Interest in interior point algorithms for linear programming was
revived by the work of Karmarkar [Kar]. In this paper we sometimes refer to
Karmarkar’s algorithm as the projective rescaling algorithm. This reflects the property
that the algorithm moves in the direction of the gradient of the objective function after
a projective scaling transformation has been applied. A variation on this algorithm,
which was proposed in various forms by many people! (e.g., [Bar, CaS, VMF]), is
called the linear rescaling algorithm, reflecting the property that a linear scaling
transformation is applied before the gradient step is taken. The projective and the
linear rescaling algorithms were shown in [GMSTW] to be related to the logarithmic
barrier function technique using Newton’s method. In this paper we study the behavior
of all these algorithms. We consider both continuous and discrete versions of the
algorithms. Our main interest is in the boundary behavior of these algorithms. We
study the differences among the different algorithms through their behavior near
boundaries. We first introduce the algorithms and the notation to be used later.

Interior point algorithms for linear programming usually update a point x, interior
to the feasible polyhedron P, by moving along a straight line in the direction of a
vector V(x) defined at x. The new point depends of course not only on the direction of
V(x) but also on the step size which is assigned at x. Thus, the new point can be
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represented in the form x’ = x + a(x)V(x), where a(x) denotes a real number that
determines the step size. The iteration formula defines a transformation of the
polyhedron P into itself. We are concerned with the properties of this transformation,
or the vector field itself, near the boundary of P. We denote the boundary of P by dP.
In this paper we usually consider the linear programming problem in standard form:

Minimize ¢’x
(SF) subject to Ax = b,
x=20

where A € R™ " (m < n), b€ R™ and ¢, x € R".

1.1. The linear rescaling algorithm. Following the description of [VMF], the
algorithm is stated with respect to the linear programming problem in standard form.
It is assumed that a point x"” is known such that Ax" = b and x" > 0. Given a point
x € R", we denote by D = D(x) a diagonal matrix of order n whose diagonal entries
are the components of x. We frequently denote D = D_ to emphasize the dependence
on x. Let x € R" be any point such that Ax = b and x > 0. The algorithm assigns to
the point x a “search direction”, that is, a vector £ (whose norm is not necessarily
equal to 1) which is computed as follows. Consider a transformation of space
T,: R" — R" given by T(y) = D 'y. In the transformed space, the direction n =
T.(§) is obtained by projecting the vector De orthogonally into the linear subspace
{m: ADn = 0}. Thus, 7 is the solution of the following least-squares problem:

Minimize | Dec — 9|’
subject to ADn = 0.

Assuming A is of full rank, the solution is
m =1 - paT(4D7) " 4D De.
In the original space, the linear rescaling algorithm assigns to a point x the vector
& =&(x) = D|I - DAT(4D™) ' aD| D,

to define a search direction. We note that since the problem is in the minimization
form, the new point has the form x — a(x)&,(x) where a(x) is positive.

1.2. The projective rescaling algorithm. Following [Kar], the algorithm is stated
with respect to the linear programming problem given in the following form
(*“Karmarkar's standard form™):

Minimize ¢’x

subject to Ax = 0,

(KSF)
ex=1,
x 31
where 4 € R V*" (1< m<n), x,c€ R"and e = (1,...,1)" € R". In the original

statement of the algorithm it was assumed that Ae = 0 so the point x” = e/n is

interior relative to the linear subspace { Ax = 0}. We do not use this assumption in our
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analysis. It was assumed that the optimal value of the objective function is zero, but
the algorithm is well defined without this assumption. Let A denote the matrix

(2]

Let x € R" be such that Ax =0, e’x=1, and x > 0 and continue to denote
D = D(x) = Diag(x). The new point is computed as a function of x as follows.
Consider a transformation of space

T..R" > R"

given by

Thus, 7.(x) = e/n. In the transformed space, the direction 1, is obtained by project-
ing the vector D¢ into the nullspace of the matrix

-(#)

Thus,
= |1~ a7(@") 4] pe.

The nullspace of the matrix A equals the intersection of the nullspaces of the matrices
AD and e”. However, e is orthogonal to every row of AD since ADe = Ax = (). This
property implies that 7, can be obtained by projecting on the nullspace of 4D and
then projecting the projection on the null space of e (see Appendix C). It follows that
the search direction in the transformed space is given by

- {1 - A_T(HT)"]A_] De = [l - %eeT][I — DAT(ADA") ' AD| De.

The search direction £, in the original space is obtained as follows. The algorithm
moves in the transformed space from the point e/n to a point of the form

q=~e— o
neo iyl e

where p is a Lermm positive constant. The step in the original space is thus given by

the vector u = T, '(g) — x. The inverse transformation is given by
1
e’ Dg
Letting
p
= 1"
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we have
1
D—e— Du —Dv + (xTv)x
U= —]'—— == - _]—_
(‘T(D_e - DL') S - .\'TU
n n

Let us ignore the size of the step, and consider just a vector £, in the (opposite)
direction of u:

¢ =Dy, — (xrnp)x =[D - xx"]y,.
P »

Note that x”e = 1, so we have
T 1 » 1 - r, 1l 7.7 e
[D—xx"]{I - —ee’| =D — —xe” — xx" + Sxx'ee’ = D — xx".
Thus, the algorithm assigns to the point x the vector
¢, =¢,(x) = [D - xx7][1 - DAT(4D%7) ' 4D] De.,

to define the search direction. As in the case of the linear rescaling algorithm, the new
point has the form x — a(x)§,(x) where a(x) is positive. Note that £, is well defined
even without the hypothesis that the minimum of the objective function is equal to
Zero.

1.3. The barrier function technigue. The logarithmic barrier technique considers
the nonlinear optimization problem :

Minimize F,(x) =c’x —pYInx,
J
(SF{p}) subject to Ax = b,
X k),

where p > 0 is a scalar. If x*(p) is an optimal solution for SF(p), and if x*(p) tends
to a point x* as p tends to zero, then it follows that x* is an optimal solution for the
linear programming problem (SF). Consider the problem (SF(p)) where p is fixed. As
explained in [GMSTW], the Newton search direction v, at a point x is obtained by
solving the following quadratic optimization problem:

Minimize 1079 2F(x)v + (VF(x)) v
subject to Av =0, where
VF(x)=c—uD ' and v*F(x)=pD; "

Let w, denote the vector of Lagrange multipliers. The vectors v, and w, must satisfy
the following system of equations

(,uD" 2 AT‘)(%) e ((' — uD, le)
A 0/\w 0

M
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Let 4, = D 'pu,. Thus,

I DA"\(n,) _ (D~ pe
AD, o0 |\w R

It follows that
n, = (1 - D,AT(ADA”) ' AD,)(Dc - pe) and
V,(x) = py, = D, = D,(I = D AT(AD2AT) ' AD,)(Dc — pe)

is the vector field corresponding to the fixed value of p. It was noted in [GMSTW] that
§(x) = lim, oV (x).

In this paper we study the boundary behavior of the above interior point algorithms
for linear programming. We study both the continuous trajectories of the vector fields
induced by these algorithms and the discrete sequences of iterates of a point given by
transformations of the polytope to itself. (In both cases we sometimes refer to these
trajectories as orbits.) In §2 we show that, although the algorithms are defined on the
interior of the feasible polyhedron, the vector fields actually extend continuously to the
whole closed polyhedron. This is true even when the problem is degenerate. In §3 we
provide conditions under which a vector field gives rise to trajectories that visit the
neighborhoods of all the vertices of the Klee-Minty cube. The linear rescaling algo-
rithm satisfies these conditions. Thus, limits of such trajectories obtained when a
starting point is pushed to the boundary may have an exponential number of
breakpoints. It is shown that limits of projective rescaling trajectories may have a
linear number of such breakpoints. Projective rescaling trajectories may visit the
neighborhoods of linearly many vertices. In §§4 and 5 we consider the behavior of the
linear rescaling trajectories near vertices. We show that all the trajectories have a
unique direction of convergence to the optimum. This direction is given by the vector
of the reciprocal values of the reduced costs of the nonbasic variables at the vertex. In
§6 we prove the differentiability (over the closed polytope) of the vector field underly-
ing the logarithmic barrier technique with a fixed parameter, assuming nondegeneracy.
The linear rescaling algorithm is a special case. In §7 a similar result is proven for the
projective rescaling vector field. §8 analyzes the boundary behavior of the discrete
linear rescaling algorithm. The unique direction of convergence is proven for this case
too. In §9 the boundary behavior of the discrete version of the projective rescaling
algorithm is studied. The limiting behavior is characterized in terms of reduced
problems where the feasible domains are faces of the given polyhedron. In Appendix A
we describe the behavior of the linear rescaling algorithm on the unit hypercube. We
show that each ascending sequence of adjacent vertices can be approximated by a
trajectory. In Appendix B we consider the projective rescaling trajectories on the unit
simplex. We show that certain trajectories visit all the vertices. Also, there are
trajectories starting from the center and visiting the centers of linearly many faces of
the simplex. Appendix C proves a lemma on orthogonal projections. In Appendices D
and E we present similar results on the barrier function technique in inequality form.
In Appendix F we include an extension of §2, proving the differentiability of the linear
rescaling vector field on the closed feasible polyhedron. We also represent this
derivative in terms of projections on nullspaces.

2. Interior point algorithms continuously extend to the boundary. As seen in §1,
the central feature of the interior point algorithms under consideration is a projection
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of a certain vector on a certain subspace. In this section we study the behavior of the
resulting vector as the current point of the algorithm tends to a boundary point.

Let A denote any fixed matrix of order m X n. Let N = {1,...,n} and let /; and
I, define a partition of N, ie, N=I, U, and I, NI, = &. Let A4, denote a
submatrix of 4 consisting of the columns of A with indices in I, (i = 1,2). Similarly,
for any n-vector v, let v, denote the subvectors of v consisting of the components of v
corresponding to the sets I, (i = 1,2). Let D(v) denote a diagonal matrix whose
diagonal consists of the components of v. Let ¢ denote any fixed n-vector and let ¢,
and ¢, denote its subvectors as defined above.

Given x, a step of the linear rescaling algorithm amounts to the evaluation of the
orthogonal projection of a vector D(x)c on a linear subspace L(x) = L(x; A) =
{y: AD(x)y = 0}. We are interested here in the behavior of this projection when x
tends to a limit point X. The interesting case is when some of the components of X are
zero. Let I, denote the set of indices j for which X, # 0. For simplicity of notation, we
assume X, > 0 (j € I}) but this is not really necessary for the argument. If X is a
feasible point then of course this condition holds.

The orthogonal projection of D{x)c on L(x) is equal to the point in L(x) which is
closest to D(x)c. Thus, it is the solution of the following optimization problem (where
the decision variables are the components of y):

Minimize || D(x)e¢ — y|?
subject to AD(x)y = 0.
With the notation introduced above, the latter is equivalent to
Minimize [|D(x;)e; — »lI* + |1D(x;)¢; — 31
subject to A,D(x,)y, + A,D(x,)y, = 0.

Let us denote this projection by y(x), and also let y/(x) and y,(x) denote the
restrictions to the sets of indices /, and I,, respectively. Obviously, if x tends to X
then the point D(x)c tends to the point D(X)c. The distance between D(x)e¢ and
y(x) is always less than or equal to || D(x)c|| since the origin is in the linear subspace.
It follows that the point y(x) is bounded while x tends to x. Since x, tends to zero,
the vector 4, D(x,)y,(x) also tends to zero (since y,(x) is bounded). Observe that the
point y,(x) is the orthogonal projection of the point D(x)c on the affine subspace

®(x) = {u: A D(x))u= —A4,D(x,)y,(x)}.

Consider the point-to-set mapping @ that takes every x € R" to ®(x). First, recall
the definition of a continuous point-to-set mapping:

DeriNiTION 2.1. Let ¥ be a point-to-set mapping that takes points x € R" to
subsets W(x) of R™. The mapping V¥ is continuous at X if for any sequence {x*},
converging to a point X, the following is true

(i) for any convergent sequence {z*}, where z*¥ € ¥(x*), necessarily Z = lim z* €
W (X).

(ii) for any point z’' € W(X), there exists a sequence {z*) converging to z
zk e ¥(xk).

’

where

PROPOSITION 2.2. The mapping ®(v) is continuous at X.
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PrOOF. Let {x*} be any sequence converging to X. By assumption, X, > 0 and
X, = 0. Notice that ®(X) = {u: A, D(x,)u = 0}. Obviously, condition (i) is satisfied
since A, D(x3) yy(x*) tends to zero. In other words, the set @ of all limits of sequences
{u*}, such that u* € ®(x*), is contained in the subspace ®(%). It is easy to check
that £ is a linear subspace, which is in a sense the limit of the affine subspaces ®(x*).
The dimension of £ is the same as the common dimension of all the ®(x*)'s for k
sufficiently large. This dimension is obviously equal to |/, — rank(A4,). On the other
hand, ®(X) is a linear subspace of the same dimension (since X, > 0). It follows that
®(x) = 2 and this completes the proof.

PROPOSITION 2.3. If x tends to X (where X, > 0 and X, = 0) then the point yi(x)
tends to the projection of D(X,)c, on the linear subspace ®(Xx).

PROOF. Given the interpretation of the orthogonal projection as the closest point,
the proof is immediate.

COROLLARY 2.4. The limit of the orthogonal projection of D(x)c on the subspace
{2: AD(x)z = 0} is equal to the orthogonal projection of D(X)c on the subspace
{z: AD(X)z = 0}.

PROOF. 1t suffices to show that y,(x) tends to zero since the orthogonal projection
of D(X)c onto { z: D(X)c = 0} is of the form ( y,(X),0) and since »(x) tends to y,(X)
by Proposition 2.3. Assume that y,(x) has a limit point J, # 0. (It obviously has
some limit point by the boundedness of ||y(x)|l.) Then ||D(x)c — (y;(x), yo(x))]|?
tends to [|D(X)e — (»(x),0)[* + [|7]>. On the other hand, letting y,(x) =
D~ Y(x)D(X,)y(x), we have that |D(x)c — (J(x),0)]| tends to | D(X)c —
(»1(x),0)||. Together these imply that for x sufficiently near to X,

1D(x)e = (3(x). 32 (x))| > I1D(x)e = (F1(x),0)].

However, (¥,(x),0) € {z: AD(x)z = 0}. Thus we reach a contradiction to the fact
that (,(x), »,(x)) is the orthogonal projection of D(x)c onto {z: AD(x)z = 0}.

The vector § = £(x) assigned by the linear rescaling algorithm to a point x can be
described as £(x) = D(x)y where y is the projection of the vector D(x)¢ on the
subspace { y: AD(x)y = 0}. Thus, we have the following proposition:

PROPOSITION 2.5. Suppose x € R" satisfies Ax = b, has positive components, and
tends to a point X such that X, > 0 and X, = 0. Then the vector &( x) of the linear
rescaling algorithm at x > 0 in the problem (SF) tends to the vector £(X,) assigned by
this algorithm at X, in the problem

Minimize ¢!z
subject to Az = b,

z =0,

The argument for similar results about the projective rescaling algorithm and the
barrier function technique are essentially the same:

PROPOSITION 2.6. Suppose x € R" satisfies Ax = 0 and e"x = 1, has positive com-
ponents, and tends to a point X such that X, > 0 and X, = 0. Then the vector £,(x)
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assigned by the projective a!go-rithm at a point x > 0 in the problem (KSF') tends to the
vector §,(X,) assigned by this algorithm at X in the problem

Minimize ¢}z

subject to Az =0,

g =il

ProOF. We have §, = §,(x) = [D — xx"]y where y is the projection of D(x)c on
the subspace {z: AD(x)z = 0} and the proof follows easily.

ProrosiTiON 2.7. Suppose x € R" satisfies Ax = b and has positive components,
and tends to a point X such that X, > 0 and X, = 0. Let p > 0 be fixed. Then the vector
V.(x) assigned by the Newton logarithmic barrier function method at x > 0 in the
problem (SF(p)) tends to the vector V,(X,) assigned by this algorithm ar X, in the
problem

b TR i . =
Minimize ¢z —p ), Inz;

i€h
subject to Az = b,
z> 0.

Proor. The vector ¥, (x) assigned to x can be represented as D(x)(y’ — y") where
y’ and y” are the projections of D(x)c and pe, respectively, on the subspace
{z: AD(x)z = 0). The argument about the vector y’ is the same as in Proposition 2.5.
The argument about the vector y” is similar. The vector ¢ is a sum ¢ = e’ + e” of
vectors where e/ = 1 for j € I, and e/’ = 1 for j € I,. The projection of the vector e’
on the subspace {z: AD(x)z = 0} is bounded so D(x) times it tends to zero.

3. Interior point algorithms and the Klee-Minty cube. Some variants of the sim-
plex method require exponential numbers of pivot steps in the worst case. The first
examples of such behavior were provided by Klee and Minty [KM]. The “tilted cube™
described in their paper is a very useful construct which we also use here.

The n-dimensional Klee-Minty cube is defined by the following inequalities:

r<sx,<s1—v,

(KM)
v, €x,<1-wx; (j=2,..., n),

where » is any positive number less than 4. The associated linear programming
problem is to maximize the value of x, subject to the set of inequalities (KM ). It can
be verified that the maximum is attained at a unique point, namely, the vertex
0 ARG e N

If x is a vertex of the (KM ) cube then obviously each x, equals either the lower or
the upper bound implied by the values of the other components of x. This suggests a
correspondence between vertices of the (KM) cube and vertices of the unit cube. Thus,
we use a (0, 1)-vector v = (vy,...,0,) to describe the vertex x of (KM) where
%y == un)w +in(l =¥) and for every j > 2, % - (1- U‘,)ifx,f, + {’J(l = ¥X;_1)-
We say that v is the characteristic vector of the vertex x. Some simplex variants visit
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all the vertices of (KM) (or an analogous construct) in a nice order which can be
described, inductively, as follows. The case n = 1 is trivial (the two vertices are the
numbers » and 1 — »). Let ¢!,..., v™ be the sequence of characteristic vectors of the
vertices of the (n — 1)-dimensional (KM ) cube in the order they are visited (m = 2" 1),
Then the 2™ vertices of the n-dimensional (KM ) cube ((v/,0),(v”, 1), j =1

are visited in the following order:

et 0. 00 0 . ™ 00, (0™, 3, (02 )i (0 1),

Faces of the (KM) cube can be easily described by the characteristic vectors. Thus, a
d-dimensional face ® is described by n — d equations of the form v’/ = e/, where
e’ € {0,1}. We denote the relative interior of a face @ by . It is interesting to note
that every face @ has a unique point x*(®) where the value of x, is maximized over
®. We call this point the optimal point of ®.

We shall later consider the vector field induced by the linear rescaling algorithm on
the (KM ) cube. However, we first discuss the subject in a more general context. Let us
identify the linear programming problem

4 Maximize c¢’x
(P)

subjectto Ax = b

with the triple (A4, b, ¢). We are interested here in algorithms that can be described by
vector fields as follows. The underlying vector field A is defined for quadruples
(x; A, b,c) where A € R"*" b R™ and ¢, x € R", such that Ax > b. The vector
field assigns a vector y = A(x; 4, b, ¢) € R" such that A(x + y) > b. The vector field
describes an iterative algorithm defined by x**! = x* + A(x; 4, b, ¢).

We need our algorithms to be defined in a slightly more general context. First, the
algorithms extend to minimization problems in the obvious way that the direction
assigned in the “minimize ¢'x™ problem is the same as the direction assigned in the
“maximize —c’x” problem. Also, we assume the algorithm is defined for affine
objective functions ¢’x + ¢, and the vector field is independent of the constant c,.
Similarly, if an inequality is given in a more general form, d'x + § > g"x + y, then
the algorithm converts it into (d — g)"x > y — &.

The vector field A and the algorithm A will be referred to interchangeably. Concep-
tually, the discrete iterates of the algorithm approximate the solution curves of the
vector field A. We now state conditions on the algorithm A which are needed for
establishing “long™ paths in the (KM) cube. The corresponding linear programming
problem is nondegenerate. Thus we need these conditions to hold only for nondegener-
ate problems.

1. Rewversibility. The algorithm is called reversible if, when the objective function
vector is multiplied by —1, the direction of movement from x is reversed:

A(x; A4,b, —c) - = A(x; A, b,¢)
IA(x; 4, b, —c)]| IA(x; 4, b, )|

In other words, the directions computed by the algorithm in the minimization and the
maximization problems (with the same data) are precisely opposed to each other.

2. Independence of the representation. First, this condition includes all the assump-
tions listed above with respect to the extensions of the algorithm to problems in the
minimization form and inequalities in nonstandard form. In addition, we require the
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following: (i) The vector field is invariant under permutations of the set of inequalities.
In other words, if @ is a permutation matrix then

A(x;: QA4,0b,c) = A(x; A, b. ¢).

(if) The vector field is invariant under “affine scaling automorphisms™ in a sense as
follows. Consider an affine transformation of R", T(x) = Mx + ¢, where M is
diagonal. Denoting the new variable y = T(x) (so x = M '(y — g)), the problem ( P)
is transformed into

Maximize ¢'M 'y
subjectto AM 'y > b+ AMg.
Thus, the quadruple (x; A4, b, ¢) is transformed into
(x"; A, b, ¢") = (Mx + q; AM™ ', b+ AM g, M~ ¢).

A translation Ax maps to a translation Ay = MAx (since y + Ay = M(x + Ax) +
q). Suppose the new problem (A", b", ¢’) is the same as (A, b, ¢) up to permutation of
the set of inequalities (that is, there exists a permutation matrix Q such that A’ = QA4
and b = Qb), and up to changing the sense of the optimization from maximization to
minimization or vice versa, that is, ¢’ is in the direction of +¢. In this case our
condition requires that the direction assigned in the transformed problem to the
transformed point be equal to the transformed direction assigned to the original point
in the original problem. In other words,

A(x"; A", b, c") = MA(x; A, b, ¢).

3. Continuity. The vector field A is continuous at every x such that Ax = b.

4. Invariance of faces. The vector A(x; A, b, ¢) is tangent to any face ® of the
feasible polyhedron such that x € ®, is equal to the vector field of the problem
restricted to the face, and satisfies (1)-(3) on the face. Note that this condition
necessitates that A(x; A, b, ¢) = 0 if x is a vertex.

5. Convergence. For every bounded face @ of the (nondegenerate) feasible polyhe-
dron which contains the optimal vertex and every x” € @, the orbit induced by the
vector field A at x converges to this optimal vertex.

DerFINITION 3.1, A vector field A (or, equivalently, an algorithm subject to the
interpretation given above) that satisfies the conditions of reversibility, independence
of the representation, continuity, invariance and convergence, defined above (in
nondegenerate problems), will be called proper.

Note that by the reversibility assumption, the orbit induced at a point x" € &
(where @ is bounded) by a proper algorithm, converges at one end to a maximum
point and at the other end to a minimum point of the face ®. Also, the restriction of a
proper algorithm to any face of the feasible polyhedron is itself a proper algorithm.

LEMMA 3.2.  If A is a proper algorithm then all the orbits induced by A on the (KM )
cube are symmetric with respect to the hyperplane H = {x € R": x, = 1}. More pre-
cisely, if m is one such orbit then a point x = (x,,. .., : x,)" is on w if and only if the point
B Xy iy X, 11 =x,) isonw,
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Proor. The given problem is

Maximize
(7))

Consider the transformation of reflection with respect to the hyperplane H. that is,
To=1 = 0, et X = {xy ¢, 11 = x,)". The affine transformation is given by
the matrix

=1

and the vector g = (0 0,1)”. The substitution x, = 1 — X, transforms the original
problem into the following:

Maximize 1 -— X
v
PXj—1
¥X. 1

n

(P5)

which is equivalent to

Minimize X,
X | =
(P;) :rl " (j=2,..., n—1).
X

J

1 —wx;_,
1 - v‘\.n 1

"
The latter is simply the minimization problem with the same data as in (P,). Let A (x)
denote the direction assigned at any point x in the problem (P) (i = 1,2, 3). By the
properties of independence of the representation and reversibility,

A(x) = M A,(X).

A, (%) = A4(%).

By reversibility,

Ay(X) = —A,(%).

A(x) = —M'A(%).
Note that M ! = M so
(Ay(x)),; =
(A(x)), =
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In particular, if x, = § then x = X and we get (A (x ), = Ofor j=1,....,0-=1.1t
follows that the point sets of the orbits through x and X coincide, and also if time is
reversed in the upper half of the cube, then the orbit starting at x and the one starting
at x reach the hyperplane H at the same time. hitting it perpendicularly.

We are now ready to state a theorem on long paths.

THEOREM 3.3, If A is a proper algorithm then for every € > 0, there exists an orbit .
which is induced by A on the (KM) cube, such that for every vertex v of the cube, the
distance between v and the orbit w is less than e.

Proor. We prove the theorem by induction on the dimension of the cube. The
theorem is trivial for n = 1. Consider the general case n > 2. Consider the restriction
of the (KM) problem to the “base™ of the cube, that is, the face ® characterized by
the equality x, = vx,_,. Thus, the problem of maximizing x, on ® is equivalent to the
problem of maximizing x, ; on @, that is, the (KM) problem in dimension n — 1. It
follows by the induction hypothesis that for every ¢ there exists an orbit =, that lies
completely within the base @, such that the distance between any vertex of ® and =’ is
less than €. Given € > 0, let y denote a point in ® such that for every vertex v of the
base @, the distance between v and the orbit through y is less than e. If x is an interior
point of the (KM) cube which is sufficiently close to y then, by continuity, the
distances between the orbit through x and all the vertices of the base are each less than
€. Moreover, by the symmetry proved in Lemma 3.2, the point ¥ = 1 TTRICPRRRY. AR
1 — x,) also has the property that the distances between the orbit through ¥ and all
the vertices of the “ceiling” (that is, the face characterized by the equality x, = 1 —
vx,_,) are each less than e. However, these two orbits are actually the same by Lemma
3.2 and this completes the proof.

It is easy to see that, for e sufficiently small, the path (whose existence was proven in
Theorem 3.3) visits the e-neighborhoods of the vertices of the cube in ascending order
with respect to the nth coordinate, so in a certain sense it approximates the behavior of
the simplex method. It is also interesting to note that not every ascending sequence of
adjacent vertices can be approximated by an orbit of the algorithm. The latter follows
from the symmetry property since the sequence of visited vertices of the base
determines the sequence of visited vertices of the ceiling. Interestingly, on the regular
unit hypercube every ascending sequence of adjacent vertices can be approximated by
an orbit of the algorithm. This is shown in Appendix A.

We now show that the linear rescaling algorithm is proper. The linear rescaling
algorithm was stated originally for problems in standard form. We now recast it in
inequality form and prove it is proper. For problems in the form ( 2) we can do one of
two things:

(i) We can introduce surplus variables s = Ax — b constrained to be nonnegative.
We then eliminate the x variables. Assume without loss of generality that

(3

where B € R"™" is nonsingular and N € R "*" Represent s = (55, 5y) and
b = (by, by) accordingly. Thus, x = B (b, + s5) and the problem is

Maximize "B s,

—_
bl
S—

subjectto NB7'sp — sy = by — NB by,

- ()8
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It can be verified that if (x’; A’, b’, ¢') is obtained from (x: A, b, ¢) by a general affine
transformation as above, then both these problems have the same representation in the
form (P,).

(ii) We can develop an analogous algorithm, for problems in inequality form, based
on similar principles. This is included in Appendix D. The search direction is then
given by the vector

v=y(x)=(4"D; 2A)7Ic where
D, = D(x) = Diag(A,x — b,,..., A,x—b,).
We now prove that the algorithms outlined in (i) and (ii) above are actually the same.

PROPOSITION 3.4. The vector v = (A"D_ *A) ‘¢ is equal to the vector u assigned at x
by applying the affine rescaling algorithm in standard form to the corresponding problem

(P).

Proor. Let D, and D, denote, respectively, the diagonal submatrices of D of the
orders n X n and (m — n) X (m — n) corresponding to B and N. The direction As in
the space of the s variables is obtained by projecting the vector (DzB c.0) € R™
orthogonally into the nullspace of the matrix (NB~'Dy, —Dy) € R™ """ and then
multiplying the result by D,. Thus As = (Asg, Asy) is the solution of the following
problem

Minimize ||DzB~"c — Dz ' Asg|l® + ||Dy" Asyl)?

subject to NB 'As, — As, = 0.
This is equivalent to

Minimize ||DzB "c — Dg' Asgl|® + || Dy 'NB ' Asgl|®.
Thus
—D;Y(DyB "c — Dg' Asg) + B-INTD;INB 'Asy; =0 or
(Dy2+ B""N"D;*NB ') Asy; = B~ .
Since
A™D %4 = B'D;?B + N"D3?N,
it follows that
(A™D;24)B 'Asy = ¢

which completes the proof.

_ProposITION 3.5. The linear rescaling algorithm, applied to problems in the form
(P), is proper in the sense of Definition 3.1.

PrROOF. In view of Proposition 3.4, we can rely on either form of the algorithm for
proving the required conditions. Reversibility is trivial to verify. Independence of the
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representation follows from the fact that the vector s = Ax — b is invariant: thus,

((AM’ ‘)TD,*(AM-‘))_'(M*‘Q-) = (MTATD UM Y) ‘M

= M(A™D ) e

Continuity and invariance of faces were proven in §2. Appendix D contains analogous
proofs for inequality form. We now consider the convergence of linear rescaling
trajectories. First, note that the objective function is monotone increasing along
trajectories. Thus, all the accumulation points of a trajectory must have the same
objective function value. Moreover, if x is neither a vertex nor an optimal point, the
objective function strictly increases along any trajectory in a neighborhood of x. By
continuity, this implies that the only candidates for accumulation points are vertices of
the feasible polyhedron and optimal solutions. In §§4 and 5 we analyze the behavior of
the trajectories near vertices (see also Appendix E). It follows from our analysis that
interior trajectories cannot accumulate in nonoptimal vertices, and, therefore, if there
is a unique optimal solution, all the interior trajectories converge to it.

Interestingly, Theorem 3.3 does not apply to the projective rescaling algorithm. Two
requirements of Definition 3.1 are not satisfied. First the reversibility requirement fails.
Recall that the algorithm has to be applied to the problem in the form ( KSF) with the
additional requirement that the optimal value be equal to zero. The transformation
that takes a problem into this form when we wish to reverse the sense of the
optimization causes a change in the direction of search which is, in general, not the
reverse direction. Second, although the invariance of faces holds, convergence within a
face is not necessarily to the optimum of the face, unless the face contains the global
optimum of the problem. The reason is that the projective rescaling algorithm induces
paths that converge within faces to optima of a “reduced” potential function. More
precisely, let

P={xe€R"Ax=0,e"x=1,x2> 0}
denote the feasible polytope and for J € N = {1,....n) let
®,=PNn{xeR"x,=0,j&J)

denote a face of P. Every nonempty face ®, of P contains a center, ndmt_ly a point g,
where the reduced potemial function ¢, (x) = |J|c'x — L, e, Inx, is minimized over
®,. If the minimum of ¢’x over ®, is zero then paths 1hr0ugh the interior of @,
converge to such a minimum of ¢"x. The latter lies on the relative buundary of the fac.e
unless the linear function is constant on the face. If the minimum is not zero, the point
q, is interior. A detailed discussion of these issues is given in §7.

We now consider the vector field ¥, (x) given by the Newton logarithmic barrier
function method with a fixed p. This vector field is initially defined for p > 0. It is
obviously not proper since convergence is to the optimum of the nonlinear approxi-
mate objective function rather than the given linear objective function. Recall that
V.(x) has a limit as p tends to zero and, moreover, the direction of the limit Vy(x)
coincides with the direction assigned by the linear rescaling algorithm £,(x) (see
[GMSTW]). Thus, the vector field V{(x) is proper. It follows that although V/ (x) is not
proper, it has “long™ paths if p is sufficiently small. More precisely,
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PROPOSITION 3.6. For every € > 0, there exists a p, > O such that for every fixed .,
0 < p < pg, the vector field V,(x) on the (KM) cube has solution paths that visit the
e-neighborhoods of all the vertices.

4. The behavior of the linear rescaling algorithm near vertices. Consider the linear
programming problem in standard form (SF°). Let B denote the square matrix of order
m, consisting of the first m columns of 4. We assume B is nonsingular and B~ 'b > 0.
In other words, B is a nondegenerate feasible basis. Let N denote the matrix of order
m X (n — m) consisting of the last n — m columns of A. We denote the restriction of
any n-vector v to the first m coordinates by v, and its restriction to the last n — m
coordinates by v,. Thus, the objects ¢j. ¢y, x5 and x,, are defined with respect to the
vectors ¢ and x. Recall that D = D(x) is a diagonal matrix (of order n) whose
diagonal entries are the components of the vector x. Also, D, and D, are diagonal
matrices of orders m and n — m, respectively, corresponding to the vectors £, and £,.

In the transformed space, the direction n = T,(£) is the solution of the following
least-squares problem:

Minimize || De — 7||°
subject to ADn = 0.
This is equivalent to
Minimize || Dgcy — mpll> + |1 Dyey — nnll?
subject to  BDgngz + NDyny = 0.
In the original space, £ = D, so the problem is
Minimize ||Dgcy — Dy 'é4ll* + | Dyey — Dy 'éxll*
subject to B&, + NEy, = 0.
Eliminating &, by the substitution £, = — B~ 'N¢,, we obtain an equivalent problem:
Minimize || Dycpy + Dp'B 'NEL||* + || Dyey — Dy €N

A vector £, is an optimal solution for the latter if and only if the gradient of the
objective function vanishes, that is,

N"B~TDy'(Dyey + Dy'B~'NEy) — Dy'(Dyey — Dy'éy) = 0.
Equivalently,
(I +DINTB-"D;*B N )¢y = Di(cy — NTB Tcp).

We now consider points x in the neighborhood of the vertex v( B) determined by B,
that is, v,(B) = (B7'b), for j=1,....m, and v(B)=0 for j=m+1,....n
Obviously, if x tends to v(B) then x, tends to the positive vector B~ 'h and x tends
to 0. Note that the coefficient matrix of the latter system is

1+ DANTB DB 'N = I + O(||xy|1?).



112 NIMROD MEGIDDO & MICHAEL SHUB
which tends to the identity matrix as x approaches v( B). We thus have

PROPOSITION 4.1.  The nonbasic part of the search direction is
(6v)i = (DR ey = NTB Tey)), + O(llxylx 1)
The basic part of the search direction satisfies ||& )| < O(||x y|I*).

Notice that the vector éy = ¢y — N'B 7c, is precisely the “reduced-cost” vector
associated with the basis B.

We first provide some intuition about the behavior of trajectories near vertices based
on the description of the asymptotic vector field. More rigorous arguments will be
glven later. Consider the orbit induced by the (asymptotic) vector field & at a poml =

in the neighborhood of v(B). The underlying differential equations are x —E,x';
(j=m+1,..., n), whose solution obviously is '
1
x;(1) = T i %
X, ( 0) < er

Recall that xp(t) is determined by x(¢), namely, xz(1) = B~ (b — Nx,(1)). Notice
that v(B) is the unique optimal solution of the linear programming problem if and
onlyif forevery j, j=m+1,...,n, ¢; > 0. If this is the case then the trajectory x(r)
converges to v(B). Moreover, as 7 tends to infinity, the direction of x,(¢) tends to the
direction of the vector

1 1

Note that we obtain a unique asymptotic direction near a vertex corresponding to each
face containing the vertex.

5. More on the trajectories near vertices. Here we rigorously carry out the
analysis suggested in the last section of trajectories near the optimal vertex. It is
convenient in this section to assume the vector field is real analytic even though this is
stronger than what is actually required. We now examine the behavior of the solution
curves of the equation ¥ = —x? + o(||x||*) where x € R” and we denote x> =
(x{,...,x2)". It is convenient to express x in polar coordinates. We start with a
slightly more general problem and follow Gomory [G].

Let F: R" — R" be a real analytic vector field defined in the neighborhood of the
origin. Consider the differential equation X = F(x). Let §" ' = (x € R": ||x|| = 1)
denote, as usual, the unit sphere in R". A nonzero vector x € R" is represented in
polar coordinates by a pair (o, u) where 0 = o(x) = ||x|| and u = u(x) = x/0. Thus,
the vector x can be expressed as a product x = ou where 0 € R, and u € R" with
fluf| = 1.

Consider a solution path x = x(¢) of the equation % = F(x). The polar coordinates
of a point along the path are also functions of ¢, so we denote in short ¢ = a(1) and
u = u(1). We shall represent the equation X = F(x) in polar coordinates. The polar
coordinates pairs (o, u) are of course points in R, X $" !, We shall obtain an
equivalent vector field on a neighborhood of {0} x S~ ! relative to R, x §" ',

First,

a(1) = y(x(1))"x(1)
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50
% = i?; = u"F(x) = u"F(ou).
Also,
1
u(t) = ;(zj(’)
S0

di i gy 1 d 1
?‘: - 0—2-7:’): = B—(F(ou) — [u"F(ou)]u).

Since F is real analytic, it follows that F(x)=¥*, F(x) where for every i
(i =0,1,...), F(x)is a homogeneous polynomial of degree i. In our case, F(x) =
—x? + o(||x||*) where F is real analytic so F, and F, are identically zero. Whenever
there exists an m > 2 such that for every i < m, F, is identically zero, we have

% =u'F(ou) =u" Y, F(ou) =u" Y o'F(u).

i=m i=m

Similarly,

4 _ 1 plou) - [ul(ou)lu) = 3 o (E(u) ~ [w7(u)]u).

t=m

We have obtained a vector field which is well defined in a neighborhood of {0} x §" !
relative to R, X §" ', In fact, if we divide by o™ ! we still obtain a vector field on the
same neighborhood and the orbits of the new vector field are the same as those of the
old one (in R, X §" ). Note that the sphere {0} X S$"~! is invariant in the sense that
the flow induced by the field on this sphere remains in the sphere. Thus, we may
consider, instead, the following equations:

%—? =u"F(ou)=u" Y o' "™ 'F(u), and
du . i—m T
T = Lo "(F(u) - [uF(u)]u).

As a vector field this can be written in the form
V(o.u)=|u" ¥ o' ™ F(u), ¥ o' "(F(u)— [u"F,(u)]u)
(for ¢ > 0) and
V(0,u) = (0, E,(u) — [u"F,(u)]u).

The latter is just the projection of the homogeneous equation ¥ = F, (x) into the unit

sphere. The projections of the solution curves of the homogeneous equation are
solution curves as computed above. The derivative of ¥ at a point (0, u), where
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(0. u) = 0, is the following:

u'F (u) 0

m

P ala) = [urf:m l(m)]u D(F, (u) - [u"’:’-},,(u)]u) )

DV(0, u) =

We now return to our special case where m = 2 and

F(x) = —x?= —(xi,..., \:,)r
and will study the behavior of orbits on the sphere {0} x §" ' Consider the equation
%= —x? thatis, &, = -x? (i = 1,..., n). If x” > 0 then by integration, the solution
18
1
=1z ¢

and the ith component of the curve through x" is given by

xY

x;(t) = —\_“f;_ P
b |

If x = 0 then obviously x,(r) = 0. Forevery i and j (1 < i, j < n)if x", x] > 0 then

These orbits project to orbits on the sphere.
We now study the zeros of the vector field

V(0. u) = (0, Fy(u) - [HTFE(H)]H) = (0. —u® + [u"u’|u).
The solutions of the system
V(0. u) = 0, ue S"' u=o0,

are the nonnegative solutions of the system

n

““f*(zﬂ,“)iu=0 i I b

i=1

It can easily be verified that a solution u of this system is characterized as follows.
There exists a j (1 < j < n) such that j components of the vector u equal 1/ \/f while
the rest of the components are zero.

The forward or w-limit points of an orbit u(r) are those points u" such that there is a
sequence of reals 7, tending to infinity with u(r,) tending to u". Backward or a-limit
points are defined by letting ¢, tend to — s0. We see from the discussion above that the
w-limit points of V(0, u) are precisely the 2" — 1 zeros of V(0, u). The same is true for
a-limits as well. If we let 7 be negative then x (7) becomes infinite at 1 = 1/x’, thus
the projection of this orbit to the unit sphere kills any coordinate x, with x'x. If the
maximum of the coordinates of u" is achieved by j components then the a-limit of the
orbit u(1) through u" has the corresponding j components equal to 1/ ﬁ and the rest
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of the components are zero. This establishes the following proposition:

PROPOSITION 5.1. The only a- and w-limit poinis of the vector field (0, u) on S" !
are the zeros.

We have

D0, u) —ulu? 0
U) = i ~¥ - 5 .

Fy(u) = [u"F(u)]u D(—u®+ [u'u?]u)

To understand the stability properties of the zeros on the sphere, we calculate the
eigenvalues of DV(0, u). Since it is lower triangular, the eigenvalues of DV(0, u) are of

two kinds: (i) the number —u "’ corresponding to o, and (ii) the eigenvalues of the
matrix

D,(—u?+ [u"u?]u)

—2u, + T} + 3 3u,ul e 3uu’
1 i 1 143 1%n
'1 o]
3u,u’ —2u, + T+ 3 - uqu
= 2"*] 2 i 2 2%n
3u ul 3u u’ see o =2u, 4+ Tud + 32
1 n*2 n i n

corresponding to u. The first eigenvalue is then

The other ecigenvalues are those of the operator D, (—u® + (Lu')u) defined on the
tangent space to the sphere. Suppose that u € §” ! is such that u, = y for all k such
that u, # 0. Then for every v tangent to the sphere at (0, u).

(3u?,)u = 3yZ(u,v,)u = 0.

Thus for an eigenvector v

il
-
Vi
(‘Du[;.)l‘= .'. v,

1
4+ —

Vi

where the sign is positive if the corresponding component of u is zero.

Thus, D,V has a component repelling from each facet of the positive orthant in
which u lies. Each vertex of §" ! is a source. Each zero of D,V that lies on an edge has
one stable eigenvalue and the corresponding eigenvector is tangent to that edge. Each
zero that lies on a two-dimensional face has two stable eigenvalues and their corre-
sponding eigenvectors are tangent to that face, and so on.

For each zero u’ of V(0, u), define W “(u’) as the set of those points u whose a-limit
is equal to ', and define W*(u') as the set of those points u whose w-limit is equal to
u’. Note that W*(u’) is the interior of the face in which «’ lies. We now define a
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pre-order on the set of zeros of l7(0. u). We write u’ > u"” if there is a nonstationary
orbit whose a-limit is «” and whose w-limit is u”. This pre-order has no cycles since the
dimension of the set W*(u’) is strictly increasing along a chain in the pre-order. For
any fixed time 7, let ,(u) denote the point on the orbit at time ¢, assuming it starts at
u at time 0. The transformation ¢, is called the time 1 map of the flow. For the proof of
the following proposition the reader is referred to Chapter 2 in [Sh];

PROPOSITION 5.2.  There is a time t, > 0 and compact sets

@=MyCMC -« CMy_;=58""

such that

(i) For every i, M, is the closure of its interior.

(i) The difference M, \ M,_, contains one zero, denoted z', of V{0, u).

(iii) The image q;,ﬁ( M,) is contained in the interior of the set M,.

(iv) The intersection of the iterates 5,“”( M,) (that is, g applications of ¢), for q = 0, is
equal to the union of the sets W"(z') over all j < i.

The construction described in Proposition 5.2 is called a filtration. We are now ready
for the proof of the following proposition.

PROPOSITION 5.3. Suppose % = V(x) = —x? + o(||x||*) is a real analytic vector
field defined on a neighborhood of the origin in R". Suppose that for every x > 0 and
every i such that x, = 0, also (V(x)), = 0. Under these conditions, there exists an € > 0
such that if x° > 0 and ||x°|| < € then the solution curve ¢(1) = o.0(1) of the equation
X = V(x) is defined for all nonnegative values of 1. Moreover, as t tends to infinity, ¢(1)
tends o the origin tangent to the line {x, = --- = x,}.

PrOOF. If x > 0 is sufficiently close to the origin then do/dr < 0. This implies that
$,0(1) is defined for all nonnegative 1 and ¢.(t) — 0. Consider the vector field ¥ and
the corresponding c,‘;,n( t). The filtration described above can be fattened to a filtration
of a neighborhood of {0} X 87" in [0, (] X §7 ' since do/dt < 0. Thus every point
tends 1o a zero. The stable sets of zeros in the boundary stay in the boundary since the
boundary is invariant. Thus the orbit of any interior point tends to the point
(0,(1/ Vn)e). It does so with a definite limiting direction (see [H] on €' linearization
for contractions). This implies that the projected curve in the x-variable is tangent to
the ray through e at the origin.

Note that throughout this section we used differentiability only up to second order.
In the context of linear programming, Proposition 5.3 translates to the following:

PROPOSITION 5.4. Given a nondegenerate linear programming problem in standard
form, suppose we express the linear rescaling search direction vector field &, in terms of
the nonbasic variables at the optimal vertex as in Proposition 4.1. Then any interior
solution curve is tangent to the vector

( 1 : )
Em+-1 " Eu
at the origin where the vector (¢,,,,,...,¢,) is the reduced cost vector.

The discrete analog of this fact was observed experimentally by Earl Barnes.
Subsequent to this analysis Megiddo [Me2] found different behavior for a class of
differential equations related to the barrier method.
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6. Differentiability of the Newton barrier function method. We continue to con-
sider the problem in standard form (SF) and represent the new point given by the
algorithm at a point x,

x'=x+ a(x)V(x).

We say that the system (A, b) is nondegenerate if for every x such that Ax = b, the
submatrix of A4, consisting of the columns with indices j for which x, # 0, has rank m.
The feasible polyhedron P is the set of all the solutions of the system {Ax = b,
x > 0). We denote the interior of P by P.

PrROPOSITION 6.1. For a nondegenerate system (A, b), the matrix (AD,?ATYl
constitutes a well-defined real analytic mapping from the affine flat Ax = b into R™*".

PrOOF. The mapping that takes a nonsingular matrix to its inverse is real analytic
by Cramer’s rule. Thus, we need only show that the matrix AD’A” is invertible at
x € P even when x, =0 for some j’'s. Suppose, without loss of generality, that

Ky ivs%y O and X ey e iR =x,=0 (m<p<n) Write A= (B, N), where
B e R””f” B E RV, Let X = (X . .00 X,). Since

D2=(D§ o)

X O O

it follows that
ADfAT = BDfBT

which is invertible since BD, has maximal rank by the nondegeneracy assumption.
Obviously,

(4D247) "' = (BDBT) .

This completes the proof.
We now recall that the Newton barrier vector field corresponding to a fixed value of

pois

T

, e ]
V,(x) = pu, = D, = D (I — D AT(ADAT) "AD,)(Dc — pe).

ProOPOSITION 6.2. For a nondegenerate system (A, b),

(i) The Newton barrier vector field V,(x) is well defined for every x € P and p. > 0
and, moreover, at every such point it is real analytic.

(i) If x is on a face ® of the polytope P then the vector V,(x) is tangent to ®. In
particular, if x is a vertex then VF(.\') = ().

(iii) If x is on a face ® then V,(x) coincides with the Newton barrier vector field (with
the same p) which is associated with the restricted problem on the face:

Minimize ¢'x

subject to x € @,

Proor. Claim (i) is obvious in light of Proposition 6.1 and the formula for V,. For
claims (ii) and (iii), suppose (without loss of generality), as in the proof of Proposition
% T X, Oand x,, ;= -+ =x,=0(m < p < n), and let X also be as
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there. We have
Denote & = (¢, ..., z',,)T and é = (ey,..., c’,,)"‘. We now have
D¢ D pié)
De = ( i ) and D pe = (D"_u( )
0 O
On the other hand,
ADIA" = BD!B".
Substituting the right-hand sides of these equalities into the formula for V, we prove
(i1) and (ii1).
REMARK 6.3. The nondegeneracy hypothesis implies that at a vertex x of the
polytope the matrix B is invertible. Thus
(BDB") " = B~"D; B!
and the matrix
D,(I— DAT(ADIA) '4D,)

is the zero matrix.
We now compute the derivative of ¥, at a vertex x.

LEMMA 6.4. Ler
M,= DI~ DA"(AD:A") 'AD,).
Then
M(h) = D, — 2M D, AT(AD4") ' AD — D24"(AD34") ' 4D,.
PROOF.

M!(h) = D,(I - D,A"(AD3AT) 'AD,)

+D,(~D,AT(AD2A") ' AD, — D AT(AD2AT) ' AD,)
+D,(~D,A"((4D247) ") (h) 4D, ).
Since D D, = D, D, we have
M!(h) = D, - 2D.D,AT(AD?AT) ' 4D,
+2D2A"( AD2A™) 'AD D, AT(AD2A") 'AD, — D?47( AD?4T) ' AD,

= D, — 2D,(1 — D A"(AD2A") 'AD,)D,A"(AD24") ' AD,

—D2A7(AD24") ' 4D,
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PROPOSITION 6.5. At a vertex x, Vo (x) = =pl
ProoOF,

V;" = (MX(D\'C x> ].l(’))‘(h) = M"(h)( D\'C 9 ,I'.LE’) + 'M.\Dfr("

Since M, = 0 (see Remark 6.3), and % is tangent to the polytope (so Ah = 0), it
follows that |

V/(h) = D,(De — pe) — DXAT(ADAT) 'AD,(Dc — pe)

—pwh + M Dyc= —ph.

7. Differentiability of the projective rescaling vector field. In this section we
develop results analogous to those of the preceding sections. We work in Karmarkar’s
standard form (KSF). We assume nondegeneracy of the matrix 4 (not the entire
matrix A of the linear system of constraints) in the sense that for every x in the affine
subspace L = { Ax = 0, e"x = 1}, the submatrix of A, consisting of the columns with
indices j for which x, # 0, has rank m. The polyhedron P is the set of all the
solutions of the system { Ax = 0,e’x = 1, x > 0}. The following proposition is essen-
tially the same as Proposition 6.1.

PROPOSITION 7.1.  For a nondegenerate problem, the matrix (AD2A")" " constitutes
a well-defined real analytic mapping from the affine flat L into R™*",

Recall that
§,=§(x)=[D- xxT][l — DAT(AD?AT) 'AD| De.
Analogously, we have

PROPOSITION 7.2.  For a nondegenerate problem (A, b),

(i) The direction §, is well defined for every x € P and, moreover, at every such point
it is real analytic.

(ii) If x is on a face ® of the polytope P then the vector &, is tangent to ®. In
particular, if x is a vertex then £ p(x} = (.

(ii1) If x is on a face ® then & p(X) coincides with the vector £, which is associated with
the restricted problem on the face:

Minimize ¢"x

subjectto x € ©.

REMARK 7.3. Recall that the vector field £,(x) is well defined even without the
assumption that the optimal value of the linear objective function equals zero. Thus,
the §, vector for the restricted problem on the face is defined this way and the
restricted problem is not transformed into the form KSF with optimal value zero.

Let

T=1(x)= ’I — DAT(AD*4T) lAD]D('.
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Thus,

§, = Dr(x) - (x"r(x))x.

Notice that the logarithmic barrier vector field V,(x) is well defined even when p is
negative. The following proposition was first pointed out in [GMSTW].

"PROPOSITION 7.4. If the barrier parameter p is chosen as a function of the point x,
p(x) = x"7(x), then §,(x) =V, ,(x).
ProOF. If p(x) = x"r(x) then (see Remark 7.3)

V.(x) = Dr(x) — pDe = Dr(x) — px = §,(x).

ProrosiTiON 7.5.  For a nondegenerate problem, at any vertex x.

d§,(x)
iixx w —g{ 2}

PrOOF. Since ¥ (x) is differentiable in (x, p), the vector Vin(x) is differentiable
and

d¢,(x) _dVdp v,

dx — dpdx ' dx°
Since ¥, (x) is identically zero (as a function of p) at any vertex,

av, d¢, 3V,

a_k"‘:O and E‘.—=W=—,U.(x)[

by Proposition 6.5.

8. The discrete version of the linear rescaling algorithm. In this section we
consider a specific choice of a step size in the linear rescaling algorithm (as in [Bar]).
Given an interior point x, the algorithm determines a new point X,(x) as follows

£ .l( X )
) =x = e g (o

where 0 < p < 1 is a constant. The choice of p guarantees that X(x) is in the interior
of the polytope (see [Bar]). It has been proven [Bar, VMF] that for nondegenerate
problems, for any interior point x, X9 x) converges to the optimal solution. In this
section we study the asymptotic behavior and extensions to the boundary of this
discrete algorithm. Nondegeneracy in this section means (i) for every feasible solution
x, the submatrix of the matrix A, consisting of the columns corresponding to nonzero
coordinates, is of rank m, and (ii) every face of the feasible polyhedron has a unique
optimum with respect to the objective function vector c.

Lemma 8.1. Suppose the problem is nondegenerate. Let {x*} be a sequence of
interior points converging to a point X on the boundary of P. Let J denote the set of j's
with X; # 0. Under these conditions, for every j & J, the ratio &,(x*),/(x})* converges
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to a finite limit. In particular, for every j & J,

lim E.'(xk)j

k
k=00 x}-

=0.

Proor. Recall that
£(x) = D2(1 - A"(AD2AT) 'AD})c.

Thus,
&(x")

(xf)°

= (¢ — AT(AD2AT) "AD}c),

and the lemma follows from the fact that the matrix (4D% A") ' extends continuously
to the closed polytope.
Let’s denote

. E,(x)
Vi) =g (o

THEOREM 8.2. Suppose the problem is nondegenerate. Then

(i) The vector field V,(x) extends continuously to the boundary of the polytope and real
analytically at any point which is not a vertex.

(ii) On any face ® of the polytope P, the vector field V, coincides with the vector field
associated with the restricted problem on the face ®. In particular, V/(x) is tangent to
each face that contains the point x and vanishes at vertices.

(iii) The iteration x' = X(x) = x — pV,(x) extends continuously to the boundary of
the polytope.

(iv) The iteration X takes any face of the polytope into itself and is in fact the iteration
of the problem restricted to the face.

(v) If x lies in the face ® then, as q tends to infinity, X(x) converges to the minimum
of the linear objective function relative to the face ®.

ProoF. By Proposition 2.5, §, extends continuously to the closed polytope and
vanishes only at vertices (see §2). By Lemma 8.1 || D '¢|| has the appropriate limiting
value on any face. This establishes (i)—(iv) except at vertices. The difference in the
values of the objective function is

T RO, SN N r
c(X(x) = x) IID;Inf;l'l(&(x)} £(x).

and this is negative provided x is not a vertex. Therefore, the only possible accumula-
tion points of iterates are vertices. The remaining claims will follow from local analysis
of the linear rescaling algorithm at vertices which is discussed below. It is convenient to
represent the points in the neighborhood of a nondegenerate vertex in terms of their
nonbasic components at a nondegenerate vertex. Let us also use N to denote the set of
indices of nonbasic variables. If j € N, that is, x, = 0 at the vertex then by Proposi-
tion 4.1

£x? + O(||lxnl*)

cen Ex2+ O(lIxyl®)

[ e |

(X(x)),i:xj“ﬁ’\/):
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Continuity at vertices follows from this formula. It is clear that if x is in the relative
interior of a face @ and the iterates converge to a vertex of ® then all the & (ieN)
must be positive (assuming nondegeneracy). Thus, the vertex is a minimum relative
to d.

To study the asymptotic behavior of iterates near a nondegenerate optimal vertex,
we express the mapping X(x) in terms of the nonbasic variables alone. Recall that x
denotes the restriction of the vector x to the nonbasic variables. For every j € N, we
have

&x7 + 0(llxnll*)
(XM(XN)),r:xr_p f ’ '.‘2 2 > 4 1
vszN 7 1: + 0(”\::\” )

Since the basic variables are affine functions of the nonbasic ones. we are reduced to
studying the asymptotic behavior of X, near the origin. We first change variables. Let
y=¢x;forie N ,andlet y = (),);en-

PROPOSITION 8.3.  The change of variables y, = ¢,x; conjugates X, to X, where for
JEN,

= 1+ O(|lyl?)
Xy (y = by,
(bl =3 VZien 2+ O(I¥11%)

in a neighborhood of the origin.

The mapping X, is not differentiable at the origin, but its directional derivatives
along rays exist. As in the case of the vector field (see §5), it is now convenient to study
.fl,., in “polar coordinates”. For convenience, assume without loss of generality that
Ne=(1..., n— m} so X is a mapping from a neighborhood U of the origin in R" "
into R"~"™. A vector y € R" ™ can be expressed as a product y = ou where o > Oisa
scalar and w € R"™™ is a unit vector. Of course, o is just ||y| and if y # 0 then
u=y/ly|l. If y >0 then u € §7" ™ . In these polar coordinates X,, is expressed as

W(o,u) = W,(o,u) = (||)?,¢(au)||. m.‘?ﬁ,{au}

(aHu —p(1 + O(a?))u?|,

! 2 2
lu - p(1 + O(a%))u’] = p(1+ 0(a*))u ])

2

where u* = (uf,...,u?_,)" and o is sufficiently small. Let

zZ: R,,,X Sn—m—l - R'X Sn—m 1

be defined by

( 1
= polertin Lo ey w 'l DA
Z(o,u) = (o“u pu”|, ||ufpuz||[u pu ])
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PROPOSITION 8.4. Forany p, 0 < p < 1, there is an r > 0 such that W, is defined on
[0, 7] x S""™! and

%([0. F'] X S'i_mil) { [0.!‘] X Sr;fni-l‘

Moreover, the function values and the derivative of W and Z coincide at (0, u), that is,
Z(0, u) = W(0, u) and Z'(0, u) = W0, u).

ProoF. All the assertions follow from the expression for W above and the chain
rule for differentiation.

The map Z seems simple as it maps rays to rays. The ray determined by a unit
vector u is contracted by the constant factor |ju — pu?||. This contraction constant is
minimized at the unit vectors e' (i =1..... n — m) and maximized at e/ vVn — m
where its value is 1 — p/ Vn — m . We will show that (0, e/ yn — m) is an attractor for
both Z and W. However, we do not know yet the precise domain of attraction of this
point even for Z. Let G: §7 ' — §7 ! be defined by

Gla) = ———r (0 < pu?)
||[u — pu”|

so G is just the second coordinate of Z.
It is not known whether every interior point of S7 ' tends to ¢/ Yn — m under the
iteration of G.

PrOPOSITION B.5.

p
]l = —— 0
1 Vn —m
Z’(O. ——e) =
= R
va—m —p
and hence (0, e/ Vn — m) is an attractor for both Z and W.
PROOF.
a'(O —l—e) (0]
Z‘(O 1 €)= Y —m
“Yn—-m J 1
0 | ——=——=0
\/n - m
P
1l — — 0
yn—m
= | \ and
(0] G| ————
( Vi —m e)
i p)
I—-2pD )v - o .
G'(II)L’:‘;T(I_ZPDH)U_ [( P u)ll 2[1; pu ](u—pu‘).
llu = pu| llu — pu?||

Thus, at e/ yn — m with w tangent to §% "1,

o mre)n = 1 - =5 v
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PROPOSITION 8.6. There are a neighborhood U, of the origin in R"™™ and a
neighborhood U, C U, of the intersection of U, with the line {&,x, = --- = Gl Al 2
such that

(i) The set U, contains a definite angle at the origin.

(i) For every x € U,,

L E(XE()),
g SAXG(X)),

for all i and j.
(iti) There exist constants K 1 K5 > 0 such that

9 q
K1 - =) <Xy ()l < K1 - =)

vn —m n—m

Jor all x and q > 0.

Proor. We need only prove the comparable facts for Xif,(y) and a definite angular
wedge around the diagonal {y, = --- = Vo-m)- Let U; be a neighborhood of
(0, e/ V¥n — m) consisting of points attracted to (0, e/ vyn — m) under W, that is, for
vE U3.

Jim W(v) = (0. \/n—i;e)

The set of points in R"™™ corresponding to U; contains an angular wedge about a
small piece of the line {y, = --- = Y,—m}- Moreover, since the contraction rates
given by the eigenvalues of W'(0,e/vVn — m) are stronger along the sphere {0} x
§77m=1 than along the line through e/ yn — m, any orbit W9(v) becomes tangent to
the ray and the asymptotic rate of convergence to zero is the rate along the ray. This
type of argument can be found in center-unstable manifold theory in [Sh].

Given a point x in the interior of the polytope and an optimal point x*, let

a(x) = limsupélog | X9(x) — x*|

q— o
be the asymptotic rate of convergence to the optimum. We have shown

COROLLARY 8.7.  For a nondegenerate problem,

- )
i< 8 n—m

for a nonempty open set interior to the polytope.

Barnes [Bar] shows that

Ay
<l (1— )
al{ Og Yvn —m
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for any interior point x. It is still an open question whether

o= log1 - =t )
for all x interior to the polytope.

9. The discrete version of the projective rescaling algorithm. In this section we
analyze the boundary behavior of the discrete iteration of the projective rescaling
algorithm. The linear programming problem is considered in Karmarkar’s standard
form (KSF):

Minimize ¢'x

subject to Ax =0
(KSF)

where ¢, x € R", A€ R™*" and e = (1,...,1)T € R". Let
Q={xe€R" Ax =0},
={x€Rme'x=1,x>0} and
P=0nS.

We denote the interior of the feasible domain by P, thatis, P =P N {x € R™ x > 0}.
The algorithm assigns to any point x € P a new point Y(x) defined as follows. Recall
the matrix A from §1 and the vector

fp(x) = |1- A_T(HT) B

A_] Dc.

For simplicity let us denote n(x) = 7,(x). A unit vector, u(x), in the direction of
n(x) is given by

1
u(*) = oo™

The underlying projective transformation at an interior point x is the following:

- s Gy
e™Dly ¥ -

X

T.(»)

Obviously, T,(x) = e/n. In the transformed space the algorithm moves from the point
e/n to the point

Y'(x) = %e — yru(x) where

1
e ——
v’n(ﬂ a— 1)
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and y is a constant which was originally chosen in [Kar] as }. In the source space the
new point ¥(x) is equal to the inverse image of the point ¥’(x) under the transforma-
tion T,:

1

S ) X0 ),
Dy () ' )

Y(x) =

For the sake of simplicity we replace r = ]/g’ln(n = 1) by r=1/n and call the
resulting vector Y(x) = Y. (x). It follows that

A Ll : )
D-"(u" G,

1 Y
"TD‘(F" 3 n|n(x)||”("’)

Y(x)=

D,fe- ™)

"TDL(" - mn(x)) -

In this section we assume nondegeneracy in the following sense. For any feasible point
x, the submatrix of 4, consisting of the columns with indices j such that x; > 0, has
rank m. We also denote by 7(x) the orthogonal projection of the vector D ¢ into the
nullspace of the matrix 4D, that is,

7(x) = (I = DAT(ADA") ' 4D,)Dc.

LEMMA 9.1.  Suppose {x"} is a sequence of interior points converging to a boundary
point x° € JP. Let J denote the set of indices j such that x° # 0 (J # N). Under these
conditions, if the problem is nondegenerate, then

lim (7(x")),=0

¥— o0

for every j & J and, moreover, the limit

{r(x")),

ors e e )

¥V
porsned x;

exists for every j & J.

PROOF.  First, note that by the nondegeneracy assumption the matrix (4D2 A7) !
tends to the matrix (AD3A7)~" as » tends to infinity. Now, we have

7(x*) = Do |1~ A7(ADZAT) ' ADE|c
(r(x"))

-t ([1 - a7( D2 47) 'api|e) .
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The latter tends to

([7- AT('AD_\%AT)"‘AD_\%,]c)}.

COROLLARY 9.2. Suppose the problem is nondegenerate and the optimal objective
function value equals zero. Under these conditions, if x € P is such that ¢"x > 0 then
n(x) # 0 and hence the mapping Y(x) is smooth at x.

PrOOF. Suppose x is a feasible point such that n(x) = 0. Recall that n(x) is the
orthogonal projection of the vector D.c into the nullspace of A. This implies that n(x)
is also the orthogonal projection of the vector D.c — (¢’x/n)e into the nullspace of
the matrix 4D, . Thus, there exists a vector v such that

ol

Dy~ ——e=(4D,)"v.

Suppose first that x € P. In this case we have
.
c— ED e = AT
PR

and therefore both ¢ and (¢’x/n)D_ 'e induce the same linear functional on P. The
vector D, 'e is positive which contradicts the assumption that the optimal value is 0.
Now suppose that x is a boundary point and let J denote the set of j’s such that
x; > 0. For every j & J we have

c’x ” c’x c’x
(aix)) = | B~ e~ DA U)j— (_Te); B o e )
which is a contradiction.

LEMMA 9.3. The vector e is orthogonal to n(x).

ProOF. By definitions, n(x) is in the nullspace of e” if x is in the interior, and
hence for every x in the polytope.

For every JC N = {1,..., n}, let us denote L, = {x € R" x,=0 for j&J).
Thus, L, is a linear subspace of dimension |/|. The set J also determines a face of the
polytope: ®, = L, N P. Let ¢’ denote the vector consisting of 1's in the positions
corresponding to J and 0s in all the other positions. We are interested in restrictions
of the linear programming problem to faces of the polytope P. Specifically, the
restricted problem corresponding to the set J is the following:

Minimize ¢’x

subjectto x € @,.

This restricted problem gives rise to a new vector field 5,(x) on the face ®, by
ignoring the vanishing coordinates (that is, those with indices not in J). Thus,
n,(x) € L,. The 7 vector for the restricted problem is the same as the = vector for the
original by Proposition 7.1 and §6:

T
n(x) =7(x) - %eN

B
CX NNJ

m,(x) = 7(x) = Tyre
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and #(x) may be written as the sum

1 1 cTx
n(x) =TIJ(X) it crx(l—l - H)ev’_ _E_eN\J

of mutually orthogonal vectors since e’ is orthogonal to 5,(x) by Lemma 9.3 and ¢’
and n,(x) lie in L, which is orthogonal to eV ™’. So we have

LemMA 9.4,

InCOIE = iy ()1 = (7 = 5 ) (%)’

LeEMMA 9.5.
Da(x) = Day(x) + x| 7 — =
(x) =D, (x c'x M x,

LEMMA 9.6. If the problem (KSF) has a unique minimum, with nonnegative mini-
mum value, then for a nonoptimal point x,

@) [In(x)] < ¢’x

(@) ()|l + [In, ()| < 2¢™, and

(iii) [I(x)]| = [ln, (Ol > 30 /(n = |J) = 1/n)c™x.

PrROOF. Inequality (i) implies inequality (ii) by Lemma 9.4. The equality of Lemma
9.4 divided by the inequality (i) implies inequality (iii). Inequality (i) was proved in
[Blu] and we provide here another proof. The point

1 1
n A

is in the interior of the polytope defined by

AD.y =0,
e’y =0,
y =0

The objective function (D,c)"y is nonnegative on this polytope with equality only
possible at the optimal vertex since every point in this polytope is a positive multiple of
a point in D, 'P. Thus we have

71 1
(DXC) ;e o mn(x) > 0.

Now, n(x) equals the projection of the vector D¢ into the intersection of the
nullspaces of the matrix 4D, and the vector e”. Thus

(x)"n(x) _ fn(x))?
GO~ mlln(x))°

T 1 (71
(D.c) mn(x) -

This implies the claim at interior points x. By continuity the claim (i) holds on the
closed polytope and hence (ii) and (iii) follow.
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Suppose still that the problem has a unique optimal solution. Consider the vector

’ 1 - Y .
DrY(X) = ;.x — mD‘n(.\).

Obviously, for any real M # 0,

DY'(x)  MDY'(x)
e™D.Y'(x) e™DY'(x)’

It follows from Lemma 9.5 that there is a real number M such that

¥

MDY'(x) = x - I)D_MJ(X)-

n

||TJ(X)||—YC'TX(L}—| ~

For y < §. it follows from part (iii) of Lemma 9.6 that
1 1 1 1 1
lim ()l = vcrx(m i ;;) > Im, (x)]] + (j " Y)ﬂ'rx(m = ;) > fimy (x)]I-

It thus follows that the point MD Y'(x) lies on the line segment between x and
x = (v/lm; ()| Pn(x) and thus Y(x) lies on the line segment between x and ¥,(x),
where ¥, (x) is the point assigned by the algorithm when the problem is restricted to
the face @,.

Let us denote by Y9 x) the transformation resulting from g iterations of Y, that is,
Y (x) = Y(x) and Y9 (x) = Y(Y9x)).

Given a face ®, that does not contain the global optimum, let A" denote the
submatrix of A consisting of the columns j such that j € J, and similarly let ¢’, x’
and e’ denote the corresponding subvectors of ¢, x and e, respectively. The problem
( KSF) restricted to the face @, is the following:

Minimize (¢’)"x’
subject to A'x’" = 0,

(KSF))
(e)'x =1,

x" = 0.

The vector n(x) defined above for problem (KSF) is well defined for the problem
(KSF,), where we denote it by 5,(x). We associate with the face ®, a reduced potential
function

Y, (x)=|J|lnc’x = ¥ In x;,

jes

defined only for interior points of the face. We denote the interior of the face ®, by
D,

THEOREM 9.7.  Suppose the linear programming problem ( KSF) is nondegenerate and
the optimal objective function value is 0. Under these conditions

(1) The transformation Y(x) extends continuously to the boundary of P, leaving each
face invariant.
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(it) If x lies on a face ®, then Y(x) lies on the line segment between x and the point
Y;(x) which is assigned by the algorithm when the problem is restricted to the face ®,.

(i) For every x € P, the limit A(x) = limq_,wY“'(x) exists. Moreover, if ®, is the
smallest face that contains x then N(x) is precisely the minimum of the reduced potential
function with respect to the face ®,.

(iv) The mapping Y(x) is smooth at every x € P except, perhaps, at the optimal
vertex of (KSF).

(v) Every nonoptimal vertex is a local repeller.

Proor. The continuity of ¥(x) at the optimal vertex follows from the convergence
of Karmarkar’s algorithm. It remains to analyze the vertex behavior and the iterates
Y9 x). Let x be a nonoptimal vertex. Let

y
()l = yxn(x) "

¢(x) =

Since e’x = 1 and x € R", it follows that ||x|| < 1 and hence by the Cauchy-Schwartz
inequality that |x"n(x)| < ||n(x)]| so ¢(x) is well defined. Moreover, by Corollary 9.2,
¢(x) is positive and differentiable away from the optimal vertex. Thus,

¥(x) = x = $(x),(x).
Consider the derivative dY /dx. Since §,(x) = 0 at any vertex, we have
dy(x) dé,(x)

 dg(x) dE,,(X)'

T =1 - 20 (x) - e(x) =G = 1 - () =2

By Proposition 7.5, for any vertex x,

By Lemma 9.8 below, p(x) > 0 at a vertex. Thus,

PE) (14 g1

and hence x is a repeller (a source; see [Sh]).

LEMMA 9.8. If x € P is such that §,(x) =0 then p(x) = x"r(x) = 0 with equality
holding only at the optimal vertex.

Proor. We have from

0=¢,(x)=Dx(x) = ("(x))x

Dr(x) = p(x)x.

If x; = 0, by Lemma 9.1, (7(x)), = 0. Thus, all the nonzero components of 7(x) have
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the same sign as pu(x). by Lemma 9.3,
0=ey(x) =er(x) = c"x
0 e’r(x) = ¢’x > 0 and hence p(x) > 0.
We now return to an analysis of the iterates Y9 x). In the following lemma we

consider faces of the polytope P which do not contain the optimal vertex.

LEMMA 9.9. The zeros of the vector field m,( x) in &, are zeros of the gradient vector
Jield of the reduced potential function ,(x) in ®,.

PROOF. As in Corollary 9.2, n,(x) = 0 if and only if the vector

. (C‘)TX’
I/

~L
D_'e

is orthogonal to the nullspace of A4". The gradient of the reduced potential function is

v(n(¢) 'y’ = L lnx,| = !Jl =2t =D,
j€d (¢)"x

so the gradient is zero if this vector is orthogonal to ®,. Since the two vectors are
multiplies of each other, they are simultaneously orthogonal to ®,.

Now it is not hard to see (as in [Kar]) that if 5,(x) # 0, then the value of the
potential function at any point y # x in the line segment between x and Y,(x) is
strictly less than its value at x, i.e., ¥,(y) < ¢,(x). This is true because Karmarkar's
proof is valid for all constants strictly between 0 and y and these points generate the
line segment. Suppose x € &, where ®, does not contain the minimizing vertex, so
¢’x > 0 on ®,. The function ¢, (Y/(x)) decreases in value and by compactness the
sequence { ¥/(x)} has limit points in ®,. Any limit point must be a zero of n,; for if
g, — o and Y/ (x) - x” and n,(x%) # 0 then ¢,(¥(x") < ¢,(x°). For g, suffi-
ciently large ¥, (Y7 (x)) < ¢,(x"), but then the subsequent iterates of Y7(x) (g > g,)
cannot return to a small neighborhood of x” where v takes on values greater than
¥, (Y *(x)). Since ¢ , has only one critical point in ®,, any x in d{, tends to this
point. If ®, contains the minimizing vertex, ®, has no critical points of ¢, and by a
similar argument as above Y/(x) tends to the minimizing vertex as ¢ tends to infinity.

Appendix A. The linear rescaling algorithm applied to the hypercube. Consider the
general linear programming problem on the unit cube

n
Maximize Y ¢ X
J

subjectto 0 < x, < 1 (f=1,..., n).

Let ¢ = (¢y,...,¢,,0,0,...,0)" € R*". The standard form of the problem is to maxi-
mize ¢'x (x € R*") subject to Ax = e, where the underlying matrix is

1 1
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ande=(1,...,1) € R". Let X=l=x(j=1..., n) and let us restrict attention to
vectors of the form x = (x,,..., x,, X;,..., X,)’ € R™. We denote by D a diagonal
matrix of order 2n whose diagonal entries are x,,..., . S TR x,. The vector field

associated with the linear rescaling algorithm assigns to a point x the vector

£,(x) = D% — DAT(AD*AT) 'AD%.

Now,
2 =2
Xi + X
AD?AT = and
i o o
2 ; 5 AT
AD% = (x{c,, %5, )
It follows that
S x e x2x 2 x3%3 \*
; 7y "1 % "r.r X _"-‘l
DJA!(ADIA]) ADE('= 111_’.“” - ff—j‘ 11 I_l, ... 1n n:_\
X% Xy Koy 1 Xy FXy Ny - X

We now have the expression for the vector field:

.4 =
(5;(.\-)),=(.rf— ): L (=),

It is interesting to examine the orbits in this vector field. Fortunately, the underlying
differential equations are separable. For every j (j=1,..., n),

It follows that

‘\‘:1 v + '\..1 = ¢
Ll s, T
The solution is given implicitly by
A 1 .
ERA) - (1) = ¢t + C; where
. g DAk

1T T=x,(0) " x,(0)

It follows that for every j (j = 1,..., n) the function x, = x (¢) is monotone increas-
ing or decreasing as ¢; is positive or negative, with x (—o0) = 0 or x,(—o0) = 1 and
x,(ec) = 1 orand x (o) = 0, respectively. Suppose, for simplicity, that ¢ = (1,...,1)".
It is easy to verify that for every e > 0, if C, — C, > 2/¢ then there exists a time 7 such
that x,(r) > 1 — e while x,(7) <e. Consider any permutation (i....,i,) of the
indices (1,..., n). For simplicity of notation, let us assume though that (i,,..., i,)=
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(1,....n). Suppose we choose the initial point x(0) to be of the form x° = x(8) =
(8,8%,....8™)7 where 8 > 0. For every € > 0, there exists a § > 0 such that the orbit
through the point x°(8) visits the vertices (0, ..., 0)7.(1,0,..., 0, 0. 58 .0
(1.....1)" in this order. Note that there is a one-to-one correspondence between such
permutations of the set of indices and ascending paths of vertices of the hypercube.
Thus, the following is true:

PROPOSITION A.1.  For any linear programming problems on the unit hypercube. every
ascending path of adjacent vertices can be approximated by an orbit in the vector field
induced by the linear rescaling algorithm.

Appendix B. Projective rescaling trajectories on the unit simplex. We consider
linear programming problems on the unit simplex A, that is, problems of the form

Minimize ¢x
(S) subject to e’x =1,
x4
where e = (1,..., 1)7, ¢, x € R”. Furthermore, to simplify the statement of the projec-

tive rescaling algorithm, we restrict attention to those problems in which the optimal
value of the objective function is zero. Let x be any interior point, that is, x € R",
x>0and e’x =1 and let D = D, = Diag(x,,..., x,). Obviously, De = x.

The projection of any vector v € R" on the subspace {z: ez = 0} is equal to

1.7
v—= ;(e v)e.

The search direction is derived as follows. The interior point x determines a projective
transformation 7 defined by

1

L) = o,

D™ Yy.

Thus, T,(x) = e/n. The search direction in the image space is computed by projecting
the vector Dc on the subspace { z: e’z = 0}. This projection equals

De — +(eDe)e

and also
Dc — l((’r!t)e
n ’ .

Thus, in the image space the algorithm moves from the point ¢/n to a point of the
form

—e - I[Dt - —1‘(07:1')9].
where ¢ > 0 is a certain scalar. The inverse image of such a point is equal to

1 17
—x —t| D% - ’—r((‘rx).r]

n

1 R 1., .. :
= i rlerD“(' - ;(c“‘x}]
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Now subtract x as in §1 to find a negative multiple of £,. which is proportional to
— D% + (e"D%)x. In other words,

PrOPOSITION B.1. The search direction is at x is a multiple of

1
E =X = _,Dz
m(x) = x D% b

A useful interpretation of the search direction is as follows. Imagine the vertices of
the simplex (that is, the unit vectors e',..., e") are repelling. Suppose the force at x
that pushes away from e/ is proporuonal m X3 ’c,. Then the dlremon of the resultant of
these forces is the search direction at x. In parhcular. if ¢ =e' = (1,0,...,0)7 then for
every x (x > 0, e’x = 1), the movement at x is away from the point ¢'. This means
that all the trajectories are straight lines, namely, starting at an interior point x, we
move along the line determined by x and e', away from e', until we hit the face where
the first coordinate vanishes. The following proposition generalizes this observation.

ProposiTiON B.2.  Suppose the objective function ¢ has the form ¢ = (cy,.... Cps
0,...,0)" where c\.....c, >0 (k <n). Let x" be an interior point of the simplex.
Under these conditions, the trajectory induced by c, starting at x°, has the following
properties:

(i) For every i, j > k, for any x along the path,

T S
X

and, moreover, the path hits the point

1 T
0,250 il xS 29)0
Zr-k+1x ( A :

(ii) The projection of the path on the set of the first k caordinalev r's the same as the
projection on the first k coordinates of the path starting at (x{, ..., x),X"_, ., x*)7 where
the problem is

Minimize e x; + ++ +e;x,
subjectto x;+ -+ +x,,., =1,

x, 2 0.

Proor. It is easy to verify the claims by looking at the differential equations
defining the path:

2
[
R Xy = e (i=1,...3k)
11 C5X;
,=x, (i=k+1,....,n).

k

Let us denote by z* an n-vector in the unit simplex, consisting of 0s in the first k
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positions followed by equal coordinates in the last n — k positions. Thus,

1 T 1 pe 1 T
o_1 AR 3 &
2= ~(1,1,1,...,1)7, #=—70LL....,1)7, 2=—5(0,0,1,...,1)7,

and so on. The next proposition asserts that there exist objective functions that induce
on the simplex trajectories that visit the neighborhoods of all the points z' (i =
5 S i s

PROPOSITION B.3.  For any 8 > 0, there exists an objective function vector ¢ (¢, > 0,
i=1,...,n—1, ¢,=0), such that in the problem (S), the trajectory starting at the
center z° visits the 8-neighborhoods of the points z', ..., 2" "% and then hits the optimal
point z"! = e",

Proor. Let 8 > 0 be any number. Consider first the problem (S) with the
objective function vector ¢” = e' = (1,0,...,0)”. With this vector, starting at z", the
trajectory hits the point z'. Let us now consider an objective function vector of
the form ¢' = (1,€,0,...,0)", where ¢ > 0. With the vector ¢!, starting at z", the
trajectory hits the point z°. However, by continuity, there exists an €, such that the
trajectory will also visit the 8-neighborhood of :z', provided € < €,. Let us now set
e =¢ where 0 <¢ <€, so ¢ =(1,¢,0,...,0)". Suppose, by induction, we have
defined

= (1,e,€50....6.0,...,00"  (k<nd-2)

as an objective function vector such that with ¢, the trajectory starting at z°, visits the
8-neighborhoods of the points z',..., z¥ and then hits the point z*¥*!. Consider now
an objective function vector of the form ¢**! = (1,¢,...., €., €.0,....0)", where € > 0.
With the vector ¢**!, starting at z° the trajectory hits the point z*. However, by
continuity, there exists an €, ., such that the trajectory will also visit the 8-neighbor-
hoods of the points z', z%,..., z¥*!, provided € < €, ,,. We now set € = ¢, ,, where
< Ek+] < 6-1(-!'1’ S0

Ck+!=(].€1.....fl‘4],0 ..... O)r.
Our proposition follows with k = n — 2.

COROLLARY B.4.  For every 8 > 0, there exist an objective function vector ¢ and an
interior point of the simplex, x, such that the projective rescaling trajectory induced by c,
starting at x, visits the 8-neighborhoods of all the vertices of the simplex.

Proor. First, for any € > 0, consider a projective scaling transformation, 7, defined
by

1
T(y) = .,—-,(f}-’lsfz.vm----c".v.,)r-

i
i=1] i

Every face of the unit simplex is invariant under 7. It is easy to verify that when e
tends to zero, the point z' tends to the vertex e'*' (i=0,1,...,n — 1). It follows
from Proposition B.3 that for every e there exist objective functions inducing trajec-
tories that visit the neighborhoods of the points T,(z') (i = 0,1,..., n). This implies
our claim.
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It is easy to see that the arguments used in this appendix actually suffice for proving
a stronger result:

PROPOSITION B.5. Let P € R" be any convex polyhedral set of dimension n and
suppose x € P is any nondegenerate vertex. Under these conditions, there exist n pairwise
distinct points x', ..., x" € P, belonging to faces of decreasing dimensions which contain
x, such that for every 8 > 0, there exists an objective function vector ¢ that satisfies the
following:

(1) the vertex x maximizes the function ¢"x over P, and

(ii) the projective rescaling trajectory through x* visits the 8-neighborhoods of all the
points x', ..., x".

Appendix C. A lemma on orthogonal projections. The following lemma is a special
case of Corollary 1 in [P]. We thank L. D. Pyle for giving us this reference.

LemMA C.1. Let A € R™*" and B € R™™" be matrices such that AB” = 0. Under
these conditions, the orthogonal projection of any vector v € R" on the intersection of the
nullspaces of A and B can be obtained as follows. First, project v orthogonally into the
nullspace of B, and then project this projection orthogonally into the nullspace of A.

Proor. Without loss of generality, assume A and B are of full rank. Let

_(4
C - (B).
Since AB” = 0, it follows that
cCcT = (’“r 8 )
0 BBT

Also, since 44" and BB” are nonsingular (even positive-definite), CC” is nonsin-
gular. The orthogonal projection of v into the nullspace of € is given by
[1 = CT(CCT)y 'Cu. It follows that

CT(CCT) '€ = A7(A447) ‘4 + B"(BBT) 'B.
On the other hand, the sequence of projections stated in the lemma results in the vector
[ — AT(AA")"'4)[1 — BT(BB") 'B]v. The lemma now follows since AB” = 0.

Appendix D. On the general barrier method in inequality form. In this appendix we
consider a more general barrier function technique, where the barrier function is not
necessarily the logarithm function. We also work here with the linear programming
problem in the inequality form

Minimize ¢’x

subjectto Ax = b
where 4 € R™*" is of full rank. We assume the feasible domain is of full dimension.
The barrier function method works with a related function

m

f(x)=¢"x + ,uEg(A,x =5}

i=~]
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where A, denotes the ith row of the matrix A4, p is a positive parameter which is
driven by the algorithm to zero, and g(£) is a strictly convex function over the positive
reals (g”(x) > 0 for x > 0) such that g(£) tends to infinity as £ tends to zero. The
common choice, which was discussed throughout this paper, is g(§) = —In £

The Newton barrier function technique amounts to taking a Newton step with
respect to the problem of minimizing f(x), followed by an update of the value of p.
Let x be a point such that Ax > b and let D/ denote a diagonal matrix of order m:

D! = Diag(g'(A,x — by),....g'(A,x — b,)).

It is easy to check that the gradient of f(x) is
vf(x)=c+ pA"De

where e = (1,...,1)7 € R™. Let

Dy’ = Diag(g"(Ax — by),.... 8"(4,x — b,)).
The Hessian matrix is thus

H,(x) = pA"D/'A.
The direction given by Newton’s method is the same as the direction of the vector
v=H;'vf=(A"DrA) (¢ + pA'Dle).

So far we have not specified the choice and update rule of p. Consider first the case
where p is taken at its limit, that is, we set p to zero after the Newton direction has
been computed. In other words, v = (A'D/’4) 'c.

REMARK D.1. We note that with g(£) = —In £ this choice of p yields the analogue
of the linear rescaling method for the problem in inequality form (see also [GMSTW]).
The latter can be seen as follows. Given an interior point x, consider the ellipsoid

o (Ay-=b |\
"’:{-’“ £ <
In other words,

E={y:|D;'(Ay — b) —e|| < 1}.

The direction v corresponds to moving towards the minimum of the function ¢’y over
E. Thus, consider the following optimization problem with respect to v:

Minimize ¢’(x + v)
subjectto ||D.'[4(x +v) —b] —e|| = 1.
Since D_ '(Ax — b) = e, it follows that this problem is equivalent to
Minimize ¢’

subject to || D, Av|| = 1.
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However, we are interested only in the direction of the vector v, so we can write the
following set of equations for the optimality conditions: (A"D_ *4)v = ¢. This implies
our claim that the choice p = 0 yields the analogue of the lmear rescaling algorithm.
Notice how the linear rescaling algorithm is simplified when the problem is posed in
the inequality form rather than the standard form.

We now return to general barrier functions g and consider the limiting behavior of
the direction

v=uv(x)=(47D/A) e

as the point x approaches the boundary of the feasible domain. Recall that the matrix
A is assumed to be of full rank and the diagonal entries of D! are positive. The vector
v =u(x) is the solution of the system (A7D/A)v = ¢. An equivalent system is
obtained by defining w = D/"Auv:

(D?) Yy - Ap

X

0,
A'w = ¢,
Let R = R(x) denote the following diagonal matrix:

R=D|ag ——,1——-—‘““ 1

Jg”(Alx " bl) ; Vfg”(Amx i 'bm) / l

The equations that determine » and w are the optimality conditions of the problem

Minimize || Rw|?
(O(x))

subject to  ATw = ¢,

For an interior point x, the optimal solution is unique, w = w(x). The optimization
problem ((O(X)) is well-defined but the solution is not necessarily unique. Suppose x
tends to a boundary point X. Let us assume that the function g(£) that underlies the
barrier method is convex, twice continuously differentiable, and g”(£) tends to infinity
as £ tends to zero. Since g”(0) = oo, the matrix R tends to a finite limit R (with some
diagonal entries equal to zero), which we denote by R(X). Assume, without loss of
generality, that for i = 1,..., I, A;x > b, whereas for i = [+ 1,...,m, AX = b, Let
us rewrite the optimization problem in the form

Minimize || R'w!|? + ||R*w?|?
subject to  AJw! + Alw? = ¢,
where the indices 1 and 2 correspond to the first / and the last m — / rows of A,
respectively, and describe submatrices accordingly. Denote the optimal value of the
optimization problem (O(x)) by f(x).
PROPOSITION D.2. lim,_ - f(x) = f(X).

ProoF. First, for any w such that 4™w = ¢,

f(x) < [[R(x)w|*,
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and hence

limsup f(x) < [[R(X)w|*.

Let w be an optimal solution for (OQ(x)). It follows that

limsup f(x) < [|R(F)#]* = /(%)

Second,
F(x) = 1R (x)w'(x)|* + IR*(x)w?(x)]1*> = |RY(x)wi(x)II*
It follows that

liminf f(x) > liminf||R'(x)w'(x)|?

X=-5X x—X

and [|R(x)w'(x)|| is bounded in a neighborhood of X, since f(x) is. This implies that
w!(x) is bounded in a neighborhood of X. Now, let w* be any accumulation point of
w!(x) as x tends to X such that

||RY(X)w*|| = Liminf||R'(x)w'(x)].

x=>X

Obviously,

lim inf|| R (x)w'(x)[I* = |RY(Z)w*||* = |R(X)w]* = f(X).

This finally implies our claim.
ProrosITION D.3. The vector R(x)w(x) converges as x tends to X.

Proor. Let L denote the set of all vectors w! € R’ for which there exists a vector
w? & R™ ' such that ATw' + A%w? = c. Let us denote by w'(X) the unique solution of
the following optimization problem (in terms of w'):

Minimize [|R'(¥)w'?
(0,(x))
subjectto w' € L.
Since R*(X) = 0,
f(%) = [|R"(x)w!(X)%

On the other hand, for any x we have w'(x) € L, so
[RY(%)w'(x)]]? = [[RN(X)w!(X)]]* = f(X).
Since R(x) tends to R(X),

liminf||R'(X)w'(x)||* = f(X) and

X=X

lim inf|| R'(x)w'(x)|* = f(X).

X=X
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From Proposition D.2 it follows that

£(%) = limsup | R'(x)w!(x)].

X=X

This implies that [|[R*(x)w?(x)||* tends to zero, so R*(x)w?(x) converges to zero.
Moreover, it now follows that ||R'(x)w'(x)||* converges, and its limit is necessarily
equal to f(X). Any accumulation point of w'(x) (as x tends to X) is an optimal
solution to (Oy(x)). However, the latter has a unique optimal solution. It finally
follows that w'(x) converges to w'(X). This completes the proof.

The behavior of the direction of v(x) as x approaches a boundary point is
summarized in the following theorem.

THEOREM D.A.  Suppose the function g(£) is convex, twice continuously differentiable.
and g"(&) tends to infinity as & tends to zero. Under these conditions, the vector field
v = v(x) extends continuously to the boundary of the feusible domain. Moreover, the
direction of v(x) tends to a direction parallel to any face ® as x approaches ®.

PrOOF. In Proposition D.2 we showed that, as x tends to X, the vector Rw tends to
a vector of minimum norm relative to R. Thus, (D/) 'w also tends to a finite limit,
and Av tends to the same. Since A is of full rank, v converges to a limit. Moreover, for
every i such that A x = b, (D), 'w, tends to zero so, necessarily, A,¢ tends to zero.
Obviously, this means that the direction of v tends to a direction parallel to the face
that contains the point ¥ in its interior.

Theorem D.4 generalizes to any fixed value of p. The direction v is given in general
by the equation

(A™D/A)v = ¢ + pA"d!,
where d! = D/e. Let
u=D/'Av — pd!.

We now have an equivalent system

(D) u+ pd?) — Av

Il
==/

ATu = c.

With R denoting the same matrix as above, the equations that determine v and u are
precisely the optimality conditions of the problem

- ' \ 2 1 &

Minimize 3||Ru||* + p.[( By d."] u

subject to ATu = ¢,
We first observe the following:
PrROPOSITION D.5. Suppose g(¢) is a real-valued function satisfving the following

conditions:

(i) g(&) is differentiable in an open interval (0, a),
(i1) g(&) tends to infinity as & tends to zero,

(iii) the derivative g'(£) is monotone.
Under these conditions, the ratio g(£)/g'(£) tends to zero with &,
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Proor. Since g’ is monotone, g’ tends to —oc at 0. Thus, g is monotone
decreasing, and hence invertible, in a neighborhood of 0. For y near 0, let y* denote
the smallest value such that g(y*) = 1g(y). Obviously, y* > y. Since g is convex and
differentiable,

tg(y) =2(y) —g(y*) <g'(y)(y—»*).
Thus.

T L IRE)
2(_]‘ =y )< .l}’()") = 0

It suffices to show that y — y* tends to 0 with y. Now pick x; and define x,
(0 <x,<x;,_,) by g(x,)=2g(x,_;) for i > 1. Obviously, the sequence {x;} is
monotone decreasing and converges to 0, so x, _, — x, tends to 0. If p lies between x,
and x,_, then y* lies between x, ; and x,_,. It follows that

¥y e, = %y

which tends to 0.
The asymptotic behavior of the direction of v in the general case is summarized as
follows:

THeEOREM D.6.  Suppose the function g(£) is convex, twice differentiable continuously,
and g"'(£) tends monotonically to infinity as & tends to zero. Under these conditions, the
vector field

v=0(x) = (A"D7A) ' (c + pAd})

(where p is fixed ) extends continuously to the boundary of the feasible domain. Moreover,
the direction of v(x) tends to a direction parallel to any face ® as x approaches ®.

Proor. By Proposition D.5 and our assumptions about the underlying function
g(&), the vector d = (D!’)"'d! tends to a finite limit and, moreover, if A4,x — b, tends
to zero then also d, tends to zero. As in the proof of Proposition D.3, it follows that
here the vector Ru approaches a finite limit and hence the vector Av = R’u + pd
approaches a finite limit. Moreover, it also follows that the direction of v tends to be
parallel to the face as before.

Appendix E. The behavior of the barrier method in inequality form near vertices.
Let us now consider the behavior of the general Newton barrier algorithm (for
problems in inequality form) in the neighborhood of a nondegenerate vertex. Let V'
denote any nondegenerate vertex of the feasible polyhedron and suppose. without loss
of generality, that the first n constraints are tight at V. Let B denote the (n X n)-
submatrix of 4 consisting of the first n rows. Thus, B is nonsingular. Also, let N
denote the submatrix consisting of the other m — n rows of A. Let Dj, Dy, D}, and
D} denote the square submatrices of D! and D’ corresponding to the indices of B
and N as suggested by the notation. Obviously,

A™D!"A = B'D{/B + NTD}N.

When the point x tends to the vertex V, the diagonal entries of D} tend to infinity
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while those of DY tend to some finite limits. It follows that
= ? = -
(4"Dya) " = (1+ (B"DyB) 'N"DYN) (B'DyB) "

g =1 e
=(1+ B Y(Dg) 'B""N'DYN) B NDy) 'BT

50 (A'D/'A)" " is asymptotically equal to B~ (D) 'B 7.
Consider the approximate field in the neighborhood of the vertex V. The underlying
differential equation of the approximate field is the following:

X = —Bii(Dé’)—lB"T ¢+ pA'D’ ; e).
n—m

We gain more insight if we change variables as follows. Let s = Bx — b,. The problem
in terms of s is

Minimize ¢"B"'s
subjectto AB~' > b — AB 'by.

Let & = B~ c. Also, note that § = Bx. It follows that the differential equation in terms
of s is the following:

$=—(Dy) ¢ — p(Dy) ' B TATDe.
Note that

B~74T = (I1B-7NT)

SO
$=—(Dg) (¢ +uB "N"Dje) — p(Dy) 'Dje.

Under our assumptions about the function g, the dominant term in the latter is
—u(Dg) 'Dje. Interestingly, when g(£) = —In({) this has a very simple form:
—=D(}) 'Dje = s. This shows that for any fixed p > 0, if x is sufficiently close to the
vertex V' then x is repelled from V.

Appendix F. Differentiability of the linear rescaling vector field. In this appendix we
prove the differentiability of the linear rescaling vector field on the entire feasible
region. Thus, we have here another proof of the continuity already proven in §2. We
use the same notation as in §2.

We consider points x in P = {x: Ax = b, x > 0}, where the problem is to maxi-
mize ¢’x. Suppose the point x tends to ¥. Denote N = {1,...,n}. Let I, denote the
set of indices / such that X, > 0 and let 7, = N\ I,. Let 4,, i =1,2, denote the
submatrix of A consisting of the columns with indices in /. Let R, and R, denote
the subspaces of R" corresponding to the sets 1, I,. Also, for any n-vector x denote by
x' a subvector corresponding to /,.

We use the following notation:

E = { y: Ay = 0}; this is a fixed subspace in R”",

c—The objective function vector; this is a fixed vector in R",

E, = E N Ry; this is a fixed subspace in R”,
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F—The orthogonal complement of E, in E; also fixed,

n,— The orthogonal projection of D¢ into D, 'E, eventually extended continuously
to P;

F,—The orthogonal complement of D, 'E, in D, 'E,

1 — The orthogonal projection of D into F,.

We wish to show that D, is differentiable as a function of the point x even at
boundary points X of P. We will show below that D, is differentiable with zero
derivative on the boundary, and that 7, tends to zero as X tends to X.

ProrosiTioN F.1.  For every K > 0, there exists a neighborhood Ny of X such that for
all interior points x € Ny and u € D 'F, ||u?|| = K||u'|.

Proor. Since £ N R, = E,, we have F N R, = 0. Thus, the angle between any
vector in F and any vector in R, is bounded away from zero. In other words, there
exists a constant C > 0 such that, for u = (¢', u?) € F, C||u?| = ||u"]| (with equality
holding at u' = u*® = 0). It follows that for every x > 0,

min{x;: j € I,}
max{x: j € I,}

1Dl > € ID, "u']| and

. IDFtu?
lim | : n” X
x=x || Dy u|

(Note that min{x;: j € I, } tends to a positive limit whereas max{x,: j € I, } tends to
zero.) This implies our claim.

ProproSITION F.2. Given K > 0, let Ny be a neighborhood of X satisfying the
condition of Proposition F.1. Let x € Ny be an interior point, let w = (w', w?) € D 'F,
and let u be a unit vector in D 'E,. Under these conditions,

1
u'w < Wl < —===1wll.
K -+1
Proor. Since u® = 0, we have
i
ulw= (u') w' < |w!.
By Proposition F.1,
2 22
[wll® = [w!? + [[w?)|* > (K2 + 1)|lw!]?

and this completes the proof.
For any flat M C R" and any w € R", let [1(w; M) denote the orthogonal projec-
tion of w into M.

ProrosiTiON F.3. Given K > 0, let N be a neighborhood of x as in Proposition F.1.
Let [ denote the dimension of F,. Under these conditions, for every w € D_'F,

. ]
I (ws DIE )| <y g Il and
[ I
ITTOws E)I 2 /1 = 2oz Wl
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PrOOF. Let {u',..., u'} be an orthonormal basis of D, 'E,. Then, by Proposition
F2,

! 2
Ki+ 1II“II :

!
ITL(w; DJEI2 = X (w'u') <
=1

Recall that F, is the orthogonal complement of D, 'E, in D] 'E, so
ITE(ws DL + [T (ws EI* = flwll?
since w € D 'F. This implies the rest of the claim.

PROPOSITION F.4.  Under the conditions of Proposition F.3, for every f = (f', f*) €
7.,

X

V. !
/3 = . ﬂnf‘n.

PROOF. There is a point e = e(f) € D, 'E, such that f + e(f) € D, 'F. Thus by
Proposition F.2

K|Iff +e(f )<

and since [ and e( f) are orthogonal, Proposition F.3 gives

l ] K*+1, .,
le (A <y xigg M +elNl<y e i \/ reLlAl

ProrosiTiON F.5. The orthogonal projection TI(D.c: F.) tends to zero as x tends
to X.

Proor. Let {f',..., /*} be an orthonormal basis of F,. We represent the subvec-
tors of f' corresponding to the sets 7, and 7, by f“D and "2, respectively. We have
for every i

N = N 2Y 7 rtin
(D‘c)f—(D”( )f +(D.‘:c )f :

By Proposition F.4, there exist constants K and C,, both tending to zero as x tends to
X, such that

IV < KNP and  £9Y) < G,
We now use the Cauchy-Schwartz inequality to estimate
F A s i 2 P2
(Dye!) 4D+ (Do) 2 < 16l NN L PN + 10 e 1152
< [1XMloe N NGy + 120 NP LS 21,
Thus, (D.c)’f" tends to 0 as x tends to X and

1 = L((Do)Tf) 1

tends to zero.
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Let Mo, 'k, denote the orthogonal projection of D.c on D[ 'E,. Then 7, p, is real
analytic in a neighborhood of X. Thus the vector 7, = n; + np 14, extends continu-

ously to the boundary point x with 7, = 0. Note that at a boundary point X, 7; is the
orthogonal projection of D,¢' into D E,. Now,

Dxnx = D.rnF, ¥ D.\'n:'f)‘ ‘El and
D.\'T,E i Dx'nF.l + D.\"'TIF,:
From the proof of Proposition F.1 and Proposition F.4,

¢ min{x;:j€l)
Nja 2 VI +1 max{x Jel}n

and 7, tends to zero, so

max{x;: j € I,}

Doy, Cmm{x je

}llnp‘,llmax{x,r.ie L}V +1)

+max{x;: j € I }||ng,ll

Since max{x;: j€ L}/|lx — x| is bounded and |[n,| tends to zero we have
IDme ll/llx — X tending to zero as x tends to X. We finally have

TueoreM F.6. D, is differentiable at X and Dy has zero derivative at X.

ProoF. The computation above applies to every face in which X lies, to prove that
Dy has zero derivative at X.
REMARK F.7. Having proven the differentiability, we can now give an explicit
expression for the derivative. Let us denote U = U(x) = D, € R" and let U'(x) &
R"*" denote the derivative. If x is interior the vector U is determined by the following

set of equations in U and W:

D7*U(x) —A™W(x)=c

AU(x) = 0.
Differentiation gives
D.\'_2UJ(X) - ATW’("C) o 2D.\7 3DUL\)
AU (x) = 0.

The interpretation of this system is that the jth column of U'(x) is equal to D, times
the orthogonal projection of the jth column of the matrix M = 2D_°D,, ., into the
nullspace of the matrix 4D,. However, since M is diagonal, the jth column of U’
turns out to be the orthogonal projection of U,.(x)e’/(xf) into that nullspace.

Interpretations can be developed for higher order derivatives using the same idea.
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