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Introduction

These notes are the result of a course in dynamical systems given at Orsay
during the 1976-77 academic year. I had given a similar course at the Gradu-
ate Center of the City University of New York the previous year and came to
France equipped with the class notes of two of my students there, Carol
Hurwitz and Michael Maller. My goal was to present Smale’s Q-Stability
Theorem as completely and compactly as possible and in such a way that
the students would have easy access to the literature. I was not confident that
I could do all this in lectures in French, so I decided to distribute lecture
notes. I wrote these notes in English and Remi Langevin translated them
into French. His work involved much more than translation. He consistently
corrected for style, clarity, and accuracy. Albert Fathi got involved in reading
the manuscript. His role quickly expanded to extensive rewriting and writing.
Fathi wrote (5.1) and (5.2) and rewrote Theorem 7.8 when I was in despair of
ever getting it right with all the details. He kept me honest at all points and
played a large role in the final form of the manuscript. He also did the main
work in getting the manuscript ready when I had left France and Langevin
was unfortunately unavailable. I ran out of steam by the time it came to
Chapter 10. M. Yoccoz wrote this chapter based on a preliminary version of
class notes by M. Lebasque.

The original English notes have disappeared. Anyway much writing and
revising was done directly in French. Joe Christy undertook to translate the
French book into English. I have used the opportunity to correct some small
errors and sloppiness that made certain points of the French original seem
“extraterrestrial.” I have also added some appendices concerning the C" center,
center unstable, and strong unstable manifolds. These theorems have gained
currency in recent years, but it is not easy to find clear presentations of them
in the literature. The stable manifold theorem was written to make generaliza-
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tion easy and these new appendices are written with references back to the
chapters on stable manifolds. Indeed, the entire approach is taken from
Hirsch, Pugh, and Shub, Invariant Manifolds, Springer Lecture Notes, No.
583, and lends itself easily to the theory of normally hyperbolic invariant
manifolds as carried out there.

The chapters are meant to be read in order except that the appendices and
Chapter 9 may be omitted. There is a commentary and a bibliography for
each chapter. These commentaries are subjective—they reflect how I learned
the subject, and do not pretend in any way to provide a historical account of
its development. Certain notions may be introduced in the commentary of
some chapter which will only be justified in the commentary of a later chapter.
Reference [i.j] is the jth reference in the bibliography of Chapter i. The
chapters themselves are narrowly focused on the mathematical results. The
commentaries sometimes give some perspective in which to view these results
and should be read together with, or just after, the corresponding chapter.

Translator’s Note

I would like to thank, first of all, Mary Ann Finnerty for typing the manuscript
and devoting countless hours to typesetting and producing this book. My
debt to her is immeasurable, as it is to Mike Shub; to them my gratitude is
boundless. I should also like to thank Kristen Harber for the lovely pictures
of the solenoid and Paul Blanchard, Pat McSwiggen, Alec Norton, and José
Pedrozo for their help in proofreading.



CHAPTER 1
Generalities

Let M be a smooth compact manifold, and f: M —» M a diffeomorphism. Our
goal is to study the structure of the orbits of f, where the orbit of a point x is
the set { f"(x)|ne Z}. We seek to describe the “history” of points of M; i.e., to
follow them as we repeat f many times. First, the points with the simplest
histories.

A fixed point of f is a point x such that f(x) = x; a periodic point is a fixed
point for an iterate of f; that is, there exists a strictly positive n such that
f"(x) = x.

We now study some notions of recurrence which are weaker than periodi-
city; just as with periodicity they will make sense in the larger category of
topological spaces and continuous mappings.

Definition 1.0. Let X be a topological space and f: X — X a continuous map.
A point x of X is wandering if it has a neighborhood U such that f¥(U)n U
is empty for all positive k. A point x is nonwandering if the above does not
hold; that is, if for all neighborhoods U of x, there is a positive k such that
fY(U) n U is nonempty. We denote by Q(f) the set of nonwandering points;
when there is no fear of confusion we simply write Q for this set.

Proposition 1.1. Q is closed and f(Q) is contained in Q. Moreover, if f is a
homeomorphism, f(Q) = Q and a point is nonwandering for f if and only if it is
nonwandering for f 1.

Proor. By definition the set of wandering points is open; thus its complement,
Q, is closed.

If x belongs to Q and U is a neighborhood of f(x), then f~!(U) is a
neighborhood of x. Therefore, there is a k such that f*(f ~1(U)) n f 1 (U) # 0;
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the image of this intersection under f is contained in f*(U) n U, which is thus
nonempty.

If f is a homeomorphism and x is in Q(f), then for every neighborhood U
of x, there is a positive k such that f*(U)n U # 0. The f* image of this
intersection is contained in U n f ~*(U), which is nonempty, so x is in Q(f ~!).

Finally, if f is a homeomorphism:

Q=//T'Q) = fQ<=Q  so fQ=Q a
Since Q is closed and a periodic point is clearly nonwandering, the closure

of the set of periodic points, denoted Per(f), is contained in the nonwandering
set: Per(f) = Q(f).

Definition 1.2, Let f: X — X be a continuous map and x an element of X. The
w-limit set of x, wy(x), is defined by

w;(x) = {ye X|3 a sequence n; = + oo such that f"(x) - y}.
If f is a homeomorphism, we define the a-limit set of x similarly:
ap(x) = {ye X|3 a sequence n; » — oo such that f™(x) - y}.

Furthcr, we set L+(f) = Uxexwf(x)’ L—-(f) = UxeXax(x) and L(f) =
Li(f)v L-(f).

Proposition 1.3. L(f) is contained in Q(f).

Proor. Let y be a point of w(f) and U a neighborhood of y. Then there are
integers m > n > O such that f™(x) and f"(x) are in U. Therefore, ™ "(U)n U
is nonempty so y is nonwandering. A similar argument applies to the set of
o limit points and f . O

Corollary 1.4. Suppose X is sequentially compact and let U be a neighborhood
of Q(f). Then for any x in X, there is an N > 0 such that for alln > N, f"(x)
belongs to U.

Proor. Otherwise there would be w limit points of x outside of U, away from

L. (f). O

Definition 1.5. Suppose X is endowed with a metric d. Given f: X — X and a
positive real number ¢, a sequence x = {x;|[p<i<gq; —0 <p < qg—2< o}
is an e-pseudo-orbit for fif d(f(x;), x;+;) < efor p < i < q — 1. An e-pseudo-
orbit x is e-pseudoperiodic if thereisann,0 < n < q — p — 2,such that x; = x;.,
for all i with both x; and x, ., in x. We say that a point x in X is e-pseudoperiodic
if it is the first term of a finite é-pseudoperiodic &-pseudo-orbit.

Intuitively e-pseudo-orbits are sequences of points which one would take
to be orbits if the positions of points were only known with a finite accuracy e.
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Definition 1.6. Let X be a metric space and f: X — X. A point x in X is chain
recurrent if it is e-pseudoperiodic for all positive &. We denote by R(f) or even
R the set of chain-recurrent points.

We leave it as an exercise for the reader to show that R(f) is closed.

Proposition 1.7. Let X be a metric space and f: X — X a continuous map. Then
Q(f) is contained in R(f).

Proor. Let x be in Q and ¢ be positive. We will show x is e-pseudoperiodic.
Choose ¢ < ¢/2 such that

dx,y) <8 = d(f(x). S0) <3

Let U be a neighborhood of x contained in the ball of radius ¢ about x. Since
x is nonwandering, we can find an n such that f*(U)n U #0.Ifn = 1, {x, x}
is an e-pseudoperiodic orbit; if n > 1, we can find a y in U with f"(y) in U and
thus {x, f(y),..., /" (), x} is an e-pseudoperiodic orbit. O

To recapitulate
Per(f) = L(f) = Q(f) = R(f),

and it is a good exercise to find various f’s where the inclusions are strict (see
Figure 1.1)

One might ask if the inclusions are strict for “most” mappings, f. One way
to make this precise is to put a topology on the space of diffefomorphisms so
that we can talk about residual sets and generic properties.

If X is a compact metric space, we can put two metrics on Hom(X), the set
of homeomorphisms of X onto X:

dO(f’ g) = Sug d(f(X), g(x)),
dc(f, 9) = sup [d(f(x), g(x)), d(f 7 (x), g7 (x)]-

a) b)

Figure 1.1. In (a) the arrows indicate the direction from x to f(x). The marked points
are fixed. Here Per(f) = L(f) = Q(f) = the two marked points, while R(f) is the
entire circle. In (b) f is a rotation through an irrational angle Per(f) is empty, but
L(f) = Q(f) = R(f) = the entire circle.
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the image of this intersection under f is contained in f*(U) n U, which is thus
nonempty.
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Definition 1.6. Let X be a metric space and f: X — X. A point x in X is chain
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Figure 1.2.

These two metrics generate the same topology, since by compactness, all the
mappings in question are uniformly continuous. Hom(X) is complete with the
metric dc.

If M is a compact C" manifold, 1 < r < oo, we give the space of C" diffeo-
morphisms, Diff"(M), a topology by specifying the convergent sequences: a
sequence f, converges C" when all the derivatives of f, of order less than or
equal to r converge uniformly. This definition extends to the case r = 0 by
putting Diff (M) = Hom(M) as above.

The most natural way to make this definition precise is by introducing
the bundle of r-jets, but perhaps it is simpler to define a neighborhood basis
for Diff"(M) at f by means of charts. Choose a finite cover of M by charts.
Every point x of M is contained in a ball of radius r,, which is contained in
one chart. The balls B(x, r,/2) cover M, and we may take a finite subcover
B(xy, 1y /2),...,B(x,, 1 /2). Let 6 = inf(r, /2). We can now be sure that if two
functions f and g satisfy dy(f, g) < 9, then for every x in M there is a chart
containing both f(x) and g(x) (see Figure 1.2). We can now calculate the C"
distance between f and g in a chart by calculating the maximum difference
between corresponding derivatives of f and g expressed in the same chart.
Recall that for a complete metric space we have the Baire property: a count-
able intersection of open dense sets is dense. We say that a set is residual or
generic if it contains a countable intersection of open dense sets; a property
which holds on a residual set is said to be generic.

We can now reformulate two questions of utmost importance:

(1) Does Per(f) = Q(f) generically in Diff"(M)?
(2) Does R(f) = Q(f) generically in Diff"(M)?

A difficult partial result in this direction is the Closing Lemma:
Theorem 1.8 (Pugh). Per(f) = Q(f) generically in Diff ' (M).

We also know that generically, for homeomorphisms of a compact smooth
manifold, Q(f) = Per(f) = R(f). On the other hand, the necessary perturba-
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tion theory is as yet unavailable in the case r > 1, because it is difficult to keep
control of the higher derivatives.

Until now, by a homeomorphism (resp. difftomorphism) of M we have
meant a surjective mapping with a continuous (resp. differentiable) inverse,
but this hypothesis of surjectivity is not really necessary. All our definitions
still make sense when f is no longer surjective; it suffices simply not to consider
f7'(x) for x not in the image of f. For example, (),sof"(M) is a closed
invariant set in M and

Per(f) = L. (f) = Q(f) = R(f) = Oof"(M)'
L_(f) is always the set of limit points of sequence f ~"(x), where all the terms
of the sequence are defined; L_(f) < (),»0 f"(M).

From now on, for the sake of simplicity, unless otherwise stated we will
assume that M is compact, connected, and without boundary.

It is often useful to permit M to have a boundary, even though we will not
check the corresponding versions of our theorems for this case. When M has
a boundary we must assume that f is an embedding of M in its interior. For
example, M might be a bounded region in a Euclidean space with smooth
boundary. The reader who is unfamiliar with smooth manifolds may think of
the case of bounded regions in Euclidean space.

Exercisk 1.1. Show that if x belongs to Q, and U is a neighborhood of x, there is a
sequence of integers n; tending to infinity such that the intersection f™(U)n U is
nonempty.

Commentary

We think of a difffomorphism f: M — M as a dynamical system, that is, as a
differentiable action of the group Z on M. In general, for a Lie group G, a
dynamical system of class C*" is a group homeomorphism ®: G — Diff"(M)
such that the natural map G x M — M, (g, m)— ®(g)(m) has continuous
partial derivatives of all orders up to s with respect to the variables of G, and
up to r with respect to M; moreover, we require that the mixed partials of
order up to p = min(r, s) be continuous as well. Such a map G x M - M is
C?, each restriction to G x {m} is C*, each restriction to {g} x M is C". Often
r and s differ. In this case we speak of the action as being C?. The fundamental
examples come from the theory of ordinary differential equations on mani-
folds. Recall that an ordinary differential equation on a closed manifold
(compact, no boundary)is given by a vector field V: M — TM, that is a section
of the tangent bundle. A solution of the equation passing through the point
X, of M is an M-valued function ¢(x,, t) defined for ¢ in some open neighbor-
hood of 0 in R, satisfying ¢(xq, 0) = xo and V(@(x,, u)) = (de(x,, t)/dt),-,. If
V is C" for some r > 1, then there is a unique solution ¢(Xo, t) defined for all
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tin R, which has the additional property that o(¢(x,, 1), 5) = @(xo, t + 5) for
all t and 5. Moreover, the map ®: R — Diff"(M), defined by ®(1)(x) = ¢(x, 1)
isa Ctlr dynamical system, that is a C"*1" action of R on M, which is also
calleda C*!'" flow, or more usually, a C" flow. [1.1] and [1.7] are two excellent
elementary texts on ordinary differential equations. We attempt to make a
qualitative study of the asymptotic behavior of the orbits of the actions and
to link these asymptotic behaviors to stability. By asymptotic behavior of the
orbit ®(t)(x), we mean the behavior as ¢ tends to 4 oo when the group is Z or
R. When G is an arbitrary Lie group, we mean by this the behavior of
sequences ®(g;)(x), where (g;) is a sequence which eventually leaves every
compact subset of G. This approach is only meaningful when G is noncompact.
The case where G is a compact Lie group is the object of study in compact
differential geometry; in this context there is a strong stability theorem [1.18].
Asymptotic methods essentially permit us to understand the two cases of
continuous time (G = R) and discrete time (G = Z). These two cases have
numerous similarities. I will limit myself to the case where G = Z, that is to
the study of diffeomorphisms of M. The action of groups other than R or Z
are studied in [1.3], [1.6], [1.13], and [1.14].

My point of view comes from [1.16]. In fact, the first four chapters recapitu-
late [1.16], the work through which I discovered the subject.

The concepts introduced in this first chapter all come from [1.16], with the
exception of the concept of e-pseudo-orbits which is found in [1.4] and [1.2]
and that of the chain-recurrent set, first defined in [ 1.4] and developed in [1.5]
and [1.19]. The generic point of view first appeared in the study of dynamical
systems with the theorems of Peixoto on the openness and density of struc-
turally stable flows on surfaces [1.11] and Kupka and Smale on the genericity
of what are now called Kupka-Smale diffeomorphisms [1.8] and [1.17].
Along the same lines we have the proof of Pugh’s Theorem in [1.12].

There is another way of relating flows and difeomorphisms—the suspen-
sion construction. Given a difffomorphism f: M — M, we define a map
VoM xR->MXxR by Yymt)y=(m,t +s); ¥ is a flow on M x R. The
quotient of M x R by the relations (m, t) ~ (f(m), t + 1) is compact. This
quotient space M = M x R/~ is a bundle over S* with fiber diffeomorphic
to M. The flow y, induces a flow ¥, on M. The dynamics of P, and f are
intimately linked.

Some good references on dynamical systems are [1.2], [1.9], and [1.10]. I
have borrowed broadly from these works.
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CHAPTER 2

Filtrations

One way to understand the recurrence of a homeomorphism is to try to build
up the underlying manifold from simpler pieces, each of which isolates and
asymptotically specifies an invariant set. With this in mind we make several
definitions. Given a homeomorphism f, of M, a filtration M adapted to f is
a nested sequence J = M, =« M, = --- = M, = M of smooth, compact codi-
mension 0 submanifolds with boundary of M, such that f(M,), = Int M,. We
denote by M™! the filtration

d=M-McM-M_,c-cM-My=M

which is adapted to f .
For a filtration M adapted to f,

KiM) = ﬂzf"(M M,_,)

is compact and is the maximal f-invariant subset of M, — M,_,. When no
confusion looms, we will often suppress reference to f. Now, for the sake of
comparison, we let K/(M) = | )*_, KJ(M) and set

Q=0n"M,—M,_,, R,=RnM,—M,_,.
Q, and R, are contained in K,(M), so Q < K(M) and, consequently,
L = K(M).

Now we seek to determine which closed invariant sets are of the form K(M),
for some filtration M adapted to f.

Definition 2.1. For a subset B of M, the stable and unstable sets W* and W" of
B are

W4(B) = {ye M|d(f"(y), f*(B)) >0 as n > +o0},
W*(B) = {ye M|d(f"(y), f"(B)) >0 as n > —c0}.
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Consider a disjoint union A = A; U - UA, of closed f-invariant sets, such
that L(f) < A.

Lemma 2.2. M is a disjoint union of the W*(A;)’s and also of the W*(A;)’s.

Proor. Choose open neighborhoods U; of A;, such that f(U;)nU; = & for
i #j. For any x in M, f¥(x) is contained in ( Ji-, U,, for large k, since the
sequence f"(x) cannot accumulate in the complement M — U7=1 U;; which is
compact. Moreover, the sequence f"(x) is eventually contained in one particu-
lar U,, since f(U;)nU; = &, for i # j. Choosing U;’s arbitrarily close to the
A/’s we see x € W3(A,) for some k. O

We may define a preorder >, on the A,’s by
Ai>» A iff (WHA) = A)n(W3(Aj) — A) # .

We say the preorder has an r-cycle if there is a sequence A; > - » A; =
A;,. If »> has no cycles, it may be extended to a total ordering >; that is, for
alliand jeither A; < A;, A; = Aj, or A; > A;. Where the first inequality holds
there is no sequence A; » --- » A;. Note that in this case we may reindex so

that A; > A;iff i > j; we call such an ordering of the A/’s a filtration ordering.

Theorem 2.3. Given a homeomorphism f of M, and disjoint union A =
A, U - UA, of closed invariant sets with L(f) = A; in order that A; = K,;(M)
fori=i, ..., r, for some filtration M adapted to f, it is necessary and sufficient
that the A;’s have no cycles and the ordering by indices be a filtration ordering.

Proor. We first demonstrate necessity. Observe that if M is adapted to f, then
f(M,) is contained in the interior of M;, so W*(K;(M)) is contained in M;, and
W*(K;(M)) is contained in M — M,_,. Thus we cannot have K;(M) » - >
K:M) if j < i. Since K,(M) = (),.z/"(M; — M,_,), the observation above
also shows, since W' and W* are evidently f invariant, that W*(K;(M)) N
W*(K,(M)) = K;(M). Thus we cannot have K;(M) >» K;(M) either. O

To demonstrate sufficiency we need a series of lemmas.
Lemma 2.4. If W¥(A,) intersects W"(A;) then it intersects A;.
ProoF. Since W¥(A,) is a closed f-invariant set, all the limit points of f"(y) for
yin W*A,;) n W*(A;) must be in W¥(A;), but the « limit points of an orbit in

W*"(A;) must actually be in A;. By compactness such a limit points of { /"(y)}
exist so W¥(A) N A; # &. Od

Lemma 2.5. If W"(A,;) intersects A, for i # j, then it intersects W5(A;) — A;.

Proor. Choose small compact sets U, which contain the A;,’s in their interior
with the property that f(Ux) " U,, = & for k # m. Now choose a sequence of
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points of distinct orbits x, in W"(A;) converging to Aj; by compactness of U;
it is no loss of generality to choose them in Int(U;). Now the definition of
WY (A;) allows us to find, for each x,, a least positive integer k,, with the
property that f “*+(x,) is not in the interior of U;. Let x be a limit point of the
sequence f *(x,) and notice xe W"(A,). Since x, — A; as n — 0, k, - .
Finally, we claim that f™(x) is in Int{U)) for all positive m; since U is small,
yet x is not in Int(U;) we see x is also in W*(A;) — A; and the conclusion
follows. If there were a positive m with f™(x)in M — Int(U), then there would
be an x, near x with k, > m and we would have f~®"™(x,) in M — U;
contrary to the minimality of k,,. ad

Lemma 2.6. If W"(A,) intersects A;, for i # j, then i is greater than j.

Proor. By Lemma 2.5 we can find an x in W*(A;) n(W*(A;) — A;) and from
Lemma 2.2. we can find an m, with A, > A;and xe W¥(A,, ). Therefore, by
Lemma 2.4, W¥(A;) N A,,, is nonempty. Repeating this reasoning we construct
a sequence ‘- > A, > > A, > A;, where W'(A;)nA,, is nonempty.
Since there are no cycles and only a finite number of distinct A,’s we eventually
find an r such that A,, = A;. O

Lemma 2.7. W*(A;) = ;<; W*(A)), hence | );<; W"(A)) is closed.

Proor. Let x be in W¥(A,). By Lemma 2.2, x is in W*(A;), for some j, and
Lemmas 2.4 and 2.6 guarantee i > j. O

Lemma 2.8.  );; W*(A;) is an open neighborhood of | );<; W*(A)).

PrOOF. Applying Lemma 2.7 to f ~! and remembering that this interchanges
W* and W* and reverses the order, we see | J;<; W*(A;) is open and contains
Uisi WH(A,))- O

Lemma 2.9. Let X be a compact metric space and f: X — X a homeomorphism
onto its image. Consider a compact invariant set P of the form P = ()50 f™(Q),
where Q is a compact set containing P in its interior. If f is open on a neighbor-
hood of P then there exists a compact neighborhood U of P, contained in Q,
which is mapped into its interior by f.

ProOF. Set A4, = ﬂf,=0 S™Q). The A,’s are a nested sequence of compact sets
converging to P; in particular, 4, < Int(Q) for large r. Choose an intermediate
set U where f is open such that P < Int(U) =« U <= Q and also f(U) < Q, for
instance U = Q n f~!(Q). Fix an r large enough that A4, is in the interior of U
and note that f(A4,) = f(U) = @ so f(A,) < A,. Since A4, is a neighborhood of
P, there is an n so large that f"(A,) is contained in the interior of 4,. If n = 1,
we are done; if not we can judiciously choose a slightly larger compact
neighborhood E which is mapped into its interior. To see this we assume n > 2



Filtrations 11

and construct an E mapped into its interior by f"~!; £ is produced by descent.
Choose a small compact neighborhood W of A4, with 4, < Int W < U and
f"W)cInt A, . LetE = f""Y (W)U A,; f""1(A4,) < Int(f"""(W)) < Int Eand
W) e fAMW) < f3(Int A,) < Int A, < Int E, so E is as
claimed. O

We now finish the proof of the theorem by constructing the desired filtration.
First notice that if K is a compact subset of ( J{~; W*(A;)) then

P
N 1K) = [ W)
n=0 Jj=1
For if xe(),50f"(K), then f~"(x)e K, for all positive n so L_(x) = K, and
consequently x € W*(A,) for some k. Thus A, intersects | J{-; W3(A;) and so

must be one of the A;’s.
We will construct M, and continue the construction stepwise as follows:

(1) A, is at the bottom of the order so W*(A,) is a neighborhood of A;.
Choose a compact neighborhood Q of A, contained in W*(A,). We then
have A; = ()u»0/"(Q), so, by Lemma 2.9, there’s a compact neighbor-
hood V, of A; mapped into its interior. Now choose a smooth, non-
negative function g such that V|, = {x|g(x) = 0}; for small enough ¢, M, =
g [0, ] is a smooth manifold with boundary with f(M,) = Int(M,).

(2) Lemma 2.8 tells us that W*(A,)u W?*(A,) is an open neighborhood of
WU(A,)u WE(A,). Then W (A;) 0 WA ) = (az0/"(Q,), so Lemma
2.9 again allows us to find a compact neighborhood ¥V, mapped into its
interior and, approximating V, U M, as in (1), to produce a submanifold
M, containing V, u M, which is also mapped into its interior. Proceeding
inductively we produce a filtration M, adapted to f.

(3) Finally, we check that A;=("),.zf"(M; — M;_,). By construction we

have
m f"(Mj) = U WU(A.‘)
n>0 i<j
and
U WHA) = M;_,
i<j
so
nof"(Mj — M;_,) = W¥A)).
On the other hand, by considering M™', we have (),<of"(M; — M;_;) =
W2(A;). WH(A;j) N W3(A;j) = A; so we are done. O

Filtrations can tell us a lot about stability; they are robust and indicate the
persistence of certain invariant sets.
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Proposition 2.10. Let M be a filtration adapted to f and U be a neighborhood
of K/ (M). There is a neighborhood V of f in Hom(M) such that M is adapted
toall g in V and K%(M) is in U. Furthermore, V may be chosen so that K4(M)
is contained in U, = (M, — M,_,;)n U.

Proor. Since f(M,) is contained in the interior of M, the same holds for any
C° close map g. Similarly, since U, is a neighborhood of K(M) so there is
an N such that (Y, f{(M, — Int M,_,) = U,, we also have (\¥yg'(M, —
Int M,_,) = U, for g C° close to f. O

Commentary

Smale [1.16] uses filtrations to control the growth of the nonwandering set
under perturbations. The order conditions were used by Smale [2.7] when he
established the Morse inequalities for what are now known as Morse—Smale
diffeomorphisms. Rosenberg [2.4] has generalized these conditions to define
the no-cycle property and extend the Morse inequalities. Palis [2.3] defined
filtrations which allowed him to show that the Morse—Smale diffeomorphisms
of a manifold are open, and I owe to him the sequence of lemmas used to
prove Theorem 2.3. He described them to me when we were both working
under the direction of Smale at Berkeley between 1964 and 1967. Theorem
2.3 and Proposition 2.10 come essentially from [1.16] and have been restated
in more recent works.

Newhouse [2.1] has studied filtrations in a more general context than
Smale, while purusing his study of limit sets and filtration orderings.

These ideas are systematized in [2.6], [2.5], and [2.2].

Conley, [1.4] and [1.5], has considered sequences of filtrations in the
topological case and had the idea to apply them to the study of the chain-
recurrent set.
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CHAPTER 3

Sequences of Filtrations

Definition 3.0. Let M: =M, c--=cM,=M and N: J=Nyc---c
N, = M be two filtrations of M. We say that N refines M if and only if for all
i=0,...,1 — 1, thereisaj,0 < j < k — 1suchthat(N;;; — N;}) = (M;;; — M;).

If M and N are two filtrations adapted to the same homeomorphism f of
M and N refines M, K/(N) is clearly contained in K/(M). This is the utility
of sequences of filtrations; even when it is impossible, given a closed invariant
set A, to find a filtration M with K/(M) = A, one can often find a sequence
of M;s with K/(M;) converging to A.

Definition 3.1. M,, M,, ... is a sequence of filtrations if M, refines M, _, for all
i. Let K{M,;} = (); K(M,). If A is a closed invariant set for f and if M is a
filtration adapted to f such that K(M) = A we say that M is a filtration for
A.If {M;} is a sequence of filtrations adapted to f such that K{M;} = A, we
say that {M;} is a sequence of filtrations for A. A filtration for Q is called a
fine filtration. A sequence of filtrations for Q is called a fine sequence of
filtrations.

We will prove that there is always a sequence of filtrations for R(f), after
first giving some supplemental technical properties of filtrations.
The following refines Theorem 2.3.

Proposition 3.2. Suppose that A = Ay U--- U A, is a disjoint union of closed
invariant sets for f which contain L(f) and, moreover, that the A;s have no
_ cycles. Let N be a filtration adapted to f such that, for every i, there is an
o such that A, is contained in K{(N). Then there is a filtration for A which
refines N. '
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Proor. As in the proof of Theorem 2.3, if A; is contained in N, — N,_;, we
gan construct a new M; containing N,_; and contained in N,. We can thus
insert tﬁe,Na’s in the sequence of M;’s and the resulting filtration will clearly
refine N. 0O

Let A be a closed invariant set for a homeomorphism f, and let W,, ..., Wy
be pairwise disjoint open sets covering A: A < ( J&; W,. Now we can define
B(W)) = Unzof (W) and F(W;) = | J,»0f"(W,), the backwards and for-
wards of W,. Let K; = ("),.zf"(W,) be the maximal f invariant set in W,, and
define a preorder » in W, by

i#j and F(W)n B(W) # &,

w»wi "
i=j and B(W)— W,nF(W) — W, # 2.

The set of W/’s contains an r-cycle if there is a sequence W; > - » W, =W, .

As usual, if the W/'s have no cycles, we say that the order of indices is a filtra-
tion ordering if whenever j is greater than i there is no sequence W, » - - » W,

Proposition 3.3. Let A be a closed invariant set for a homeomorphism f of M,
and assume that A contains L(f). Let W,, ..., W, be a pairwise disjoint open
cover of A which has no cycles and whose indices induce a filtration ordering.
Then the sets K; defined above are disjoint closed invariant sets for f and have
no cycles. Moreover, L(f) is contained in the union of the K’s.

Proor. First we show that the K;’s are closed. Let x be a point in the closure
of K;. Since w(x) = L(f) = A = ( J¥-; W,, there is an integer N so large that
for n greater than or equal to N, f"(x) belongs to | J¥_, W;. Furthermore, since
the W’s have no cycles we can find j and N’ such that for all n > N’, f"(x)
belongs to a particular W,. We must also have j = i; since W, and f~"(W)) are
open, if f (W) contains a point of K, it must also contain points in K.
Now check the inclusion of L(f) in the union of the K,’s. Since there are
no 1 cycles, when x is in K; so is f"(x), for all n. For arbitrary x in M, since
w(x) is in A, f"(x) must be in one of the W}’s, W,, say, for sufficiently large n.
Thus the w-limit points of f"(x) and hence of x must be in K. O

Theorem 3.4. For any homeomorphism f there are sequences of filtrations for

R(f).

Proor. Let ¢ > 0 and take 0 < a < ¢/2 so small that d(x, y) < o implies
d(f(x), f(¥)) < &/2. Cover Q by open balls of radius /2, centered at points of Q
and extract a finite subcover {B; = B(x;, 0/2), i = 1,...,k}. Define a preorder
on the B/’s by B; » B; whenever there is a nonnegative n such that f*(B;) N B;
is nonempty. We say that two balls are equivalent if they belong to the same
cycle for this preorder. Now regroup the equivalence classes of B;’s into open
sets Uy(j = 1,...,q)and let V; = F(U;) n B(Uj). The Vs form a pairwise disjoint
open cover of Q with no cycles.

Notice that all the points in one V; belong to the same e-pseudo-orbit. This



15

Sequences of Filtrations

is because if x is in B; and y is in an equivalent B;, we can find an n such that
f"(B;) N B; is nonempty and we have two simple cases:

(1) n> 0. Choose a z in B; with f"(z) also in Bj; then {x, f(z),...,f" '(z), y}
is an e-pseudo-orbit by our choice of a.

(2) n = 0. Since x; is in Q we can find an n > 2 such that f"(B;) intersects B;.
Choose z in B; with f"(z) in B,. The sequence {x, f(z),..., " '(z),y} is
the e-pseudo-orbit we seek.

From this it also follows that any point in V; is e-pseudoperiodic.

Now if we define sets K; = (),-z f"(V;) as above, every point in a K is also
e-pseudoperiodic. There is an obvious filtration for the K = { Ji_, K; which
implies, letting ¢ tend to O, that R(f) is contained in K. After wiggling the Vs
a little we may suppose their closures are disjoint and that ( J; V; is a neighbor-
hood of Q. Now let ¢,be a sequence of positive numbers tending to 0 and for
each g, construct V", K}, and K" as above. Taking care to choose the sequence
&, so that the neighborhood (| J; V"*!) of Q is contained in (| J; ¥;"), for all n,
we see that each K7*! is contained in some K}, since each }{**! is contained
in a V" (otherwise there is a cycle of ¢, balls not contained in a ;" and hence
a cycle in the V;"’s).

Proposition 3.2 allows us to refine the filtration for the K?’s to one for the
K7*'’s. The K™’s thus consist of ¢,-pseudoperiodic points and each contains
R(f); therefore, (),»0 K" = R(f). O

Consider a filtration M =M, o M, o M, = (J adapted to a homeo-
morphism f. We can easily construct a continuous nonnegative function ¢
such that

¢ =1onK,; ¢ =00nK,,

o(f(x)) < o(x)  for x¢K.
To do this we define ¢ on ( ),z f"(0M,) by

|n]
@(x) =3 —sign(n) ) 27¢*D if xef™(oM).
i=1

The Tietze extension theorem then allows us to extend to a positive continu-
ous function with level sets as shown in Figure 3.1.

Now consider a filtration with more than two elements, for example three:
M=M;oM,>M >5My=F. Then M =M;oM,>M,=ZFand M =
M; > M, o M, = (¥ are filtrations to which the above construction applies,
and, by adding the functions it yields, we can find a function that is 2 on K,
1on K,,0o0n K,, and decreases along orbits off K. This clearly works for any
finite filtration, and by properly scaling and taking limits we get a continuous
function decreasing along orbits off K{M,} for any sequence of filtrations
{M,} adapted to f. In fact, with more work than we will do here, one can find
smooth functions ¢ as above.

Together, this construction gives us:



16 Global Stability of Dynamical Systems

1/2

3/4
7/8 1/4
\\1/8
f-1oM ) 1
1 M fGM )
Figure 3.1.

Proposition 3.5. Let M be a filtration (resp. {M;} a sequence of filtrations)
adapted to f. Then there is a continuous function ¢: M — R, decreasing along
orbits of f not in K(M) (resp. K{M;}),

x¢ K(M)(resp. K{M;}) = o(f(x)) < ¢(x).

In particular, there is a function ¢ decreasing along orbits of f not in R(f).

Proposition 3.6. For any homeomorphism f of M we have R(f |(s)) = R(f).

This is not as ridiculous as it seems. The restriction of f to R(f) sends R(f)
into R(f), but it is not obvious that all pseudo-orbits starting in R(f) can
be made to stay in R(f). Moreover, we can have Q(flq.)) # Q(f), as in
Figure 3.2.

Proor. The existence of a continuous ¢ decreasing along orbits off of R shows
that for small o, a-pseudo-orbits starting in R do not stray too far from R. In
order to find an ¢-pseudoperiodic orbit contained in R, we can first find an «
so small that any a-pseudoperiodic orbit starting from R lies in an ¢/2 neigh-
borhood of R. We then simply push it into R; the details are left to the reader.

O

[ ]

Figure 3.2. Here Q(f) is the center and the outer circle and Q(fla¢) are the three
marked points.
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Proposition 3.7. If U is a neighborhood of R(f) there is a neighborhood V of f
in Hom(M) such that R(g) is contained in U for all g in V.

Proor. Take a sequence of filtrations for R(f). For large enough j, K(M;) is
contained in U and we can use Proposition 2.4 to find V. O

Proposition 3.8. A homeomorphism f of M has a fine sequence of filtrations if
and only if Q(f) = R(f).

Proor. If Q(f) = R(f), we are done by Theorem 3.4. On the other hand, if Q
has a sequence of filtrations {M,}, we have R(f) = K{M;} = Q(f), and we
know Q(f) is always contained in R(f). O

Definition 3.9. We say a homeomorphism f of M has no C° Q explosions if
given a neighborhood U of Q(f) we can find a neighborhood V of g with
Q(g) = Uforallgin V.

Proposition 3.10. If f has a fine sequence of filtrations, f does not have any C°
Q explosions.

Proor. This follows immediately from Propositions 3.7 and 3.8. O
The converse is also true:

Theorem 3.11. For a homeomorphism f of M the following are equivalent:

(1) f has a fine sequence of filtrations;
(2) f does not have any C° Q explosions;

() Qf) = R(f).

All that is left to show is that (2) implies (3). We give a proof for manifolds
of dimension 2 or greater. It depends on the following result from differential
topology:

Proposition 3.12. Let ¢ > 0 and let M be a smooth manifold of dimension greater
than or equal to 2. Let (x;, y;) be pairs of points in M with d(x;,y;) > &. Suppose
that the x;’s are pairwise distinct, as are the y;’s. Then there is a diffeomorphism
g of M taking x; to y;, which is 7e¢ — C° close to the identity. O

ProOF oF THEOREM FOR dim M > 2. If Q(f) is different from R(f), there is a
neighborhood U of Q(f) which does not contain all of R(f). Choose ¢ > 0
an x in R(f) outside of U. Then x is &/7-pseudoperiodic so there is a sequence
X = {x = X¢,Xy,..., X = Xo} of length k such that d(f(x;),xi+;) <¢&/7. We
may take the x;, and hence their images, to be distinct.

Let g be the diffeomorphism of Proposition 3.12 with g(f(x;)) = X;41;
0 <i<k—1; and d(g,id) < &. The point x is now an honest periodic point
of go f. Thus x is in Q(g o f) and, since ¢ was arbitrary, also in Q(f). O
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The vector field case is similar and the results simpler to formulate. We will
quickly give some of the corresponding definitions and theorems.

Definition 3.13. If X is a vector field on M and A = M is a set invariant under
the flow ® induced by X, a smooth function L: M — R is a Lyapunov function
Jor (X, A) if A is the critical set of L and the derivative X (L) of L along X is
negative on M — A.

Let 5 and T be positive; we say that a point m of M is (0, T)-recurrent or
that the point m belongs to R, r if there exist points y; in M and numbers s;,
0 <j < k such that

s;>T;  dlx, )< xo=m; X =Dy y=m
The chain-recurrent set of X is

Rx = n R&,T‘
o, T

Lyapunov functions for Ry correspond to fine sequences of filtrations for

R(f).

Theorem 3.14. If X is a C° vector field with unique integral curves, there is a
C® Lyapunov function for (X, Ry). O

Given a manifold N and a map ¢: N — x"(M), the C" vector fields on M,
one hopes to find a map a: N - C®(M) such that for every ne N, a(n) is a
Lyapunov function for (¢(n), Rp(n)) and such that « is continuous or even
smooth, on a large subset of N.

No one has yet attempted to give a general bifurcation or catastrophe
theory appropriate for functions « which are Lyapunov functions for chain-
recurrent sets of vector fields.

EXxerciSE 3.1. Let f be a homeomorphism of a compact manifold "M and A =
A, U+ U A, adisjoint union of closed invariant sets for f. Theorem 2.3 gives necessary
and sufficient conditions for the A; to be of the form KZ(M) for a filtration M adapted
to f. The conditions are that A contain L(f) and that there are no cycles among the
A/s. Often A will only contain one or the other of L,(f) or L_(f). We wish to
generalize 2.3 to this case as well; of course, we cannot hope to find a filtration M with
K/(M) = A, since K/(M) contains all of L(f).

We will tackle the case where L_(f) < A; the case where L, (f) = A follows by
replacing f with /7.

Notice that the proof of Lemma 2.1 readily shows that M is the disjoint union of
the W¥(A,)’s. On the other hand, we cannot say that M is the union of the W*(A,)’s.

Define a preorder >, by A; >, A; if i # j and W*(A;) » W3(A;) # . Notice that
by the first lemma in the proof of 2.3 we have _

WAHRY A WH*A) = & = W'A)NA, # 3.

Suppose that the preorder >, has no cycles. We can then extend it to a total order of
the A/’s; after permuting the indices, one can assume that the total order coincides with
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that induced by the order of the indices. In this case also, we say that the order of the
indices is a filtration ordering.

(1) Show that  J;.; W¥(A,) is closed.

(2) Let F be a closed set which misses | Jy»i+1 Ar. Show that (.o f"(F) <
Ui W“(A)).

(3) Show that there is a closed neighborhood Q of | J;.; W“(A;) such that
nnzof"(Q) = UjsiW“(Aj)-

(4) Prove the following theorem:

Theorem 2.3 bis. Let A = A, u--- U A, be a disjoint union of closed invariant sets for
a homeomorphism f. Assume that L _(f) < A; the following two conditions are equivalent:

(i) Thereis a filtration M: @ = My < - = M, = M adapted to f such that
N /"M, = U WH(A;) forall i=1,... k.

n>0 j<i
(ii) The A;s have no cycles for the preorder >, and the ordering of indices is a filtration
ordering.

Commentary

Sequences of filtrations are used in [2.6] and [2.2], as well as [1.4] and [1.5],
for the topological case; Theorem 3.4 and Proposition 3.5 and 3.6 were
formulated in [1.5], Theorem 3.11 in [2.6]. There is a proof of Proposition
3.12 in [2.2] for surfaces and in [2.6] for higher dimensions. Theorem 3.14
does not appear as stated here anywhere in the literature; however, the
topological case is treated in [1.4], and in [2.6] one can find the techniques
necessary to prove the theorem, but not its statement. The essential ingredient
is the smoothing technique in [3.2]. My first contact with these techniques in
this setting was [3.1], in which there is a version of Theorem 3.2, stated in
terms of flows, which uses Theorem 3.14 and the results of [2.2].
The exercise comes from [2.1].
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CHAPTER 4

Hyperbolic Sets

Definition 4.1. Let A be an invariant set for a C” difffomorphism f of a
manifold M. We say that A is a hyperbolic set for f if there is a continuous
splitting of the tangent bundle of M restricted to A, TM,, which is Tf
invariant:
TMy=E®E%  Tf(E)=E%  Tf(E') = E%
and for which there are constants c and A, ¢ > 0 and 0 < 4 < 1, such that
ITf"g:ll <Ay n=0,

I Tf "l < cA”, n>0.

REemARK. This condition is independent of the metric on M, since if || ||, and

Il I, are two equivalent norms of TM,, there are strictly positive constants
¢y and ¢5 such that

el <1y ezl s
If M is compact we can make a similar estimate globally on TM:
3e,>0, ¢,>0 suchthat ¢ [, < I, <cl [,

Now the independence of the notion of hyperbolicity from the choice of metric
follows since
1Ty < eyA|vlly,  veE,  nx=0,
implies
I Tf"Mlz < ced™vll,,  veE, n=0,
so
1Tl < (c2/cy)edlIvliz,  veE,  nx0,
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and we have, finally,
ITf " gll2 < (c-cp/eq) A
Proposition 4.2. Suppose that A = M is a hyperbolic set for a C" diffeomorphism
fof M. Then there is a C* metric on M and a constant 6,0 < o < 1 such that:
ITflgl <o and  |(Tf7H)lgll <o

Proor. Take an arbitrary metric vi— |v|, ve TM, on M. We know that we can
find constants 0 < ¢,0 < 4 < 1 such that

| T el < 2 | Tf ¥

Choose an n so large that (cA") is much less than 1 and define a new metric
on E° by

< ci¥, k>0.

n-1
Ivii? = ~=}:OI(Tf)"(v)IZ, veE*

We construct an analogous metric on E* using Tf ~! instead of Tf and put
the orthogonal sum metric on TM,; then we extend this any way we choose
to all of TM. This is not yet a C* metric because the function | [|?: TM - R
is not necessarily C* since E* and E° need only be continuous subbundles.
Nevertheless, || || is @ norm on each fiber of TM and || ||>: TM - R is
continuous.

For all v in E*, we have

n—1 n—
1017 =S, IO = zo TF ()2

n n—1
= 21 [T = 2;)|Tf’(v)|2 + T W) = vI2
Jj= j=
However, since | Tf"(v)| is less than or equal to cA"|v|, we have
ITAW)? < IvII2 = [vI*(1 = (cA™)?).
We can assume that c is greater than or equal to 1 (otherwise there would
have been nothing to prove). We then have

n—1
”V”2 = ZoleJ(V)IZ < Ivf2 + czizlvlz 4 - +CZ/"LZ('I—1)IV|2
j=

and thus
IvI2 < enjvl> so (IvI/c?n) < |v|>.
From this we get the inequalities
ITAMIZ < lIvli? = (IvI*/e*n) (1 — (cA™)?)
and thus
ITAWI? < (1 — (1 —(cA")?)/c2n)|IvII>
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Therefore, setting ¢ = /1 — (1 — (cA")?)/c?n, we have
ITfWI <o, with 0<o<l.

The same proof applies to Tf ~!|... To conclude we need only approximate
by a C® metric on TM, so closely that Tf|z and Tf|g remain close in
norm. O

Example 4.3 (A Hyperbolic Fixed Point). Suppose that A reduces to a point
p; we have f(p) = pand T, f is a linear isomorphism of T, M onto itself. There
will be a hyperbolic splitting of T, M in this case ifand only if all the eigenvalues
of T, f have modulus different from 1.

Proor. Exercise; let E* be the generalized eigenspace corresponding to the
eigenvalues of modulus less than 1 and E* the generalized eigenspace corre-
sponding to those of modulus greater than 1. O

When M is of dimension 2, we have the three families of pictures shown in
Figure 4.1.

RSP

Figure 4.1. In (a) we have a source; both eigenvalues are outside the unit circle
and E* = R?, E° = {0}. In (b) we have a sink; both eigenvalues are inside the unit circle
and E* = {0}, E* = R In (c) we have a saddle; one eigenvalue inside and one outside
the unit circle. Here E° is the x axis and E" the y axis. Note that every orbit not
contained in E* is asymptotic to E® so that these orbits are truly “hyperbolic”.

Example 4.4 (A Hyperbolic Periodic Orbit). Suppose that A is a periodic orbit;
A={py,....,pe}; f(p;) = piy; (mod k). Then we have:

TMp=(T,Mu---L T, M)
A hyperbolic splitting of TM, is thus a Tf invariant splitting of the tangent
of M over points in the orbit A:
T,M = E, ®E,
Tf(E;,) = E;,,, (mod k); Tf(E,) = E,,,, (mod k).
REMARKs. (1) Tf* is an automorphism of each T, M.

(2) There is a hyperbolic splitting of T MA if and only if each p; is a
hyperbolic fixed point of f*.
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Definition 4.5. We say that a C! diffeomorphism f of M is Anosov if M is a
hyperbolic set for f.

2 1 .
Example 4.6. Let A be the integral matrix [] 1]. The determinant of

A is 1, which implies that 4 is an automorphism of the lattice Z> = R?. The
matrix A thus acts on the quotient torus T? = R?/Z? so the following diagram
commutes:

R—A—->[R2

.

T? = RY/7* —* R?/7% = T2

Moreover, since the eigenvalues of 4 are (3 + \/3)/2, T? is hyperbolic for f.
More generally, a matrix A in SL,(Z) gives rise to an automorphism of the

torus T" = R"/Z". T" is a hyperbolic invariant set for A if and only if 4 has no

eigenvalues of modulus 1. In this case A is an Anosov diffeomorphism of T".

Example 4.7 (Smale’s Horseshoe). In order to construct a difffomorphism of
the sphere S? (or any other surface) having a nontrival infinite nonwandering
set, we first construct a mapping of the square I x I into the plane and
determine its nonwandering set.

We begin by stretching the square R into a bar (Figure 4.2) by means of a
linear map, then bending this pliant bar into a horseshoe and placing it back
on R. We assume that the restrictions of f to B and D are affine maps which
stretch vertically and contract horizontally. We now extend this to a mapping
of the disc D? into itself by adding two half-discs to R above. and below, as
shown in Figure 4.3. The image under f of the lower half-disc A is contained

E D
D
C
C B D
B
A B A E

A

Figure 4.2.
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-

Figure 4.3.

in A and the extension of f to A may be chosen to be contractive. Thus f
restricted to A has a unique fixed point p, which is all of the nonwandering
set that lies in A and it is a sink. By adding a source at the antipodal point of
S2, p,, we can extend f to a diffeomorphism of S? which we persist in calling
f. Of course, we are ignoring the trifling fact that A has corners. We have a
filtration M adapted to f, & = M, «c A = M, =« D* = M, =« M? = S2. Since
the restriction of f to A is a contraction, we have K (M) = p,. Similarly, since
the restriction of f to §2 — D?is a dilation, we have K 3(M) = p,. By definition,
K, (M) = (\,ezf"(F). Setting A = K, (M), we have

Qf)=pvp, W Qf)NR) and Q(f)nR <= A.

We will prove Q(f) N R = A, which shows that M is a fine filtration for f and
we will analyze A.

The set R N f(R) (Figure 4.4) has two connected components which we will
label “0” and “1”. Since we have assumed f to be affine on B and D, contracting
horizontally and expanding vertically, the set A is hyperbolic for f. The fibers
of E* are vertical while those of E° are horizontal.

N

Figure 4.4.
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To each point x of A we associate an infinite sequence of 0’s and 1's, {a,}
as follows:
a,(x)=0 if f"(x)eO,

a,(x)=1 if f*(x)el.
This defines a mapping

®:A > ﬁ (0,1},
x> {a,(x)}.

We denote by Z(2) the space [[*2{0,1} with the product topology. The
space Z(2) is compact, perfect, and totally disconnected, that is to say, a Cantor
set. An open basis for the topology of X(2) is given by the open sets

C(Egseees & igneenriy); g;€{0,1},

which consists of those sequences {a,} with a; =¢,, ..., a; = g. Thereis a
natural automorphism of Z(2), the shift o given by (¢{a,}), = ayx,,. Thus the
mapping ® above makes the following diagram commute:

A Iy A

of I

2(2) — 2(2).

Theorem 4.8. The mapping flac,) O R is topologically conjugate to the shift a;
more precisely, ® is a homeomorphism and A = Q(f) N R.

Proor. We already know that Q(f) n R is contained in A. The reverse inclu-
sion is a consequence of the rest of the theorem since every point of X(2) is
nonwandering for the shift o (cf. Exercise 4.11).

(1) The mapping @ is continuous. Let x be a point of A and U a neighbor-
hood of ®(x). Choose an open cylinder: Cyl(®(x), N) = {{y,}|y; = (®(x)); for
|il < N} contained in U. For every i with absolute value less than or equal to
N, choose a ball of positive radius J;: B, (f'(x)) centered at f*(x) which misses
the components of f(R) n R which do not contain f(x). For all i between — N
and N, (A N f 7¥(B,(f*(x)))) is a neighborhood of x in A. The same is true for
finite intersections of such neighborhoods, that is,

By(x) = MQN (A 7B (1))
is also a neighborhood of x in A. By construction, ®(By(x)) is contained in
the cylinder Cyl(®(x), N), so ® is continuous.

(2) The mapping ® is injective. Recall the construction of f, illustrated in
Figure 4.5. The set f "(R) N R is the union of two horizontal bands B and D.



26 Global Stability of Dynamical System

E
m
h
E D
D
C C
B D
B
A B A E
A
Figure 4.5,

Let x and y be two points in A = ([ vczf*R), such that ®(x) = ®(y). We will
first show that if the positive parts of the sequences coincide, (®(x)); = (P(y));;
Vi > 0, then the ordinates of x and y are equal. In fact, fi(x) and f*(y) will
belong to the same vertical band of f(R) N R, and also to the same horizontal
band of f “1(R) N R, since f**!(x) and f**'(y) belong to the same vertical band.
But because f(x) and f*(y) belong to the same horizontal band of f "'(R) " R,
we will have

lordinate(f**!(y)) — ordinate(f"*'(x))| = Alord(f (x)) — ord(f*(»))l,

where 4 is the vertical stretch of f on B U D and is strictly greater than 1. We
thus have, for all n,

lord(f"(x)) — ord(f"(y))] = A"[ord(x) — ord(y)|

which, if f"(x) and f"(y) are to remain in R, is impossible unless x and y have
the same ordinate.

By analyzing the past of the points x and y, one can also show that if the
negative parts of the sequences (®(x)); and (®(y)); coincide, then the two points
have the same abscissa.

(3) The mapping ® is surjective. We denote by I, and I, the two compo-
nents, “0” and “1”, of f(R) n R. The image of each component of f(R) " R
is a narrower horseshoe which traverses both components of f(R)n R
(Figure 4.6).

We thus obtain four vertical bands:

0,0 =Ionfl), (0, 1)=1InfU)
(LO=Infly, (1, 1)=1nf)
Let « = (ao, a;, ..., ay) be a finite sequence of 0’s and 1’s and assume that
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f(R) A R f2R) A R

Figure 4.6.

L=0L nf,)nnf N(I,,) is a nonempty vertical band contained either
in I, or I,. Thus we have shown that

10 mf(la) = IO mf(lal) N mfN+l(IaN)
and

Lafi) =1 nfl,)n 0 f¥L,)

are two nonempty vertical bands which traverse R.

By induction, to every finite sequence q,, ..., a, there corresponds such a
nonempty vertical band:

Ly fla) v f'lL) # 3.

Now let a = {a;};. 2. We wish to show that the intersection I, = (22, f'(1,)
is nonempty. In fact, if x belongs to I,, f*(x) belongs to I,, for any i and
®(x) = {a;};.z. For this, it suffices to show that all intersections corresponding
to finite sequences are nonempty. That is, if all the sets I, y = ()N f'(I,) are
nonempty, they form a nested sequence of nonempty closed subsets of the
compact set A; hence the intersection I, = (")y L,y is also nonempty.

We have seen that for any finite sequence by, ..., by of 0’s and 1’s, I, N
SUp) - nf"(I,,) is a nonempty vertical band. Thus, given a finite sequence
a_y, --.s Go, ..., ay the intersection I, N f(I, Y0 fNI )N n

f*M(1,,) is nonempty. Therefore, the image under f =~ of this set,
M)l 00 N,

is also nonempty, and the theorem is proven. O

Example 4.9 (The Solenoid). We begin with a solid torus P (Figure 4.7)
embedded in three-dimensional Euclidean space, R3. We represent points of
P by means of coordinates (6, 7, s); 0is an angle, 8 € S!; 7 and s are real numbers
between — 1 and 1 such that7? + s < 1. The point x with coordinates (6, 7, s)
belongs to the plane orthogonal to the core of the torus (which is a horizontal
circle with radius 2 thought of as S*) through the point 8 in S* having position
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Figure 4.7. Here T is tangent to the core of the torus, e, lies in the equatorial plane of
the torus and (T, e, e,) form a positively oriented orthogonal frame.

(7, s) relative to the frame (e,, e,) in this plane (cf. Figure 4.7). Notice that the
points (6, 7, 0) comprise an annulus of radii 1 and 3 containing the core of P.

We define a mapping f: P — P by
f(6,7,5) = (260, &, cos O + ¢,7, &, sin O + ¢,5),

where ¢, and ¢, are two small positive constants, 0 < ¢, < &; < 3.

The image f(P) is contained in P. A disc perpendicular to the core at 8 is
mapped into a disc perpendicular to the core at 26 (Figure 4.8). It is easy to
see that the conditions r? + s? < 1, ¢, < &, < guarantee that f: P — P is
an embedding. In fact, let D, be the section of P by a plane perpendicular to
the core at 6. The images f(D(0/2)) and f(D(6/2 + m)) are both contained in

Figure 4.8.
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O

Ao

O

Figure 4.9.

D(0) (Figure 4.9) and are similar to D(8) with a factor of similarity of ¢,. The
coordinates of the centers of these discs in the plane of D(0) are

0 .0
&y COSE, & Slni
0 . (0 0 . 0
&, COS 5+7T , €1 SIN §+T( = — 810055,8151115 .

These two centers are separated by a distance of 2¢; and the image discs have
radii ¢,, so f is indeed an embedding.

A diagram of the intersection of f2(P) with D(0) is shown in Figure 4.10.
A curve f(y, 7y, So), Where  is a variable angle, which is a fourfold cover of
the core, passes through each point of f2(P) ~ D(8) with coordinates (7, So).
The curves are transverse to each disk D(y).

Altogether, f%(P) looks approximately as shown in Figure 4.11. Consider
the discs D(0) = { (6,7, s)|r* + s> < 1}; we can introduce polar coordinates
(@, p) in them. The intersection f(P) D(8) is the union of two discs with
centers (p = 0/2,¢,) and (¢ = 6/2 + =, &;).

S

and

\

Figure 4.10.
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Figure 4.11.

We now describe f2(P) n D(0). We begin by determining the intersection
f(P)n D(8/2) (resp. f(P) n D(6/2 + =)). In each of these discs the image of f(P)
is the union of two discs centered, respectively, at

0N (. 0,
_4,81 ) _4 n581

@ @
6 = 0 3n
resp. ¢=Z+§,81 , (,0=‘4—+7,81 .

Under f these discs are sent to four discs in D(6) of radius &3 centered at

0 6
(p=§a81 + &, ¢=Z,81;
0 6
(0=§,81 + &, ¢=Z+n’81;
6 0 =
(p=§+7z,s1 + &, (p=z+§,sl;

0 0 3=n
(P=§+TE,81 +82 ¢=Z+'2_»81 5

where + refers to vector addition in D(6).

By only retaining the angles, we can represent the center of a disc in
f(P)nD(8,) by two angles (0,, 6,)e S* x S!such that 26, = 6,. Similarly, we
can represent the centers of discs in f2(P) n D(0,) by three angles (8, 0,, 05) €
S x S' x 8! such that 8, = 20, and 0, = 20,. Thus, if we fix 6; we have in
D(0,) two discs with centers (6,, 6,/2) and (6,, 0,/2 + =) and radii ¢, and four
discs with centers (6,, 0,/2, 6,/4), (6,,0,/2,0,/4 + =), (0,,0,/2 + &, 0,/4 +
n/2), (0, 6,/2 + =, 6, /4 + 37/2) and radii &2 (cf. Figure 4.10). Each disc in
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f"(P)n D(0) thus contains two discs in f#+1(P) n D(0) with radii ¢, times
smaller.
Continuing indefinitely we obtain an infinite sequence

(01,05, ..., 64, 641,...)EST x ST x - x 8T x S x

satisfying 26, ,, = 6, for all k strictly greater than 1. This sequence determines
an infinite sequence of nested discs whose radii tend to 0, and thus a single
point of (),cnS"(P).

We can now identify points of ("),.nf"(P) with sequences as above; such
sets are called solenoids. Each disc D(0) cuts the solenoid in a Cantor set and
the solenoid is locally the product of a Cantor set and an interval as Figure
4.10 suggests.

The set of sequences (0;, 6,,...)eS* x S; x -+ such that 0, = 2(9,‘+1 is also
known as the projective limit of the sequence S1 f—z st L,20<0..

The restriction of f to the solenoid, which is mvanant under f, can be
described in these terms as follows:

S101,0,,...,60,0,...)0—(20,,04,...,0,_1,6,...).

Thus f induces a homeomprohism of the solenoid, which is compact in the
projective limit of topology.

The solenoid is a hyperbolic invariant set. In fact, the tangent bundle TP
splits as TP = E° @ F", where E° is tangent to the meridional discs and F" is
tangent to the parallels S! x pt. = S! x D?). The image under f of a merid-
ional disc being a meridional disc, we see that E® is Tf invariant and, further,

I Tf el < e,

On the other hand, the f image of a parallel cuts the meridional discs at an
angle a close to n/2.

Let p be the projection of TP onto F". One can check that, for all vectors
vin FY, we have

lpe T = 2|v|.

Since F" is almost invariant, we will see, in the exercises at the end of Chapter
7, that there is a hyperbolic splitting of the restriction of TP to the solenoid.

ExeRrCISE 4.1. In Definition 4.1 we have implicitly assumed that E° and E" are
subbundles (locally trivial) of TM,. Show that if we only assume that at each point x
of A there is a splitting of T.M = E @ E satisfying the properties of Definition 4.1,
then the subspaces ES (resp. E2) form a subbundle of TM,. Hint: Show that ES depends
continuously on x.

EXERCISE 4.2. Let o be the shift g: £(2) — £(2) as before. Show that:

(1) Per(o) = Z(2);
(2) Qo) = Z(2);
(3) the number of periodic points of period n of o, N,(a) = 2".
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Commentary

My examples and definitions come from [1.16], there the reader will find the
basic facts and motivations which will help in reading this chapter. Proposi-
tion 4.2 is from [4.2] and was first stated in [4.4].

It seems to me, that at one time, many people wondered if there were a
stable difffomorphism with infinitely many periodic orbits. Levinson [4.3],
however, gave an example of this. Smale [4.6] constructed the horseshoe while
considering Levinson’s example and linked it to Poincaré’s homoclinic points.
Thom first noticed Example 4.6, which is sometimes called the Thom diffeo-
morphism. Anosov [4.1] showed that what are now called Anosov diffeomor-
phisms are structurally stable and formulated the global condition of hyper-
bolicity. Smale [ 1.16] defined hyperbolic sets, then Q-stability and generalized
Anosov’s theorem to the case of Q-stability.

I particularly like the example of the solenoid. Smale found it after I studied,
in my thesis [4.5], the mapping from S* to S! given by z — z2, which I showed
to be structurally stable, as are all expanding maps.

Williams [4.7] generalized these results to expanding attractors. I have
taken, in this chapter, the point of view of Williams.
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CHAPTER 5
Stable Manifolds

We have begun to study hyperbolic invariant sets. Before we continue we must
generalize our definitions in the case of a fixed point, to allow us to work in
an arbitrary Banach space.

Definition 5.1. Consider an endomorphism, T: E — E that is a continuous
linear map, T of a Banach space E to itself. We say that T is hyperbolic if and
only if E has a T invariant direct sum decomposition E = E; @ E,, for which
there exist constants ¢ > 0 and 4 < 1 such that:

(1) The restriction T; of T to E, is an expansion:

Vn <0, TP < cA™™
(2) The restriction T, of T to E, is a contraction:

VYn >0, T3] < cAm

Notice that Proposition 4.2 allows us to replace the given norm on E by an
adapted norm for which we can take ¢ = 1 above.

Recall that a map g between two metric spaces is called Lipschitz if there
is a constant k such that

Vx,y  d(g(x), g(y)) < kd(x, y).

The least such k is called the Lipschitz constant of g, Lip(g). We denote by
E(r) the closed ball of radius r about this origin in E,.

Theorem 5.2 (The Local Unstable Manifold Theorem for a Point). Let
T: E — E be aq hyperbolic automorphism of the Banach space E with splitting
E=E, ®E, = E, x E, and suppose that the norm || | is adapted so we can
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find a A between 0 and 1 such that
ITlg,Il <4 and [T | <4

Then there is an ¢ > 0, which depends only on 1, and constant 6 = (4, ¢, r)
such that for all Lipschitz maps f: E,(r) x E,(r) > E, with | f(0)] < and
Lip(f — T) < ¢, there is a map g: E|(r) > E,(r) whose graph gives a local
unstable manifold for f. More precisely, the following six conditions hold:

(1) g is Lipschitz with Lip(g) < 1. Moreover, the restriction of " to the graph
of g is contracting and thus has a fixed point p on the graph of g.

(2) The graph of g is equal to ()i=o f"(E,(r) X E,(r)). (This intersection is the
local unstable set of p, We.(p); since it is in the graph of g it is a manifold
as well, hence the local unstable manifold.)

(3) gis C*if fis.

(4) If fis C! with f(0) = 0, Df(0) = T, then the graph of g is tangent to E, at 0.

(5) If f(0)=0 and f is invertible, the graph g consists of those points in
E,(r) x E,(r) whose backwards iterates tend to 0; the graph of g is W,*(0).

(6) If f(0) =0, a point x belongs to the graph of g if and only if there is a
sequence x,, n > 0, in E|(r) X E,(r), tending to 0 such that f"(x,) = x.

We obtain the local stable manifold by exchanging T and T™', E, and E,.

The proof is so long that it occupies the rest of the chapter. We begin by
fixing some notations:

T. = Tlg, p; = projection of E onto E;, fi=piof, i=1,2

We will use the more convenient, but equivalent, box norm | [y =
sup(ll llg,» II 1g,); 1€ [Ixll = sup(lp (X, lIp2(X)II)-

I. The Case of f Merely Lipschitz:
The Graph Transform

Definition 5.3. Suppose that we have a o: E, (r) - E,(r) for which f, o(id, o) is
injective and overflows E,(r), that is E,(r) = f, o(id, 0)(E(r)). We define the
function I'y(0): E,(r) - E,(r) as follows:

[y(0) = f20(id, o) o [fyo(id, 0)] 7" |g,-

This is illustrated in Figure 5.1.

This may sound bizarre, but notice that the graph of I';(¢) is the intersection
of f(graph of o) with E (r) x E,(r), so I'; deserves to be called the (local,
nonlinear) graph transform. Notice that the unstable manifold of T is E; which
is the only graph invariant under I';, so there is hope of finding the unstable
manifold of f as a fixed point of I',.

Let Lip,(E,(r), E;(r)) be the set of Lipschitz functions with constant less
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k2
(x, ox)
graph 6 e |
f(x, 6X)
f(graph ¢) —~—rdt—u-—" —
p, (4 ox)
A E,
-r X r
Figure 5.1.

than or equal to 1. First we show that I', is well defined on Lip,(E, (r), E,(r)).
Next, we show that I', is a contraction of Lip, (E,(r), E,(r)) in the C° metric.
Finally, we find g as the fixed point guaranteed by the contraction mapping
principle.

Lemma 5.4. If o belongs to Lip,(E,(r), E,(r)), we have the estimate

Lip(f;(d, 0) — T;) < Lip(f — T).

Proor. Since f; o(id, 6) — T = p, o(f — T)o(id, o), we have
Lip(f,<(id, 0) — Ty) < Lip p, Lip(f — T)Lip(id, 0) = Lip(f = T). O

Lemma 5.5. If ¢ > 0 is less than 1/A and Lip(f — T) is less than &, then for all
o in Lip,(E,(r), E,(r)), the map f, o(id, o) is a homeomorphism. Furthermore,
the inverse is a Lipschitz function whose Lipschitz constant satisfies

Lip([f1°Gd, 0)]™") <

1
(/A—¢)

Proor. From above we have Lip(f; o(id, 6) — T;) < Lip(f — T) < &. Thus if
¢ is less than 1/4 which is less than || 77| !, the Lipschitz inverse function
theorem applies. (See Appendix I of this chapter.)

Therefore f; o(id, ¢) is a homeomorphism and we have

: e 1 1
Lip([fi°(id, 0)]7") <

ST —Lp(roGd, 0 =Tl ~(/Ai—9 O

Lemma 5.6. Let 0 < 2¢ < 1/A — 1. Suppose that Lip(f — T) < e and | f(0)|| <
r(1/4 — 1 — 2¢); then for all o in Lip,(E;(r), E,(r)), f, o (id, o) overflows E, (r).

Proor. By the proposition in Appendix I, the image f; o (id, o) (E;(r)) contains
the ball of radius r(1/A — ¢) about f1(0, a(0)) since Lip([f°(id, 0)]7!) <
1/(1/4 — ¢). Consequently, f; o(id, 0)(E;(r)) also contains the ball of radius
p = r(1/4 — &) — || £1(0, 5(0))| about the origin.
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However,
/10, aONI < 1110, 0)ll + 11 /1(0, 6(0)) — /1(0, O)]|
< /10,00 + I(f; = P T)O,6(0) — (f; — P, T)(0,0)
+ P, T(0,5(0) — p, T(0, )]
= 140,00 + (f; — T, 6(0)) = (fy — T, 0)]

by the T invariance of the splitting. Since we are working in the box norm,
though, we also have

/10, 6(0)) < 1/(0, O)ll + II(f — T)(0, ¢(0)) — (f — T)(0, 0
< SO + er.
Putting this all together, we get

1
02r<1—28>—||f(0)ll>r~ ]

Lemma5.7. Let 0 <2e <1 —Aandd <rmin{l/A —1—2¢, 1 —e—A}LIf f
satisfies Lip(f — T) < e and || f(0)|l < &, then for all 6 in Lip,(E ,(r), E,(r)) the
map T;(0) is well defined on E;(r) and T (o) is in Lip,(E,(r), E,(r)).

Proor. Notice that for 0 <4 <1, 1/1 —1>1— 4 so the first statement
follows directly from the preceding lemma and the definition of I';. For the
second, we estimate

Lip I'y(o) < Lip(f3°(id, a))Lip([ f; o (id, 6)17")
< Lip(f;°(id, o) < Lip f, Lip(id, )
<Lip f,
<Lip T + Lip(p,o(f — T))
<l+e<l.

Now we need only check I';(6)(E,(r)) = E,(r). In fact, it is enough to
check that f,o(id, o) (E;(r)) = E;(r) since I (6)(E,(r)) = [f2°(id, 6)]0
[f, o(id, 6)]*(E,(r)) and the homeomorphism f; o(id, o) overflows E(r) so
[/ o(id, 6)1 71 (E,(r)) = E,(r). Now for x in E(r)

I £2(x, DI < [1Lf2(x, 6(x)) = P2T(x, a(x))|| + llp2 T(x, 5(x))]l
< 2% 0(x) = P2 T(x, a(x)|| + I T3 || o)l
< Ip2f(x, 0(x)) — P2 T(x, a(x))|| + Ar
< I = D s + ar
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< I(f = T)x, 0(x)) = (f = T)O, 0)l| + [I(f = T)(O, 0)]] + Ar
< Lip(f = Dll(x, s(xDIl + [ SO + Ar
<er+o+Ar<r. O

From now on, to take advantage of the previous lemmas, we will assume
that the following hold:

Lip(f = T)<e<(—4 /O <5<rmin{%— | -28,1—8—}1}.

We now set out to show that I', contracts Lip, (E, (r), E,(r)) with respect to
the sup norm; in fact we will show more, that f diminishes the vertical distance
between any point and the graph of any witness ¢ in Lip, (E,(r), E,(r)).

Lemma 5.8. Let (x, y) be a point of E(r) x E,(r) such that f(x, y) lies in E,(r).
For all 6 in Lip,(E(r), E,(r)) the following bound holds:

120, ¥) = T (f1 06 Y < (4 + 28) [ly — a(x)]l.

ProoF.
I£20x, ¥) — Lro(f106 I < 12(x, p) — f2(x, a(x))]
+ I1f2(x, 6(x)) — Tyafi(x, y)i
= £2(x, ») — falx, a(x))]
+ IT o (fi(x, 6(x))) — Tro(fi(x, Y)I,

by definition of I,. Thus |[f,(x,y) — [,o(fi(x, ) < Lip f5li(x, y) —
(x, o(x))|| + Lip [y ollfi(x, 6(x)) — fi(x, y)|. But Lip f, = Lip(f; — p, T +

x,y)
(x,0 x)
\_/
f (X, Y) = [fl X,y) 5 f2(x7y) ]
[fl(x?y) > rf O fl(xy ]
—— e
f (x, Ox)
f; x,y)
X f] (x, %)

Figure 5.2.
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p.T) < ¢+ 4,and by Lemma 5.7, Lip I';0 < 1, so we have:
I£20x ¥) = Tra(fi(x, y)II
<@+ elly — o)l + 1f1(x, 0(x)) — f;(x, y)
<@+ 9lly — o)l + I(fi =1 T)(x, 6(x)) = (f; — P, T)(x, )
+ llp; T(x, 6(x)) — py T(x, Y|
<(@A+9ly— o)l + Lip(fy =p, T)lly —o(x)| +0
<@+ oly — o)l +&ly — a(x)]. O

Lemma 5.9. In the above situation T, contracts C° distances by a factor at most
A+ 2e.

Proor. Let o, and ¢, be two maps in Lip, (E(r), E,(r)) and z be a
point of E,(r). Applying Lemma 5.8 to ¢ =0, at the point (x,y) =
(Lf0(id, 6,)17'(2)), 64([f; o(id, 6,)]17" (2)) we see that

IT,0,(z) — T;0,2)| < (4 + 2¢)|0,[f°(d, 0,)]7'(2)
—0,[f10(d, 0,)17 ' (2)].

Taking the supremum over all z then gives the result. O

Since Lip, (E,(r), E5(r)) is a closed subspace of the Banach space
C°(E,(r), E,(r)) and hence complete, the contraction mapping principle gives:

Proposition 5.10. If Lip(f — T) < e < (1 — A)/2 and

1
e L
S5<rmm{i—l—28’l € }

then the graph transform I'; has a unique fixed point g in Lip, (E,(r), E,(r)).
O

J(0)

To finish the proof for Lipschitz f we just verify that g satisfies conditions
(1), (2), (5), and (6) of the theorem.

(1) By construction g satisfies Lip g < 1. To see that f ! |4apn() IS contraction,
first notice that when (x, g(x)) = f(y, g(y)) we have x = f,(y, g(y)) =
f10(id, g)(»), so that f restricted to the graph of g is invertible and in fact
is conjugate via p, to f; o(id, g), i.e., (id, g) = (p,|graph ¢) ' and f, = p, f
SO fl O(id, g) = plflgraphgpl_l' NOW, by Lemma 5.5 Llp([fl O(id, g)]_l) <
1/(1/4 — ¢) < 1, and p, is an isometry with respect to the box norm of the
graph of g onto E, (r), 50 flgrapn) Must also be a contraction.

(2) Let (x', y') be a point of E,(r) x E,(r) with f(x’, y’) also in E,(r) x E,(r).
By Lemma 5.8 we have the estimate

I£26¢, ) — g(fLi(x", YOI < (4 + 2¢) |y — g(x")].
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Repeating the process, we see that if the first n iterates (x', y'), f(x', ¥'), ...,
SfMx, y") = (x, y)liein E,(r) x E,(r), we have
Iy =gl = llpo f(x, y') — gpy S (X, YOI
<A+ 2"y —gx)| < (4 + 2¢)"2r.

Letting n go to infinity we see that if (x, y) is in ()50 f"(E,(r) x E,(r)), y must

equal g(x), 50 (V7o f"(E,(r) x E(r)) = graph(g).
On the other hand, since graph(g) = f(graph(g)) N E,(r) x E,(r) it follows
that graph(g) < ( YizoS"(E,(r) x E,(r)) and we are done.

(5) and (6) If f(0) =0 by (2) 0 is the only fixed point of f contained in the
graph of g and all other points z of graph of g approach it under backwards
iteration: f "(z) » 0 as n — oo.

II. The Case of Smooth f

We begin the study of the delicate question of smoothness of the unstable
manifold by showing that it is C' whenever f is C'. The idea of the proof is
this: if there is a C! function g whose graph is f invariant, then the derivative
of f maps the tangent space of the graph to the tangent space of the graph, i.e.,

Df x40 Tix, gz 8FaPH g) = Tjo 4 graph g
or
Dﬁx,g(x))(graph Dg,) = graph(Dgf,(x,y(x)))

we are lead to consider a new (global, linear) graph transform (Figure 5.3).
The contraction mapping principle again will allow us to find a function
6. E,(r)> L,(E,, E,),where L,(E,, E,)is the space of continuous linear maps
from E, to E, of norm less than or equal to 1, which satisfies

I'pro(x) = o(fi(x, g(x)).

fl graph Dg,]+
(f, &, %(X)), f(x, g(x)))

f l(x’ g(x))

Figure 5.3.
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Here and below, to simplify notation we write Df for Df , 4x)- Finally, we show
that o is, in fact, the derivative of g.

First, let us examine some properties of the graph transform associated to
a linear map S close to a hyperbolic map T with | T7!|g, | < 4, || Tlg, |l < A

Lemma 5.11. Thereis ane > 0 suchthat when |S — T| < &, the graph transform
[ is defined on L (E, E,) and sends it into itself.

Moreover, I's is Lipschitz on L,(E,, E,) with constant less than or equal to
(A + 2e).

Proor. First note that since a linear map is Lipschitz with constant equal to
its norm, L,(E,, E,) < Lip, (E,(r), E;(r)) for all r. Thus choosing an ¢ in
Lemma 5.7 independently of r we see that I's is defined on Lip, (E,(r), E,(r))
for any r hence on L,(E,, E,).

Furthermore, since S is linear it sends linear subspaces to linear subspaces
and I'g thus sends linear maps to maps with linear subspaces as graphs, that
is, linear maps.

Finally, the Lipschitz constant of I's is estimated by Lemma 5.9. O

Let us henceforth assume that ¢ is always sufficiently small so that the
preceding lemma applies.

Lemma 5.12. Let U, be an ¢ neighborhood of T in L,(E,, E,). The map
I': (S, K) - I'4(K) is continuous from U, x L,(E, E;)—> L,(Ey, E,).

PrOOF. Let S; = p,oS. We can write I'i(K) = S, 0(id, K)o [S, o(id, K)]™!; and
since inversion and composition are continuous on the space of linear maps
I" must also be continuous. O

Suppose that f is C! close to T on E,(r) x E,(r), so in particular,
Lip(f — T) < e and |Df(z) — T| < ¢ for all z in E,(r) x E,(r). Let g be the
map of E,(r) to E,(r) whose graph is the unstable manifold of f. We will now
examine the graph of the derivative of g.

Setting h = f, o(id, g): E,(r) — E,, the preceding two lemmas allow us to
define a continuous map

F:E\(r) x Ly(Ey, E3) > Ey x Ly(Ey, E,),
F:(x, L) (h(x), T'p L)
Furthermore, F makes the following diagram of continuous maps commute:

E,(r) x Ly(E,, E;) —— E, x L,(E;, E,)

L

E,() —— E,,
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where the vertical maps are projection on the first factor. Lemma 5.11 and the
definition of h give the following:

Lemma 5.13. ||F(x, L) — F(x, K)| < (A + 2¢)|L — K|, uniformaly on E,(r)
and, furthermore, E,(r) = h(E,(r)), Lip h™! < 1. O

Let I'°(E,(r), E,(r) x L,(E,, E,)) be the space of continuous sections of
the trivial bundle E,(r) x L,(E,, E,) = E,(r), with the uniform metric; for
sections ¢, and o,:

d(o;,0,) = SLEIF: ) M0, (x) — M;0,(x)l,

where I1, is the projection on the second factor of E,(r) x L,(E,, E,). Notice
that this space of sections is isometric, via composition with IT,, with the
complete space of continuous maps of E,(r) to L,(E,, E,) and that the
images of sections thereby correspond to graphs. Thus we define a new graph
transform Iy to be the automorphism I'z: 1+ Fth™' of T%E,(r), E,(r) x
L,(E,, E,)); that is, T'g(t) is the section whose image is the intersection of
F (image of 7) with E,(r) x L,(E,, E,).

Lemma 5.14. 'y has a unique fixed point ¢ which satisfies

er(Hza(x)) = I,oh(x) = I,0f (x, g(x)).

Proor. Lemma 5.13 says that I'; is a contraction of the complete space
[°(E,(r), E,(r) x L,(E,, E,)), so we are done by the contraction mapping
principle. d

Definition 5.15. Let Y and Z be two metric space. Suppose that h, and h, are
two functions from a neighborhood of x in Y to Z, with h,(x) = h,(x). We say
that h, and h, are tangent at x if and only if

Lip,(hy, hy) = lim sup (d(h, (y), h,(y)))/d(x, y) = 0.

yox

That is, the Lipschitz distance from h, to h, at x is 0.

Examples. (1) If E, and E, are normed vector spaces and L, and L, are two
continuous linear maps of E, to E,, then, independently of x,

Lip,(L,, L,) = |[IL; — L,|.

(2) If f is a map from an open subset of a Banach space E, to a Banach
space E, and L is a continuous linear map of E, to E,, L is the derivative of
fat x if and only if f(x + y) and f(x) + L(y) are tangent at y = 0, which is in
this case means merely that

1) — S+ ) = LOI _

lim
y=0 [yl



42 Global Stability of Dynamical Systems

Proposition 5.16. When f is C', the fixed point g of T, is C* with derivative
I1,0, where o is the fixed point of T'y.

Proor. Suppose we had the following estimate, where h = f] o(id, g), and we
are considering functions of y:
Lipo[(T';g)(h(x) + ), gh(x) + [p (I1,0(x))(y)]
< (4 + 2¢)LipoLg(x + ), g(x) + [T,0(x)(y)].

That is applying I'r makes g and our candidate more tangent.
Rewriting (), when h(x) is in E,(r), as

Lipo[g(h(x) + y), gh(x) + IT,a(h(x))(y)]
< (A + 2¢)Lipo[g(x + y), g(x) + IT,6(x)(y)]

and repeating the estimation, we see that for x in E(r)

Lipo[g(h™"(x) + y), g(h™"(x)) + I 0 (h™"(x))(y)]

(%%

1\,
> ( e 23) LipoLg(x + y), g(x) + IT,0(x)(y)].

Therefore if for some x in E(r), Lipy[g(x + ), g(x) + [1,6(x)(»)] = > O,
then there is a sequence x, in E,(r) such that

Lipo[g(x, + ), g(x,) + I 0(x,)(y)] = co.

But the Lipschitz constants of g and I1,0(x,) are both bounded by 1, so for
all x,in E,(r)

Lipo[g(x, + ¥), g(x,) + y0(x,) (»)] < 2.
Consequently we must have

Lipo[g(x + y), 9(x) + [>0(x)(y)] = 0

for all x in E(r); therefore Dg(x) = I1,4(x). Now on to establishing (). First
we expand

(Trg)(h(x) + y) — gh(x) — Tp,[TT,0(x)1(y)
= (Iyg)(h(x) + y) — gh(x) — T'ps[go(id + x) — g(x)](y)
+ Ipslgo(id + x) — g(¥)]1(y) — Tp [T, 0(x)](y).
Thus, we can estimate
Lipo[(T,9) (h(x) + ), gh(x) + Ip,[T1,0(x)1(y)]
< Lipo[(Tyg) (A(x) + y) — gh(x), TpLg0(id + x) — g(x)1(»)]
+ Lipo[TpsLge(id + x) — g(x)1(0): Tp,[M,0(x)1(»)] = (1) + (2).
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First we attack (2). Let k = p, Df(id, go(id + x) — g(x)). Since Df is close to
T, k is surjective. Take w'such that h(w’) = y. As k™! is a contraction, |w’'| <
[yll- Applying Lemma 5.8 to Dff, ;) gives

1T [(M,6(x)1(y) — I'pslgo(x + id) — g(x)1»)Il
< (4 + 29 [I[TT0(x)J (W) — g(x + w') + g(x)].
Therefore we get

1Tp [,0(x)]1(y) — Tpylgo(x + id) — g(x) W)l
lyll

lg(x + w) — g(x) — I, a(x)w’||

<(A+2) Wl

>

that is (2) < (4 + 2¢)Lipo[I1,0(x), go(x + id) — g(x)]. To finish with (%) we
must show (1) =0. Choose a w such that h(x + w) = h(x) + y; since
Lip(h™!) < 1, [[w|| < |lyll. Now we can rewrite

Trg)(h(x) + y) = foilx + w,g(x + w)),  gh(x) = f1(x, g(x))
and, by the choice of w’,
[pplgo(x +id) — g(x)1(y) = po Df W', g(x + w') — g(x)].
Thus we can express
(3) = I(T,g)(h(x) + y) — gh(x) — Tps[go(x + id) — g(x) 1)l
= [P2f(x + w, g(x + W) — p,f(x, g(x)) — P DfTW’, g(x + w') — g(¥)]ll
= |p2Df[w, g(x + w) — g(x)1 + p2R[w, g(x + w) — g(x)]
— P2 Df[w', g(x + w') — g(¥)]ll

by Taylor’s theorem, with lim,, ., |R(w, g(x + w) — g(x))II/llw|| = O. Simpli-
fying, we get

(3) = P2 Df(w — w', g(x + w) — g(x + w")) + p2R[w, g(x + w) — g(0)]Il.

Since Lip(g) < 1 and Df is linear we can estimate

_ () _ ITg)(h(x) + y) — gh(x) — Tplgo(x + id) — g1
Iyl Iyl

lw—wl  [IRw,g(x+w)—gx)l
Iyl Iyl '

Q)

< IpDf ||

Note that (1) is just the limit of (4) as y approaches 0 and, since |w] < ||y,
$0 limy -0 [RI/IIyll = limy, o [IR[|/lw| = 0, our latest estimate shows that
1) =0, provided |lw — w'[l/l|ly|l goes to O with | y]|.
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Recall the definition of w and w':
piDf(W', g(x + w') — g(x)) = y,
h(x + w) — h(x) = y.
Taylor’s theorem now tells us
P f(x +w', g(x + w) — py f(x, g(x))
= p, Df(w’, g(x + w') — g(x)) + R(W', g(x + ') — g(x)).

But the first expression is just h(x + w’) — h(x), and, since the second ex-
pression is y — R, we can use the triangle inequality and the fact that
Lip(h™') < 1 to estimate ||w — w’|| < |[R(W’, g(x + w') — g(x))|. Finally, we
see lim ;o ([lw — w'll/[y]}) < limy, o (IRI/Iy]) = 0, and Lemma 5.16 is
proven. O

If we check condition (4) we will have finished proving the unstable manifold
theorem for C'f. Suppose f(0) = 0, Df, = T and notice that ¢ satisfies

[p,[I,(a(x))] = I, 0f1(x, g(x)).
So Dfo.g90p =T,
[';[11,0(0)] = I1,6(0).

Now since E, is the unique T invariant graph, the arguments in the proof of
Lemma 5.16 show that the graph of ¢ is tangent to E, at 0.

Luckily, increasing the smoothness from 1 to r is easier than going from
Lipschitz to C'. Referring to diagram (I) we need only show that the invariant
section ¢ is C"~'. This is just a special case of the C" Section Theorem 5.18
below.

Definition 5.17. Let I1: E —» X be a vector bundle with a metric space base.
We say a metric d on E is admissible when:

(1) it induces a norm on each fiber;

(2) thereis a complementary bundle E’ over X and an isomorphism of E® E’
and X x A, where A4 is a Banach space and the product metricon X x A
induces d on E;

(3) the projection of X x A onto E is of norm 1.

Recall that a map ¢ between two metric spaces Y, and Y, is said to a-Holder,
0 < o < 1, if there is a constant K such that for all x and y in Y,

d(e(x), p(¥)) < K(d(x, y))*

Theorem 5.18 (C” Section Theorem). Let I1: E — X be a vector bundle over the
metric space X, with an admissible metric on E. Let X, be a subset of X and D
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be the disc bundle of radius C in E, where C > 0 is a finite constant. Let D, be
the restriction of D to Xo; Dy = D nTT71(X,).

Let h be an overflowing homeomorphism of X, into X, that is, X, < h(X,).
Let F: Dy — D be a map which covers h. Suppose that there is a constant k,
0 < k < 1, such that, for all x in X, the restriction of F to the fiber over x,
F,: D, — Dy, is Lipschitz with constant at most k.

Then:

(@) There is a unique section o: X, — D, such that F (image of ¢) N D, = image
of o.

(b) If F is continuous then so is o.

(¢) If, moreover, h™'is Lipschitz with Lip(h™') = p, F is a-Holder, and ku* < 1,
then o is a-Holder. In particular, when o = 1, ¢ is Lipschitz.

(d) If, moreover, X, X,, and E are C" manifolds (r > 1), h and F are C", FY and
(h™")Y are bounded for 1 <j <r, Lipschitz for 1 <j <r, and ku" < 1,
where u = Lip(h™'), then ¢ is C".

REeMARK. On a connected manifold of finite diameter, a bounded rth derivative
guarantees a bounded and Lipschitz (r — 1)th derivative.

Theorem 5.18 allows us to prove the unstable manifold theorem by induc-
tion as follows. We already know g is C! whenever f is; suppose we know that
gis C*~! whenever f is. With F and h as in diagram (I) we have Lip(h™!) < 1
and Lip(F,) < (4 + 2¢) < 1 so that the hypothesis of 5.18(d) hold forr = s — 1.
Thus we can find a C*7! invariant section ¢ which gives the derivative of g
and hence g is C* and we have finally finished proving all the conclusions of
the unstable manifold theorem. O

This same reasoning will allow us to inductively demonstrate 5.18(d) itself.

Proor oF THEOREM 5.18. We may assume, without loss of generality, that E
is trivial. If it is not, the existence of admissible metric allows us to replace E
by E @ E’ and F by the composition

F-EQESELESEQE,

where p is projection and i is inclusion. F’ clearly covers h and has the same
Lipschitz constant on any fiber; moreover, since the image of F’ is contained
in E so is the image of any section invariant under I'..

Let, then, E = X x A so we can write a(x) = (x, 0,(x)) in coordinates.

(a) The space of local sections of E, I'(Xy, Dy) is complete in the uniform
topology and as usual the map I';: ¢ - Foooh™ is a contraction so it
has a unique fixed point.

(b) If F is continuous I'y maps the space of continuous sections of D,
I'°(X,, D,), into itself, so the invariant section must also be continuous.

(c) Let H be the Holder constant of F, that is Ve,, e, € E, d(F(e,), F(e,)) <
H(d(ey, e3))
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Let o be the invariant section from (b), and let F, = I, o F, where I, is the
projection of X x A4 onto A. The vertical component ¢, must then satisfy

dlo2(x), 02(»)] = d[F,(h™'(x), 0,071 (x)), Fo(h ™' (y), 0,071 ()]
< d[F(h7(x), 0,871 (x), Fa(h™'(x), 0207 ()]
+ d[F(h™'(x), 0,h 7' (), F(h™ (), 027 ()]
< kd[o,h ™' (x), 0,h7 (¥)] + HA[h ™' (x), k™' (n)]"
< kd[o,h™'(x), 0;h ™1 (y)] + H(ud(x, y))*.

In fact, we may show by induction that
(xxx)  d[0,(x), 0,(»)] < k"d[0,h™"(x), 6,h™"(y)] + H Zl (uYK ™ (d(x, y)y*
=

holds for all n. We have just shown this holds for n = 1. Hence we can estimate
k™d[o,h™™(x), 6,h~™(y)] < k™{kd[o,h ™™ 1 (x), 6,h ™1 (y)]
+ Hp*d[h™™(x), h™™(y)]"}
< k™ tdlo,h ™ (x), 0,h7 ()]
+ Hk™u*(u™d(x, y))*
< k™td[o,h ™M (x), 02k ()]
+ Hk™(p*)" 1 d(x, y)*.
If (**x) holds forn = m

d[05(9), 0>()] < k™d[o,h™"(x), o,h~™()] + H ;’"l«u“)fkf-*(d(x, W
< k™ d[o,h ™" (x), 0,k ()] + HE™ ()™ (d(x, y)F
+H g(w‘kf"l(d(x, W

and thus (x*) holds for n = m + 1. Therefore we must have d[g,(x), 0,())] <
lim,, {k"d[o,h™"(x), 6,h™"(y)] + HY % (u*)'k/"(d(x, y))*}. In particular
since k" goes to 0 and d[o,h™"(x), 0,h™"(y)] < 2C, d[o,(x), 0,(y)] <
[H(p*/(1 — ku®))1(d(x, y))° that is, o, is a-Holder. Since ¢ = (id, 0,), o is also
a-Holder.

(d) We will mimic the end of our proof of the unstable manifold theorem. We
know that the invariant section is Lipschitz. Regarding the tangent bundle
to its graph as the invariant section of an auxilliary graph transform now
allows us to inductively show that its tangent bundle is C"*.

Let E — X be the vector bundle with-fiber L(T, X, A) at x, where L(T, X, A)
is the space of continuous linear maps of the tangent space at x of X to 4.



Stable Manifolds 47

This is where the derivative of o, should be. Let D be the disc bundle of radius
C associated to E; its fiber at x is the subset of maps in L(T, X, 4) with norm
not greater than C. First let us show that E has a trivializing complement E’
as in the definition of an admissible metric. We can always find a V such that
TX @ V is trivial. Put a product metric on TX @ V and let E’ have fiber
L(V,, A) at x. E@E is isomorphic to the trivial bundle with fiber L(T, X @
V,, A) at x, with the operator norm in the fiber and product metric. If Le
L (T.X, A) then the operator norms of L and L @0 are equal, and E is
admissible.

Next we define a map I'py: Do — D which covers the homeomorphism
h: X, — X. For a linear map L of T, X to A, I'pp(L) will be the linear map of
Ty X to A defined by

Tpp(L) = (I, DF, 4y) o (Id, L) o (Dhyyy),

where I, is the projection of T,, X x A onto A and DF, , is the

derivative of F at (x,y). Note that I'pp(L) = T1,D;F ,)(Dh™ )y +

I1,D, F o) L(Dh ™" )y, where D, F, ) is the derivative with respect to the X
variables and D, F,, ,, is the derivative with respect to the A variables. The
following diagram commutes:

E, = E

|

h
Xo — X.
As before, if o is differentiable, the derivative of ¢, is a fixed point of I'py. Let
us calculate the contraction constant for I'p restricted to a fiber. The assump-
tion on the Lipschitz constants of F and h™! give the following:

ITLD,F, yopll <k and DA < p.
Therefore
ITI, D, Fy g o (Ly — Ly)o Dh™!|| < pk|Ly — L, |,

and we see that I'; is thus well defined, continuous, affine on fibers, with
bounded translation and with a fiber contraction factor

Lip((Tpr)y) < pk < 1.

Therefore, we can find a finite C such that I';,, maps D, to D. Now we are
almost ready to apply the induction hypothesis. Suppose F is C2. Suppose
.that we knew that the invariant section for I', were the derivative of o,; then
the fact that g is C! would imply that I, was also C!. In our case, u(uk) < 1,
by applying the theorem in the C! case, we deduce that the invariant section
. of I'pp is C! so g is C% We finish the induction as follows: suppose that we
have proved the theorem when F and h are C"™!, and k and yu satisfy ku"™* < 1,
then F has a C"™! invariant section ¢. The fiber contraction factor of 'y is
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(uk); since pu"~*(uk) is strictly less than 1 and [y is C"%, I'py admits a C"™}
invariant section, so the derivative of g, is C"! and g, is C".

We need only show, then, that the invariant section 7 of I', which we know
to be continuous, is in fact the derivative of ,. Working in charts about h(x)
and x, and mimicking the estimates used to demonstrate the C! stable mani-
fold theorem, we see, fixing x and letting y alone vary,

Lip,[a,(h(x) + y), 05(h(x)) + t(h(x))(y)]
< pk Lipo[o,(x + ), 05(x) + 1(x)(¥)].

On the other hand, since ¢ and t(x) are uniformly Lipschitz, Lipo(o,(x + y),
6,(x)(p)) is bounded. Therefore Lipy(o,(x + y), 65(x) + t(x)(y)) = 0,50 t(x) is
the derivative of ¢ at x. Thus, we are done with the unstable manifold and C"
section theorems. O

Corollary 5.19. Suppose f is a C? diffeomorphism of a C* manifold M, with a
closed hyperbolic invariant set A.

Let TM|, = E*@® E" be a hyperbolic splitting for Tf. The bundles E® and E*
are then Hdélder, that is their transition functions may be taken to be Holder.

Proor. Choose a C! adapted metric on M so that
ITflell <A<1 and |Tf ' pll<i<l.

Let u be the Lipschitz constant of f~! restricted to A, which exists since
fis C'. Let F® and F* be C! approximations to E* and E" which are close
enough so that the derivative of f at x, Df,: F; @ F¢ — F},, ® Fj},,, can be
X Bx
C. D,
NAN 1D < A < 15 ||Bell, |1C |l < &, uniformly in x.
Let E be the C! bundle whose fiber at x is L(FY, F); if ¢ is small enough,
we can define a graph transform on the unit disc subbundle D of E over A:

F(x, 0) = (f(x), T'pro),
where I'pro(x) = [B, + A.6(x)]o[C, + Da(x)]72.

written as a block matrix < ), with A,, D, nonsingular, satisfying

X Bx

C. D,
A, O .
and, further, there is an «, 0 < o < 1, such that (4 + 2¢g)u* < 1.

Now the map with matrix < > is close to the hyperbolic map

O D,
We know, then, that F contracts fibers of the disc bundle D by a factor
(4 + 2¢) < 1 (cf. Lemma 5.13). On the other hand, F is Lipschitz, in fact, C*
since f is C?. Since (A + 2e)u* < 1, the invariant section is a-Holder. This
section is the unstable bundle E". As usual by considering f ! instead of f we
get the result for E=. |

We conclude with a special case of Theorem 5.2.
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Theorem 5.20. If f is a C" diffeomorphism and p is a hyperbolic fixed point of
£, then there are local stable and unstable manifolds Wi} .(p) and W;.(p). These
manifolds are tangent at p to E® and E¥, respectively, and are as smoothas f. [

The manifolds W*(p) = (Juzo /" (Wie(p)) and W*(p) = Ju<o /" (Wpie(P))
are C" and are called the global unstable and stable manifolds of p. They are
injectively immersed discs. If p is periodic with period n we define W;*(p)
analogously as the global unstable manifold of p with respect to /", and
similarly for W,

Exercise 5.1. Some of the global hypothesis of Theorem 5.18 may be replaced by
pointwise conditions. In particular, we leave it to the reader to attempt to reprove
5.18(d) under the weaker hypothesis that

(Lipk(x)h—l))rkx <Cx<l1

uniformly in x, where k, = Lip(F,).

Appendix I

The Local Lipschitz Inverse Function Theorem

We begin with a lemma.

Lemma I.1. Let F be a Banach space, X a metric space and f, g two continuous
maps of X to F. Suppose that f is injective and f ™' is Lipschitz. If g satisfies
Lip(f — g) < [Lip(f )17, then g is also injective and

Lip(¢™") < ([Lip(f™)]™" — Lip(f — ¢)~"
= Lip(f™")/1 — Lip(g — f)Lip(f "))

Proor. It is enough to calculate that

lg(x) =gl = 1L/(x) = SO — (g — /) x) — (g = NI
> [[Lip(f™")]™" — Lip(f — g)]d(x, y). O

Theorem L.2. Let f be a homeomorphism from an open subset of U of a Banach
space E to an open subset V of a Banach space F, whose inverse is Lipschitz.
Let h be a continuous, Lipschitz map from U to F satisfying Lip(h)Lip(f ~!) < 1.
Let g = f + h. Then g is a homeomorphism of U onto an open subset of F, with
Lipschitz inverse.

Proor. To deduce the theorem from the lemma we must first show that g
is open, or, what is the same, since ! is a homeomorphism, that gf ! =
(f + Wf ' =id + hf ! is open.
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Let v = hf ~'. We can estimate
A=Lipv<LiphLipf <l

For x in V we show that, if the closed ball of radius r about x, B,(x) is contained
in V, then

Bi-3[(id + v)(x)] = (id + v)B,(x)

so id + v is open.

After perhaps composing v with translations, we can take x = 0 and v(x) =
0. Let s = (1 — A)r. We seek a local inverse to id + v, or, what amounts to the
same thing, a map w: By(0) > F which satisfies

(id + w)(B4(0)) = B,(0) and (id + v)(id + w) = id.

The last equation is equivalent to w = — v(id + w), which leads us to look for
wasa fixed point. Let Z = {we C°(B,(0), F)|w(0) = 0Oand Lip(w) < A/(1 — 4)}.
Z is complete in the uniform metric.

Furthermore, simple calculation shows that for w in Z, (id + w)(B,(0)) =
B,(0) and the map —v(id + w) is also in Z. If we can show that ®: Z — Z
defined by ®(w) = —v(id + w) is a contraction, then its fixed point w is the
function we seek. We calculate

| —v(id + w) + v(id + w')|| < A]l(id + w) — (id + w') = Allw — w’||
and noting 4 < 1 we are done. O

Proposition 1.3. Let U be an open subset of a Banach space E and g be a

homeomorphism of U onto an open subset of the Banach space F. If g~ is

Lipschitz with Lip(g™") < A, then E,,A(g(x)) < g(B,(x)).

Proor. We can, without loss of generality, again assume x = g(x) = 0. Let
v # 0 be a point in B,,;(0), and set t,, = sup{t > 0|[0, t]v = g[B,(0)]}. Since
g[B,(0)] contains a neighborhood of 0, ¢, is strictly positive. Moreover, by
definition we have

©, t,,)v < g(B,(0)).
On the other hand, we can estimate
lg™ (@v) — g7 (@'l < At — [Vl

This implies that lim, ., g (tv) exists and is in the closed ball B,(0); therefore
t,, v belongs to g(B,(0)). To show that v belongs to g(B,(0)) we need only show
that ¢, is no less than 1. If ¢, were less than 1, we would have

g7 ol = llg7 tv) — g O) < At IVl < AVl <7

and ¢, v would thus belong to g(B,(0)). Since g is open, we could find an ¢ > 0
so that [t,, t,, + £]v would also be in the open set g(B,(0)) contradicting the
definition of . O
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We will also have occasion to use the better known C" local inverse function
theorem in what follows.

Appendix II

Irwin’s Proof of the Stable Manifold Theorem

Let E = E, ® E, be a Banach space with an automorphism T which preserves
the splitting. Suppose that T is hyperbolic, contracting E, and expanding E,.
In other words, for some 4,0 < A < 1 we have

1T < 4, 1T, < 4, where T, = T|g,.

Notice that in Chapter 5 we had T, expanding and T, contracting. The reason
for the switch is that this time we will first find the stable manifold and then
from this deduce the existence of the unstable manifold.

Once again, we furnish E with the box norm and retain the conventions of
Chapter 5 about the projections p;, E;(r), f;, etc.

Lemma IL.1. If f: E,(r) X E,(r) > E is a Lipschitz perturbation of T, with
Lip(f — T) <& < 1 — A, then f preserves the family of cones parallel to E,(r).
More precisely, if x = (x,, x,)and y = (y,, y,) are points in E,(r) x E,(r) with

Xy = yill < lix2 =yl
then
/1) = i < (A4 + ) llx; — 2|l
<@ =9lxy = y2ll < 1£2(x) = LW

Proor. On the one hand,
I1/1) = i < llpy(f — TI(x) — po(f = YW + 1Ty, — Tyy,y |
<elx =yl + Allx; — yy |l
<A+ 8llxy =y,
On the other hand,
1£25) = LD 2 1 Tox; — oy, |l — llp2(f — T)x — po(f — T)yl
2 A7 %2 = ol —ellx — yl|
=@ =9 lx; — y, .
We are done, then,since A + e <1 < A7 — g, ' O
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Definition I1.2. For f: E,(r) x E,(r) > Eand r > ' > 0 we define W(f) to be
Wi(f) = {x€E,(r') x E;(r')[Vn 2 0, ["(x) is defined and /ol < r}.

Corollary IL3. For f: E|(r) x E,(r) < oo with Lip(f — T) < ¢ <1 — 4, the set
W2(f)is the graph of a function g: A — E,(r), where A is the projection of W(f)
onto E,(r). Furthermore, g is Lipschitz with Lip g < 1 and f|W}(f) contracts
distances. Therefore, f has at most one fixed point which, if it exists, attracts
all other points of W, (f).

Proor. Let x = (x,, x,) and y = (y,, y,) be any two points in W(f). Our
assertions about g are equivalent to showing that ||x, — y, || < [lx; — ¥ |

Suppose that we had [|x; — y,[| > ||x, — y, |, then the preceding lemma
would tell us that

12(x) = LW 2 (A7 — &) x, — y, |

and, by induction, for all n > 1
1/20) = fZWI 2 (A7 — ¢)"llx, — y, |l

Since | f7'(x) — f7(WI <2r and (17! —¢)" > +00 as n—> o (recall 17! —
¢ > 1), we would have to conclude that | x, — y, || = 0, in contradiction to our
assumption.

Now, we must show that flwss) is a contraction. From the above, we
know that for x, y in W(f) we have |x — y| = ||x, — y, |. Moreover, since
JWA(f)) =« W2(f) we also have || f(x) — f(y)| = || fy(x) — f1(3)||. Therefore,

1/G) = SO = 11 [i(x) = /i
<G = TH = (fy = TG + I Tyx, — Ty, |
<ellx =yl + Alx; =y = (A + ¢)llx — yl.
Since (A + ¢) < 1, f restricted to W;*(f) is a contraction. |

Theorem I1.4 (The Stable Manifold Theorem). Let T: E — E be a hyperbolic
automorphism as above. There is an ¢ > 0, depending only on 1, and, for all
r>0,a 6 >0 such that if f:E,(r) X E,(r) > E satisfies Lip(f — t) < ¢ and
I fO)| <9, then W,*(f) is the graph of a Lipschitz function g: E,(r) — E,(r)
with Lip(g) < 1.

Moreover, if f is C* then so is g.

Proor. The basic observation is this: for xe W*(f) the sequence y =
{y(n)|n > 1,y(n) = f"(x)} satisfies the following conditions: |[y(n)| < r,
fy(n)) —y(n+ 1) =0,Vn = 1 and f(x) — y(1) = 0. Conversely, if a point x in
E(r) and a sequence (y(n)),» , satisfy these conditions, then x belongs to W,*( f)
and y(n) = f"(x). To develop this idea we must introduce some notation.

Let B = {3y = Gz, YW €E, sup,, [7(n)]| < co}. With the norm
Iyl = sup, . |ly(n)ll, B is a Banach space. Let B(r) be the closed ball of radius
rin B. Endow E x B and E, x B with box norms induced by E,, E, and B.
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Now we define a map
F:E (r) x E;(r) x B(r)=> E, x B,
Fi(xy, x5, Y (xy, F, (),
where F, : E;(r) x B(r) - B is defined as
F., () (1) = f(xy, x2) — p(1),
F. )= fOGrn—-1)—y@m  for n>2

If we show that F is invertible and that its image contains E,(r) x 0, we can
definegbyg = I1,F ™| )« o, Where I, is the projection of E; x E, x Bonto
E,. We will, of course, use the Lipschitz inverse function theorem to do this.

Define T analogously to F with T in place of f. T is clearly a continuous
linear operator with ||T|| <1+ ||T|| and Lip(F — T) < Lip(f — T). Conse-
quently, if T is invertible and Lip(f — T) < ||T™!|| ™! then F is also invertible.

T is invertible.
T is given explicitly as T(x;, x5, y) = (x, v) where

v(1) =T, (1) = T(xy, x;) — y(1),
v(in) =T, (y(n) = Ty(n — 1)) =y(n), n=2.

We need to express x, and y in terms of x; and v. Let us write y(n) =
(y1(n), y,(n))e E, x E,, v(n) = (v{(n), vo(n))e E; x E,; the definition of v then
becomes

vi(l) = Ti(xy) = 7:(1),

vy(1) = Th(xz) — 72(1),

vi(n) = Ty(y,(n — D)) = y,(n), n=>2,

va(n) = To(y,(n — 1) —y2(n), n>=2.
The first and third equations may be rewritten as

i) = —vi(D) + Ti(xy),

() =Ty (n— 1)) —vi(n), n=2
which gives

71(n) = —[z Tl"“f(vl(j))] + T,
The fourth equation gives
y2(n — 1) = T, [vy(n) + 7,(n)]

=T, [va(n) + T (20 + D) + 950 + 1)) = -+

s0, in the limit
ya(n) = 12 Ty i3 + ).
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Finally, from the second equation
X, = Zl T,/ (v()))-
f=
These series converge since || 7,7 || < 1 and sup, >, [|y(n)|| < co. Thus, we have
found the inverse of T as
TU“E, xB->E, xE, xB,
T (xy, V) (X4, X2, P)s

where "
Xy = Z: T, 7 (v2())),
=

Pa) = T2(xp) — Z Tr=i(v, ()

yaln) = f Ty + ),

and one can easily check that |[T™!| < (1 — )7L

If Lip(f — T) < e <1 — A, thenF is invertible.
Since Lip(F — T) < Lip(f — T)<e< 1 — A < | T !}, the Lipschitz in-
verse function theorem applies.

The image of F contains E(r) x 0 when ¢ and f(0) are small.

Note that the image of F contains (x,, 0) if and only if the image of F;,
contains 0. Furthermore, F, is a Lipschitz perturbation of T, and Lip(F,, —
T,,) < Lip(f — T). Since T, differs from T, only by a translation we have, in
fact, Lip(F,, — T,) < Lip(f — T).

Now since the linear operator Ty: E, x B — B is given by

To(xz, Y)(1) = T(O, x,) — ¥(1),
To(x2, Y)(m) = T(y(n — 1)) —y(n), n=2,
we see the T, is invertible with inverse
T,: B> E, x B,
Tol:iv—(x, v),

where -
x; =Y Ty, (v,())),
=1

yin) = z T, (),

yaln) = il Ty iva(n + ),

and |To'll <(1 — A
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If Lip(f — T) <& <1 — 4, we see that Lip(T,; 'F, — id) < ¢/(1 — 4) and
using the lemma in Appendix I

To 'F,[Ea(r) x B()] = Tg'F,,(0) + E,(s) x B(s),

where s = r(1 — ¢/(1 — A)).
Now let us calculate ||To—1Fx,(0)||- First of all F, (0) = v, where v(1) =
f(x,0) and v(n) = (0, 0). Consequently, Ty'F, (0) = (x,, y), where

X3 = T [falxr, 0)] + Z:sz_j[fz(O, 01,

hn) = —Tr ' [fi(x, 0)] — z TrIL£,(0, 0)1,

Q0

y2(n) = 0 Tz_j[fz(O, 0)].
=
Now we can estimate that

/i, Ol < My (f — T)(xy, O + 1Ty x4 |l
<G = T)xy, Ol + Allxy |,
I £20x1, O < Ip2(f — T)(xy, O < I(f — T)(x41, O,
and further
I/ = T)x, Ol < (S = DO + II(f — T)(xy,0) — (f = T)O)]|
< SO+ ellxy .

From this we estimate || T, ' F,, (0)|| as follows:

lxall < edlxy |l + l—f—) 1£ )]l
Iyl < A, | + eA™ i ||+ A7 Q)] + 3 A £0)]
=2

i 1
< x4+ ¢) + =2 I £O),

720l < 1170
so
ITo'F,, (0l < (4 + &)r + 5 I £
Since the image of T5'F,, contains the ball about Tg'F, (0) of radius

s=r(1 —¢/(1 — A)), it contains O whenever (4 + &)r + 1/(1 — )| f(O)|| <
r(1 — g/(1 — A)). We can rewrite this inequality as

1O < (1 — A)r(l —A—e— ﬁ) =r[(1 — A)* — &2 — M)].
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Suppose then that ¢ < (1 — 4)?/(2 — 1) <1 — 4 and take 6 > 0 such that
d<rl(1 —A)?—e2—ALifLip(f — T) < eand | f(0)]| < &, we have shown
that T;'F, contains 0. Since T,, is linear, the image of F, contains 0 as well,
so the image of F contains E,(r) x 0, as desired.

Looking back over what we have done, we see we have at this point shown
that:

If Lip(f —T)<e<(1—=21%2—-1) and [fO) <d<r[(1 —21)?*—
g2 —A)], then WS:(f) is the graph of a Lipschitz function g =
HZF_1|E,(r)xo3 E,(r) > E,(r) with Lip(g) < 1.

To finish the proof of the stable manifold theorem we only need:

For f above, g is C* whenever f is C*.
To show that g is C* we clearly need only show that F™' is C*. Since
Lip(F — T) < [T !||7!, if F is C! we have, for all (x, y) in E(r) x B(r),

IDF .,y — T < IT7HI7N

This means that DF, ., is a linear isomorphism for all (x, y) in E(r) x B(r), so
the C* inverse function theorem shows that F~! is C* whenever F is.

We are reduced then to showing that F is C* when f is C*. Unfortunately,
B is too large for this to be possible, but this is a difficulty we can easily
surmount.

Notice that the obvious candidate for the derivative of F at a point
(x, 7) = (xq, x5, ) of E{(r) x E,(r) x B(r) is the linear map

L:El X Ez X B-’El X B’
L: (y,,yz, V)—>(,V1,C),

where
)= Df(y) —v(1)  with y=(y;,,),
{(n) = Dfy -1y [v(n — 1)] — v(n), n=>2.
We have F(x + y,7 + v) — F(x,y) — L(y, v) = (0, ¢)e E, x B, where

1
o) = flx +y) — f(y) = Dfy) = L (Df+y — D)) dt,
o) = fly(n—1) +v(n—- 11— f((n — 1)) — Dfu_y,(v(n — 1))
1
= f (Df;‘(n—l)+tv(n—l) - ny(n—l))(v(n — 1)) dt, nx=2.
0

This shows the quotient

IF(x + y,y + v) — F(x,y) — L(y, v)||
1, v
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is bounded above by

1 1
max (J;) | Dfs+ey — Df |l dt, Sl>1r1) . I D ymy+evimy — Dy | dt>'
The sup of all those integrals does not necessarily tend to zero with |y, v,
since B is not locally compact and Df is not necessarily uniformly continuous.
If we knew that {y(n)|n > 1} were contained in a compact subset of E(r), in
particular, if y(n) converged then the sup would go to zero wih |y, v|. This
leads us to consider the subspace C of convergent sequences:
C = {yeB|lim y(n) exists}.

Since E is complete C is also the subspace of all Cauchy sequences, which one
can easily convince oneself is closed in B. C itself then is also a Banach space.

Notice that F(E,(r) x E,(r) x C(r)) = E,(r) x C so that it makes sense to
consider the restriction F of F to E, (r) x E,(r) x C(r)and to define T similarly
as the mapping induced by T. We have essentially shown that F is C! above
and we leave it to the reader to show in general that F is C* when F is C.

We can now repeat our previous construction of g with F, T, and C in place
of F, T, and B, provided that we know T is invertible, i.e., that T"}(E, x C)
E, x E, x C. This we proceed to check.

Let (x, v) be in E; x C and recall that T™!(x, v) = (x,, X,, ) is given by

x; = i TS, ()],

yan) = T0(xy) — z 0, ()],

00

y2(n) = . Tzﬁj["z(" + /)1

j=

To show that y belongs to C we will show that y, and y, are Cauchy. First, y,:

171(n) = y:(m)| < + 1 T7(x) — T(x4)l-

> T ()] - gT""f[v,(j)]‘

=1
Since || Ty || < 4 < 1, the term || TY'(x;) — T{"(x,)|| goes to zero as n and m go

to 0.
As for the other term:

z 790y, ()] — i T;"—f[vl(j)]H

n—1 m—1
T T = k] = F T — k) “

<(£7),sum, It — o + (.5 )il

l>2m—-N =N+1
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For any ¢ > 0 we can find an N, so large that

1 -2 ©
sup [[v,(h) — v, (DIl < e and Y Ai<—

h2No k=Ng+1 4lvyell

which tells us that, for n and m > 2N,,

i . o i . A 2¢]|vy |l

Y v - Y T ’[h(})]”s<zi> e+ =
= I e 2 4flvy ||

We have now shown that y, is Cauchy.
The case of y, is easier, we can estimate

720 = p2(m)| < < > ﬂ)sgg [v2(n + ) = valm + ),
J= J=
s0, since the sequence v, is Cauchy, so is y,.

Thus g can be defined as g = [1,F |, « o, where [T, is the projection of
E, x E, x C to E,. Since we have shown above that such a g is as smooth
as F which is as smooth as f, this finishes the proof of the stable manifold
theorem. O

Proposition IL5. (i) If, moreover, an f as above is C! and satisfies f(0) = 0 and
Dfy = T, then g(0) = 0 and Dg, = 0. Consequently, W:(f) is tangent to E, at 0.
(i) Let Nfs = {f: Ei(r) x E;(r) > E|Lip(f — T) <&}, [ f(O) <4, fis C*
and D*f is bounded and uniformly continuous with the C* topology.
The map

Nfs— CHE,(r), E,(r)),
fg

is continuous.

PRroOF. (i) Surely g(0) = 0 since 0 € W*(f). Moreover, Dg, = [1,(DF);! lE, x 00
but (DF),! = DF;! = T4, so for v, in E,, we have

Dgo(vy) = M1, T74(v,, 0) = i T;7(0) = 0.

(i1) This is a direct consequence of the following facts, whose proof we leave
to the reader:

(1) If fe N¥,; then D*F is uniformly continuous and bounded and the map
f — F is continuous in the C* topology.

(2) The map F — F~! is continuous in the C* topology on the set of F whose
kth derivative is uniformly continuous and bounded. O

Here is a sketch of another version of Irwin’s proof, based on the following
two lemmas.
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Lemma IL6. Let 0: X x Y - Y be a continuous map. Suppose that Y is a
complete metric space and that 6 uniformly contracts Y, that is,

k< 1V¥xeX, Vy,y'eY, dO(,y),0(,y)<kdy,y)

Let 0, be the map y+—0(x, y) of Y, and ¢ the map from X to Y which
associates to x the fixed point of 6,. Then ¢ is continuous, and Lipschitz
when X is a metric space and 6 is Lipschitz.

Proor. For x and x’ in X, we have
dlo(x), (x)] = d[6(x, ¢(x)), O(x', (x))]
< d[0(x, p(x), 0(x', (x))] + d[O(x', @(x)), O(x", 9(x"))]
< d[0(x, 9(x)), 0(x', 9(x)] + kd[o(x), p(x)].

Consequently, we have
1
dlo(x), ¢(x")] < 77 d[0(x, 9(x)), 0(x', 9(x))]

and the lemma follows. O

Lemma IL.7. If, moreover, X and Y are balls in some Banach spaces E and
F and 0 is C¥, then ¢ is C* and we have

Do, = [id — D30 4] D1 6x, o(xy)-

Proor. First we note that ||D,0,, |l <k < 1, since [|6(x, y) — 8(x, y')Il <
klly — y'|l. Consequently, id — D,6,, ,, is invertible and [id — D,6,, ,,]* =

z}io [DZ e(x,y)]i'
To prove the lemma for k = 1 we need to show that

lo(x + v) = @(x) = [id = D36,y 1" D1 0x, pixpW)l is o(|[v]])-
(Recall that f(x) is said to be o(g(x)) if lim,_o f(x)/g(x) = 0). Well,
lo(x + v) = @(x) = [id = D20, o] P10, oy W)l
< I0d — Dy6, pxn] 'l @(x + v) — @(x)
= D01, ) [@(x + V) — (x)] — Dy Oz (V)
< Ilid = D30, p0p] " 1H10(x + v, 9(x + v)) — 0(x, ¢(x))
= DOx, pap [(x + v, @(x + v)) — (x, @(x))]]|

and this last expression is o(l|(x + v, o(x + v)) — (x, ©(x))|), hence o(]|v||) as
well, since ¢ is Lipschitz.
Thus we have shown that @ is C! when 0 is C!, and as usual the rest of the
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proof (left as an exercise to the reader) follows by induction on k, once we
notice that D¢ can be defined as the composition

x W9y y L8P0y p By xU

L(E, F) x L(F, F)

(id, p) composition
_

L(E, F),

where E (resp. F) is the Banach space containing X (resp. Y) and U =
{PeL(F, F)||P| <1} and p: P - [id — P]". |

VARIANT OF THE PrOOF OF I1.4. Consider the map
G: E,(r) x B(r)> B,
G:(xy,y)—v,
where
vi(1) = filx, y2(1)),
vin) = fi(ys(n — 1), 7,(n)),  n=2,
va(1) = T [Thy2(1) 4 72(2) — folxy, 72(D)],
va(n) = T, ' [To(r2(0) + y2(n + 1) = fo(yi(n — 1), y2(n) 1.
Suppose that Lip(f — T) < ¢; an easy calculation shows that
LipG <max[A+¢& i+ 1)]=4+e¢

Therefore, if ¢ <1 — A, the map G uniformly contracts the second fac-
tor. Supposing that | f(0)] < J, more calculation shows that |G(0)| <
max(d, 40) = 6. Consequently, B(r) < G(E,(r) x B(r)) whenever ¢ +
A+ &r <r thatis,d <r(l1 — 1 —¢).

Thus, if Lip(f — T)<e<1 -4 and || f(0)] <d<r(l —41—¢) we can
apply Lemma I1.6 to G and find a Lipschitz map ®: E,(r) —» B(r), such that
®(x,) is the fixed point of G, .

Notice that if y is the fixed point of G, and we let x, = y,(1), then
fi1(xy, x;) = 7,(1), and also

y2(1) = T, [To(y,(1) + 72(2) — folxy, 72(1))],

that is, y,(2) = fa(xy, 72(1)) = falxy, x3).

By induction we obtain, with a slight abuse of notation, f"(x,, x;) =
(f1'(x15 X2), f7(x1, X2)) € E((r) x E5(r), y1(n) = f{'(xy, x2) and  y,(n+1)=
f3(xy, x,). Therefore, if we define g: E(r) » E,(r) by g = I1®, where [1: B —
E,,y+—7y,(1), then WS(f) is precisely the graph of g. This finishes the theorem
in the Lipschitz case.

For the C* case, Lemma I1.7 shows that if G is C* then g is C*. As before,
though, G is not necessarily C* when f is C¥, so we must again shift our
attention from B to C. We leave the details to the reader. O
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Appendix 111

Center and Strong Stable Manifolds

Here we indicate how proofs of generalizations of the stable manifold theorem
proceed. Ultimately we will be concerned with center, center stable and
unstable, and strong stable and unstable manifolds.

Definition IIL.1. Let T: E — E be a continuous linear map of the Banach space
E. T is p-pseudohyperbolic if there is a T invariant direct sum decomposition
E=E, ®E, and constants 0 < 4, < p < u, and C,, C, > 0 such that:

(1) the restriction T, of T to E, is an isomorphism and Vn > 0 and Vve E,
1T = Crutlivi;

(2) Vn = 0and Vve E, and T, the restriction of T to E,
I < CAT vl

A pseudohyperbolic linear map is hyperbolic when 4, <1 < u,. By re-
norming E we may assume that the norm is adapted to T, that is, ||(x, y)| =
max(| x|, lyll) and there are 0 < A < p < u such that

(0] T > plvll forall v#0€E,,
) IT,0l < Alv]  forall v#O0€E,.

Theorem II1.2. Let T: E — E be a p-pseudohyperbolic continuous linear map of
the Banach space E, with splitting E = E, ® E,, adapted metric || | and con-
stants 0 < A < p < p such that

IT, (W > ulivi forall v#0inE,,
I < A|vl forall v#0inkE,.

There is a real number ¢ > 0 such that if f: E— E is a Lipschitz map with
f0)=0and Lip(f — T) < ¢, then

(1) The set Wy = (),50/"S;, where S; = {(x, y)e E; x E,: x| = |lyll} is the
graph of a Lipschitz function g of Lipschitz constant less than or equal to
one, g. E; — E, and f maps the graph of g to itself.

(2) ze W, if and only if there are inverse images f "z such that || f "(z)||/p" = 0
as n— oo or even || f~"(2)||/p" stays bounded as n — co.

Q) If fisCand p™7A < 1 for 1 <j <rthengis C" If fis differentiable at 0
and if Df(0) = T then the graph of ¢ is tangent to E, at 0.

For u < 1, the graph of g is called the center unstable manifold and denoted
by We* or perhaps Wy *(0) if some confusion is possible. W** might actually
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even contain some part of the stable manifold, that is, points which are
asymptotic to 0 under iteration of f. If 1 > 1 then the graph of g is the strong
unstable manifold, W"", and f may contain other unstable points outside of
WY but asymptotic to 0 under iterates of f 1.

If f is invertible then by considering f ! there is an invariant mani-
fold tangent to E, at 0, which is the intersection (),sof "S,, where S, =
{(x,y)€E, x E,|lIx]l < llyll}, etc. These manifolds are denoted W* if 1 > 1
and W= if u < 1.Soif 1 <1< uwe have WA W* at 0 which is the only
point of intersection; if 0 < A < u < 1 then W* A W** at 0 and O is the only
point of intersection; if 0 < A < 1 < u we are back in the usual hyperbolic case
and W° A W* at 0. Recall that & means intersects transversally.

The proof of this theorem, although rather similar to the unstable manifold
theorem has a point or two of difference.

Consider functions g: E; —» E, such that g(0) =0 and Lip(g) < 1. The
graph transform I';(g) = f,0(id, g)oh™!, where h = f,o(id, g) and h™' is
Lipschitz with Lipschitz constant < 1/(u — ¢) as in Lemma 5.5. I, is not
necessarily contracting in the sup norm. We define a new metric

lg:1(x) — g,(x)ll
flxIl

lg: — g2, = sup , xekE,.
x#0

Lemma IIL3. With the norm | |, the space G = {g: E; = E,|g(0) = 0 and
lgll, < oo} is a Banach space and

G(1)={geG:Lipg < 1}

is a closed subset.

Proor. If g, is a Cauchy sequence, the g, converge uniformly on bounded
sets and hence pointwise to a function g. Moreover, |g,ll, is bounded by
some number k, thus for each x, |g,(x)|l/lx|| < k and the same is true for
g, 1g()Nl/lIx|l < k for all xe E;. Given ¢ > 0, there is an N such that for n,
m> Na ”gn - gm”* = SUPxxo0 ”gn(x) - gm(x)”/”x” < 8/2 For any partiCUIar x
choose m so large that ||g,(x) — g(x)/l|x]] < &¢/2 and we have

lg) = I _ 1963) = g 119m() — u(X)
lIxI h x| lIx1l

Thus, forn > N, ||g — ¢.ll,. < € and g, converges to g. Finally, as convergence
in || |, implies uniform convergence on bounded sets, we see that if Lip(g,) <
1 then Lip(g) < 1 as well, so G(1) is closed in G.

For any ge G(1), I';(g) is defined and Lip I';(g9) < 1, in fact Lip I';(g) <
Lip f, Lip(Id, g)Lip ™! < (4 + ¢)/(u — ¢) < 1 for € small enough. So we have
shown:

Lemma IIL4. I';: G(1) > G(1).
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E;

\ > (f1(x, ¥), To(@)(fi(x, )

E, x fi(x, y)

Figure IIL.1.

Lemma IILS. If | x| = |ly|l and ge G(1) then

1125, ) = TG I _ 4+ 26 |y = g(x)]
Aol - xl

See Figure II1.1.

Proor. (a)
20, ) = 206, gODI < (T = f)alx, y) — (T — f)a(x, g(x))|
+ I Tx(x, 9) — To(x, g(x)l
<ely =gl + Ay — g(x)|
<@A+ely =gl
(b)
I fi(x, ¥) = fi (%, gD < elly — g(x)|l

similarly
©
A6 I = 1 Ti(x, y) + (f; = TV = Ty (x, I — 1 — T, )

Now, since [|x[| > ||| and £(0) = O, this last is > uljx|| — ellx]| = (u — &) l|x].
Thus

11205 ) — To(@) (£, (6 Il < 1Lfalx, ) — falx, g())]
+ 11 £2(x, 9(x)) — Ty(@)f1 (x, )|
which by (a)
< (A +8ly — g0 + ITHI(f1(x, g(x))) — T () (£ (x W)
<@ +9ly — gl + Lip Ty(9) | /1 (x, g(x)) — £i(x, Y
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which is by (b)
S@A+9lly—g)l +ely — gl =@+ 2y — g2,

and now (c) finishes the proof. U
Applying the previous Lemma to the graph of a g’ G(1) we have:

Lemma IIL6. For g, g' € G(1)

9l s

, A+ 2e
||rfg - rfg e < "

We are now ready for the proof of the Lipschitz version of Theorem II1.2.
Let g € G(1) be the fixed point of I';. Graph g = W, and f(graph g) = graph g.
If (x, y) e graph g then f"(h™"(x), gh~"(x)) = (x, y), where h = f, o(id, g) and

1), gh "] = (RG] < (1—> ™
U—e
since h™1(0) = O and Lip h™! < 1/(u — ¢). Thus
1), gh™ () p" < (u ) ™

which tends to zero for ¢ small.
If (x, y)isany pointin Sy, |y — g()Il/lIx[l < 2.1f(x,, y,)€S; and f"(x,, y,) =

(x, y) then
yn = gCelll (u — a>” lly = g(x)||
flx A+ 2 [l

by Lemma II1.5. Thus, if (x, y) is not on the graph of g there is an n such that
f7"(x,y) = S, = {(x, y)€E; x E3|llyl > lIx|l}. This proves Theorem II1.2.1
and half of I11.2.2. What remains of II1.2.2 is to show that if (x, y) # (0, 0)e S,
and (X, yn)€f "(x, y) then [(Xms Ym)ll/pm — 00 as m — 0. Since | f;(x, y)|| =
(p—¢) x|l on S, and [0 <(@+e¢)lyl +elxll, f:8, -8, and
f7U(S,) = S,. Moreover, for (x, )€ S, and for (x', y') e f "!(x, y)

1
T 1Ge, P < 1Hx, ).

Thus,

1

and [t ymll/p™ > (

p m
FRn 2.9) ll(x, )l — oo.
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This concludes the Lipschitz part of Theorem III.2. Now for the C" theorem.
Define the bundle E, x L(E,, E;) — E, as in the proof of the unstable mani-
fold theorem, Theorem 5.2 and proceed as there. In fact, if Lip(f — T) < ¢
then |Df(x, y) — Tl < ¢ for all (x, y) and hence I'j, is a contraction with
contraction constant (4 4 2¢)/(# — ¢). By Lemma IIL5 ||, (0)]| < ¢ so, for ¢
small enough, I'y: L,(E, F) — L,(E, F) and the map F

E, x L(E;, E;) —— E, x Ly(Ey, Ey)

|

El -_— El’

defined by F(x, L) = (h(x), [p;L) is a fiber contraction with Lip(h~!) <
1/(u — &) and fiber contraction constant < (1 + 2¢)/(u — €). For r > 2, if we
know that g is C"! then F is C"! and the C" Section Theorem 5.18 proves
that g is C" by concluding that the tangent bundle to the graph of g is C" ™.
The proof is reduced to showing that g is C. The map I still has a unique
fixed section ¢ which is the candidate for the derivative of g and which is O at
0 if Df(0) = T. Now proceed exactly as Proposition 5.16 except that (x) is
replaced by

Lipo[(T';9)(h(x) + y), gh(x) + Tps(n,0(x))y]

(*) A+ 2
= ( +_ :) Lipo[g(x + y), g(x) + my0(x)y],

since in the estimate of (2) Lip k™! < 1/(u — &), |w'|| < 1/(1 — &) ||ly|| and ap-
plying Lemma IILS5 to Df, , gives the estimate. The term (1) still contributes
0. This proves that g is C*. If f is simply differentiable at 0 with Df(0) = T
then the above discussion is valid at 0. I', (0): L,(E,, E;) - L,(E,, E,) has
the zero function as its unique fixed point and it is tangent to the fixed point
of I'; at 0. This finishes the proof of the theorem. O

For a linear map L: R" - R" we may always split R" into three invariant
subspaces E* @ E° @ E*, where E°, E°, and E" are the generalized eigenspaces
of eigenvalues of absolute value less than one, equal to one, and greater than
one, respectively. Thus there is an adapted norm on R” such that L contracts
vectors in E, expands vectors in E*, and has no exponential effect on vectors
in E°.

Theorem IIL.7 (Center and Stable Manifolds). Let 0 be a fixed point for the C”
local differomorphism f: U — R" where U is a neighborhood of zero in R" and
00 >r > 1. Let E°® E° @ E" be the invariant splitting of R" into the gener-
alized eigenspaces of Df(0) corresponding to eigenvalues of absolute value less
than one, equal to one, and greater than one. To each of the five Df(0) invariant
subspaces E°, E* ® E°, E°, E° @ E®, and E" there is associated a local f invariant
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C" embedded disc W5, Wise, Wis., Wise, and Wiy, tangent to the linear subspace
at 0 and a ball B around zero in an adapted norm such that:

(1) Wi = {xeB|f"(x)eB foralln > 0 and d(f"(x), 0) tends to zero exponen-
tially}. f: Wi, — WS and is a contraction mapping.

(2) fIWEZYNB < WS If f*(x)e B for all n = 0, then xe WS

) fIWe)nBc We.. If f(x)eB for allne Z, then xe W¢..

4) fIW) N B WL If f*(x)eB for all n <0, then xe WS,

(5) W = {xeB|f"(x)eB for all n <0 and d(f"(x), 0) tends to zero exponen-
tially}. f~1: W2, — W¥_ is a contraction mapping.

PROOF. Let ¢, be a standard C* bump function, one on the ball of radius 1
and zero in the complement of the ball of radius 2 around zero in R* and
@i(x) = @(x/s). Let f = Df(0) + hin U. For s small enough let h; = @,h in the
ball of radius 2s around zero and zero otherwise. Then f = Df(0) + h, in the
ball of radius s. In the ball of radius 2s, Dh, = (Dg,)h + @,Dh = (1/s)(D¢,)h +
@;Dh. As Dh = 0 at 0, (1/s)h tends to zero and Dh, — 0 as s — 0. Thus for s
sufficiently small we apply Theorem I11.2 to Df(0) + h, to prove (1), (2), (4),
and (5). WS, is defined as the intersection of WSS and WS, Since these discs
are tangent to E*¢ and E", respectively, at O they intersect transversally in a
C” disc near 0. gd

The rates of contraction can be made more explicit via I11.2. While the
stable and unstable manifolds W3, and W, are unique the center stable,
center, and center unstable W3S, WS, and WS need not be. A simple example

is given by the solution curves (Figure I11.2.) of the differential equation

X = Ax for A<,
y= yz’
and the time one map near zero.
A form of local uniqueness can be concluded for W3¢, WS, and W** under
special conditions. If, for example, there is a disc D = W such that f"(x)e B
for all xe D and all n > 0 then D must be contained in any W;jS by 2.

A version of Theorem II1.7 is valid for more general three-way splittings
and in Banach space.

N

Figure II1.2.
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Theorem I1L8. Let O be a fixed point for the C" local diffeomorphism f: U — E,
where U is a neighborhood of zero in the Banach space E and o >r > 1.
Suppose that E has a Df(0) invariant direct sum decomposition E* ® E* ® E*
with the max norm and that there are positive real numbers Lo, 2, A1, Uy, W, to
with0 < dlg<i< i, <l <y, <p<uyyand

IDFO)YW)|| < Ao lIvll for v#£0 and veE’
vl < IIDFOYWIl < pylivl for v#0 and veES,
Lo vl < IDFO)Y(W)II for v#0 and veE"

Let B%(t), BS(t), and B"(t) denote the ball of radius t > 0 around 0 in E*, E¢, and
E", respectively, and B(t) be the product of the three. To each of the five invariant
subspaces E°, E* ® E°, E°, E° ® E", and E" of Df(O) there is a local f invariant
graph defined on a ball of radius t > 0. With W3, Wiis, WS, Wse, and WY
tangent to the linear subspace at zero and such that:

(1) W3 = {xeB(t)|f"(x)e B(t) foralln > 0and d(f"(x),0)A™" - 0asn - oo}.
If igA{f < 1 for1 <j < rthen WS isthe graphof a C" function g*: B%(t) —
B(t) x B"(t) and is tangent to E° at 0. f: W3i — W is a contraction
mapping

(2) WS is the graph of a LlpSChltZ function gsc B(t) x BS(t) > B“(t) and is
tangent to ES@ E€ at 0. f: W3S N B(t) = WS, If f"(x)e B(t) for alln > 0
then x € WS.

(3) W, is the graph of a Lipschitz functlon g°: BS(t) — B(t) x B%(t) and is
tangent to EC at 0. f(WS.) n B(t) = Ws.. If f"(x)e B(t) for all n > Z then

€ W,

(4) WS is the graph of a Lipschitz function g®“: B°(t) x B"(t) — B*(t) and is
tangent to E° ® E* at 0. f(WS8) n B(t) = WSe. If f"(x) = B(t) foralln <0
then x e WSL.

(5) W = {xeB(t)f"(x)eB(t) foralln < 0andd(f"(x),0)u" - 0asn— —co}.

If ug'pi <1 for 1 <j<r then W2 is the graph of a C" function
g B*(t) > BS(t) x B(t) and is tangent to E" at 0. f™1: W2 > W2 is a
contraction mapping.

Among the following conditions:

@ woluj<tlfort<j<r.

®) loAii<lfor1 <j<r.

(c) f has C" extensions f; such that f, = f on the ball of radius s, f, is globally
defined on E and converges C' to Df(0) as s — 0, for example if B has C"
bump functions, is Hilbert, or is finite dimensional.

(d) For some Wz, f ' Wizt © Wi,

(€) For some W22, f (Wc") > Wlﬁl’

(f) For some VVloc’ f( floc) = Wee-

() If (a) and (c) or (a) and (d) hold g*° and hence W*° may be chosen C'.
(ii) If (b) and (c) or (b) and (e) hold g** and hence W°* may be chosen C'.
@iii) If (a), (b), and (c) or (a), (b), and (f) hold g° and hence W* may be chosen C".
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ProoF. For any Banach Space E there are always Lipschitz bump functions.
Let ¢: R - [0, 1] be C*, identically 1 on [ — 1, 1] and zero in the complement
of [—2, 2]. Then ¥/(x) = ¢(||x||) defines a bump function on E. Let Y (x) =
Y((1/s)(x)) and f = Df(0) + h in a neighborhood of zero. Let

o= Y.h on B(2s),
10  outside B(2s),

and define f; = Df(0) + h,. Then f,(0) = 0 and Lip(f; — Df(0)) = Lip(h,). Now
for x, y e B(2s)

[hy(x) = W)l = IWs(x)h(x) — Y (A
< Y(X) [1h(x) — W)+ TRO)IHTYs(x) — YOI
< Y(x)Lip(h|B(2s)) + Ih(Y)IILip() [ x — ¥
< (Lip(h|B(25)) + [[h(»)I (1/s)Lip ¢ [|x — ylI.

If xeB(2s) and y is not then [hy(x) — hy(y)ll = [[A(x)Il = Ilhy(x) — hy(y")l,
where y' is on the line segment between x and y and on the boundary of B(2s),
thus ||x — y’|| < [|x — y|| and we have shown that
Lip h, < Lip(h|BQ5)) + 1/s sup [|h(y)lLip ¢
ye B(2s)

Lip(h|B(2s)) - 0 as s — O since Dh(0) = 0 and his C*, and (1/s)sup,  p(25 1h(Y)|l
— 0 simply because Dh(0) = 0.

For s sufficiently small, Theorem I11.2 is applied to produce the Lipschitz
version of (1), (2), (4), and (5).

g% BS(s) > B*(s) x B%(s) = (¢°I0 x B(s) x (¢°*|B(s) x 0)

which proves (3) for the Lipschitz case as well. If the extensions f; are C" then
Theorem II1.2 gives the C" result too.
If f: WS 2 WS or f71: WSS 2 WSS then the C" section theorem as in the

case of the unstable manifold theorem can be used to prove first the C' and
then the C" result. As

SOV 2 Wee and  fTH(WG) 2 Wik

cu

The C" result follows for these manifolds. If WS and WS are both C” so is
W, and this finishes the proof. O

ExEeRrcisk II1.1. Carry out the details of Theorem II1.2.

Exercise I11.2. It is not necessary to assume that f is invertible to conclude the
existence of the manifolds W* or W* tangent to E, in Theorem III.2.
Let G be the Banach space of functions g: E, — E with

o(v) —
g(0)=0 and ||g||*=sugM<oo
U

Iyl
Let G(1) = {geG|Lipg < 1}.



Stable Manifolds 69

graph ¢
\ /

f(E x{y)

E,

Figure I11.3.

(a) Show that a graph transform for f~! is defined on this space for & small
enough, i.e.,
I G(1) - G(1), where f~'(graph g) = graph I';_.g.

To show that I',, is defined is like the implict function theorem because for each
yeE, we are to find a unique point (x, y)e E; x {y} such that | x| < |y|l and f(x, y)e
graph g, that is, f(E, x {y} n S;) should intersect the graph of g in a unique point
(Figure II1.3). Consider the transformation

x = T (g(f2(x, ») — (fi = T(x, 1)

for {xe E,: |x|l < |lyll}. Show that this transformation is a contraction of this set into
itself and that its fixed point is the unique point sought. Verify that the I';..(g) € G(1).

(b) Show that I';..: G(1) —» G(1) is a contraction for ¢ small enough.

(c) Prove the Lipschitz and C' versions of the theorem, having defined I', -, and
I'r-: on the space of sections of E, x L,(E,, E,).

(d) State and prove the appropriate C" section theorem to conclude the C” version
of the theorem.

Exercise II1.3. Generally, the center and stable manifold theorems have flow
invariant analogues for vector fields. Given a C” factor field V defined in a neighbor-
hood of 0 in R" such that V(0) = 0, let ¢, = ¢,(1/s) be a standard bump function and

V,=¢,V, DV,(0)=DV(0) forall s>0.

R" has a three-way DV/(0) invariant splitting E* ® E° @ E", where E*, E°, and E" are
the generalized eigenspace of the eigenvalues with real part less than 0, equal to 0, and
greater than O, respectively. Let /,(¢) be the flow of V;, and L(t) be the flow of DV,(0).

(a) Prove that for fixed t
Lip(Y(t) — L()) -0, as s—0.

(b) Apply Theorem II1.2 to ¥,(t) for small s.
(c) Given an invariant manifold M = R" for ,(t), () M = M, then

V@Y ()M = Y )s() M
= ¢t )M
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so that Y(t')M is also invariant for y(t). Use the uniqueness in Theorem IIL.2 to
conclude that the invariant manifolds defined there are ,(¢t') invariant for all ¢’
near 0, and, hence, that V, is tangent to them and that they are y(¢') invariant for
allt’'eR.

(d) State the local theorem which follows from these considerations.

Exercise I11.4. Let T: E - E be a hyperbolic automorphism of the Banach space
E. There is an s > 0 and a neighborhood U of T in C"(E(s), E) such that every f in U
has an unstable manifold by Theorem 5.2 which is defined as the graph of a C" function
@2 E,(s) > E,(s). Consider the joint mapping (f, x) — (f, f(x))definedon U x E,(s) x
E,(s). By Theorem I11.8 observe that this map has a C" center stable manifold defined
as the graph of a C" function on a perhaps smaller neighborhood V x E,(s’) - E,(s)
and conclude that the map (f, x) = (¢(x)) is C"in x and fon V x E(s').

Commentary

To see the stable and unstable manifolds and to understand how they intersect,
not only at one point, but at every point of a hyperbolic set (see Chapter 6)
and then to extend these manifolds near a hyperbolic set (see the commentaries
on Chapter 7) is the heart of the subject.

In [4.1], Anosov gives a short historical sketch.

I have closely followed [4.2], adding to the proofs some ideas taken from
[5.1]. This is in order, among other things, to enable the reader of Chapters
4 and 5 to read [5.1].

Notice that in the C" Section Theorem 5.18, X can be a quite arbitrary
manifold (infinite dimensional, etc.) as long as TX has an inverse in K theory,
e.g., TX is admissible in the sense of (5.17).

The proof of the unstable manifold theorem in Appendix II comes from
[5.2] and [5.3].
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CHAPTER 6
Stable Manifolds for Hyperbolic Sets

Next, we will generalize to more complicated hyperbolic sets, such as the
horseshoe or a solenoid, the theory we have developed for a periodic point.

Definition 6.1. Let f be a difffomorphism of M and x a point in M. We define
Wex, )= {yeM|d(f"(x), f"(y)) >0asn— +o0
and d(f"(x), f"(y)) < & Vn = 0},
wex, f) = U ST ("),

n=0
Wri(x, f) = {yeM|d(f"(x), f"(y)) > 0asn— —o0
and d(f"(x), f"(y)) <& Vn < 0},

wex, )= U S"W( ().

n=0

Note that this definition is equivalent to the one given in Chapter 2.

Theorem 6.2. Let A be a closed hyperbolic set for f, and assume A is furnished
with an adapted metric. Then there is a positive & such that for every point x in
A, Wi(x, f) is an embedded disk of dimension equal to that of E3; moreover,
T W2(x) = E3; and similarly for the unstable case.

The stable and unstable discs also satisfy the following:

1) a(f"(x), f"(y)) < A"d(x, y), Vye W(x), Vn = 0,
a(f="(x), f7"() < A"d(x, y), Vye WP(x), Vn = O,
where A < 1is such that |Df ||| < A and |(Df|e) "t || < A.
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(2) The embedding of Wyutesp-s) (x, f) varies continuously with x. More pre-
cisely, if f is C" and n = dim E°, there is a neighborhood U of x and a
continuous map

®: U - Emb' (D", M)
such that ©(y)(0) = y and ©@(y)(D") = W:(y, f), Vye U.
3) Wa(x, f) = {y1d(f"(x), f"() < &, ¥n > 0}
Wi (x, f) = {yld(f"(x), f"(y)) = <&, Vn <0}
(4) The manifold Wp¢ese-9 (x, f) is as smooth as f.

We will reduce the proof to an application of the previous stable manifold
theorem in a conveniently chosen Banach space. We begin with some pre-
liminaries about the infinite dimensional spaces that we will use.

Let A be closed in M and E a vector bundle over A. We denote by ['°(A, E)
the space of continuous sections of E and by I'®(A, E) the space of bounded
sections. These two spaces have natural vector bundle structures. The space
I'°(A, E) is contained in I'®(A, E) since M and hence A are compact. The sup
norm on I'°(A, E) is defined by |h|| = sup,, |h(x)|. This norm makes I'® a
Banach space. The set I'V is closed in I'®, since the uniform limit of continuous
functions is continuous.

Let f be a homeomorphism of M and A a closed f-invariant set. We define
the automorphism f, of I'°(A, T\ M) by

fyihsDf-hef1,

that is, (fx(h))(x) = Dfy-1(h(f ~'(x))) (Figure 6.1). If f is C*, the automor-
phism Df of TM is C% so f, sends I"°(A, T, M) into itself.

Note that f, is a continuous map of I'’(A, T,M) into itself and
I fx 1 = IDf.

Y

Figure 6.1.
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Lemma 6.3. Let A be a closed invariant set for a C* diffeomorphism f of M. A
is a hyperbolic set for f if and only if f4 is a hyperbolic linear map.

Proor. If A is a hyperbolic set, then the vector space I'°(A, T, M) admits a
hyperbolic splitting for f:

oA, TyM) = T°(A, E5) @ (A, EY).

On the other hand, if T°(A, TyM) = E* @ E" is a hyperbolic splitting for f,,
one can reconstruct a hyperbolic splitting of T, M as follows:

Ei = E*(x) = {g(x)lge E*}

and similarly for EV. The details are left to the reader. O

Let B(A, M) be the space of bounded, not necessarily continuous mappings
of A into M. The space B(A, M) is a Banachable manifold modeled on the
space of bounded vector fields (sections of the tangent bundle) I'°(A, TM).
Recall the definitions of the exponential map exp, and exponential charts on
B(A, M).

The map exp, is the mapping of T.M to M which is:

(1) tangent to the identity at the origin of T, M,

(2) sends lines in T, M through the origin to geodesics in M through x,
(3) sends balls in T, M about the origin to balls in M about x,

(4) d(exp, x;, x) = | x;| for sufficiently small x; in T, M.

In (3) more is true; for small enough J, exp, is a surjective diffetomorphism of
B(0, 8) onto B(x, ) and when M is compact, é does not depend on x. In this
case, the exponential map is a difffomorphism of a neighborhood of the zero
section of the tangent bundle onto a neighborhood of the diagonal in M x M:

exp: ur> (m, exp,,(u)), where ue T, (M).

Charts on B(A, M). Let inc(A) be the inclusion of A in M. Let U; be the
neighborhood of inc(A) in B(A, M), consisting of mappings of satisfying
d(g(x), x) < ¢ for all x in A. The chart @ is defined by

®: U; » T8A, TM) = T°(A, TM),
®: h — exp~*(graph(h)).
®(h) is thus the section given by ®(h)(x) = exp,'(h(x)), that is, ®(h)(x) =

- exp~(x, h(x)). 3
Note that ®(inc(A)) is the zero section of TM which we denote by 0.

The mappings F and F. We associate to f the automorphism F of B(A, M)
defined by F(h) = fhf ~!. The inclusion inc(A) is thus a fixed point of F. We
will show that inc(A) is, in fact, a hyperbolic fixed point of F. By using
exponential charts, it suffices to study the mapping F defined on a neighbor-
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hood of the zero section by F = @F P~ !:
(A, TM)™S U(ine(A) > B(A, M) S TB(A, TM).
The image of the section ¢ of T'p(A, TM), for small n < 4, is the section
F(0)(x) = exp; ' (flexp,-1(a(f 7 (x))).

The mapping F is as smooth as f and has for its derivative at 0 the automor-
phism f, = DgF of I'(A, TM) defined by

fel@)=Dfa-f7".

Lemma 6.3 allows us to see that f, is linear and hyperbolic, so that the zero
section 0 is a hyperbolic fixed point for F; that is to say, inc(A) is a hyperbolic
fixed point for F. The bundle I'®(A, TM) has the following hyperbolic splitting
for f, = Dy F:

(A, TM) = T°(A, E°) @ T°(A, EY),
where Ty\M = E* @ E" is a hyperbolic splitting of TM for f.

The stable manifold of 0. Applying the stable manifold theorem to 0, we see
that there is an invariant manifold for F: W(0, F) which is the graph of a C”
function:

¥: To(A, E*) > T3(A, EY).
The stable manifold W, which we have found is defined relative to the box
norm | | on I'®(A, TM) =T®(A, E°) ® I'®(A, E*) defined by ||(x°, x")|’ =

max(lel, Ix*)).
The stable manifold W;(0, F) satisfies

W30, F) = {oeT8(A, TM)|F"(6)e T8(A, TM), Yn > 0},

where if te TD(A, E°), (1) e (A, E")is the only section of the unstable bundle
which satisfies

¥n >0,  (Fy(r, y(1)eB;(0),
where B;,(f)) is the # ball about 0 in I'®(A, TM) with the box norm.

Returning to the norm || || on I'’(A, TM) induced by the Riemannian
metric on M, we set

W20, F) = {oe (A, TM)|[|F"(0)|| <&, Vn > O}
Since the norms || || and || || are equivalent we have, for small enough ¢,
w320, F) = W3O, F).
Lemma 6.4. W;(x, f) = {exp,(o(x))|o e W50, F)} = {h(x)|he W:(inc(A), F)}
[W:©, F) = T(A, TM);, WS(inc(A), F) = B(A, M)].
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PrOOF. Let h be a point in the stable manifold W(inc(A), F); the sequence
F*(h) tends to inc(A), thus

supd[F"(h)(z), F"(inc(A))(z)]-0 as n— +oo.

zeA

Therefore, since inc(A) is fixed by F, we have

supd[F"(h)(z),zZ] >0 as n— 4oo,

zeA
that is
supd[ f"hf ""(2),z2] -0 as n— +oo.
zeA
Thus

sup[f"h(z), f*z] -0 as n- 4o

zeA
and so h(z)e WS(z, f).
Conversly, supposing that y is in W*(x, f), we have d(f"(x), f"(y)) = 0 as
n — +o0. Defining a bounded function 8} € B(A, M) by
82() =
02(z) = z, Vz # X,
we see
- if z# f(x),
F(82(z)) = fod20 12={Z ;
(2(2) =f 7@ 1) if z= f(x),
that is, F(63) = 6/, so F"(62) = 6{n¥).
We will now show that if y belongs to WS(x, f) the map 3} belongs to
W2(inc(A), F). In fact

d[F*(5?), inc(A)] = sup d[F"(62)(2), inc(A)(z)]

zeA

= supd[6{Q(2), z]

zeA

=d[f"), f"(¥)].
Now d[ f*(y), f"(x)] tends to 0 as n tends to co, and we are done; 6} does
belong to WS(inc(A), F) for y in WS(x, f).
We have then
We(x, f) = {h(x)|he W(inc(A), F)}
or, using exponential charts,

Wix, f) = {exp, y(x)lye WO, F)}. O
Lemma 6.5. There is a continuous bundle map u, C" on each fiber such that the

image of a section & in T(A, E*) under the mapping  which defines W;(0, F)
can be written Y (o) = poo.
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The diagram

E.

S
n

A
commutes.
Moreover, the restriction of u to the fiber over x along with its derivatives
of order up to r, depends continuously on x.

— £

> Im

e —

Proor. The condition that /(o) = uoo implies in particular that the value
Y (o) at x depends only on o¢(x) and not on the values of ¢ elsewhere.

Let, then, x be a point in A, and o, and o, be two sections in I'}(A, E®)
having the same value at x: g,(x) = 0,(x); we will show that y(o,)(x) =
Y(o2)(x).

Suppose thaty(a,)(x) # ¥(0,)(x). However, we know that F'o,,¥(0,) >
0 and F” (02, ¥(0,)) - 0, as n — 400, since [o,, ¥(o,)] and [o,, ¥(0,)] be-
long to W,f(O, F).

Now define a bounded map, e I'}(A, EY), by

t(y) =¥(o)(y) for y#x,
T(x) = Y(0,)(x).

From above, we know that F"(ol, T)—> 0 when n — 400, which is absurd if
V(o) (x) # Y(o,)(x), because it contradicts the fact that ¥ could also be
defined by

Y(a,) is the only section of EY such that F"(a,, Y/(a,)) - 0.

We have, in fact
d[F"(c,,7),0] = sup d[F"(c,,7)(2), 0,]

= sup lexp ' [f"(exps-nizy(or. DU T@N]I

= maX{ sup [lexp; ' [f"(expsni(o1, (o)) (@),

zeA
z# (%)

lexpra [/ (expL(a,, ¥(a,))(x))] Il}
< max{d[F"(s,, ¥(0,)), 01, d[F"(c,, Y¥(0,)), 01}.

The last expression tends to 0, when n tends to +oo, which shows that
replacing y(a,)(x) by ¥(c,)(x) does not keep F"(a,, t) from converging uni-
formly to the zero section. Thus, Y(o,)(x) = Y(0,)(x), which shows that
¥(0)(x) only depends on o(x), as we hoped.
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1

We can now define the mapping u: Ej — E; by u(v) = ¥/(6;)(x), recalling
that 4, is the section given by d.;(x) = v, d;(z) = 0, for z # x. In short, u is
defined by the following composition:

E5 — T2(A, E5) S TO(A, EY) S5 E,
v 60 Y(6)) —yY(Bd)(x) = u).
This definition guarantees that u preserves the fibers of E;. Furthermore, u is
induced by the mapping y: I')(A, E¥) > I'P(A, E*), which is C"; thus we easily
see that the restriction of u to the fiber of E; over x, y,, is a C" map.

It only remains to show that pu, depends continuously on x in the C”
topology, which is not immediate since we have considered bounded sections
without regard for the topology on A.

To prove the continuity, it suffices to show that u induces a C" map of the

space of continuous sections I'J(A, E¥).
Recall that we have the following commutative diagram:

COA, M) —Fs CO(A, M)

inclusionl J inclusion

B(A, M) —— B(A, M).

The inclusion inc(A) is a hyperbolic fixed point for the mapping £: C°(A, M) -
C°(A, M). Thus we can, working with charts, produce the stable manifold of
inc(A) as the graph of a map

Y T(A, ES) > To(A, E*)

This map ' is C" and must be the restriction of y to I'y (A, E®), since the stable
manifold of 0 in I'Y(A, TM) is the graph of . Thus y/'(6) = oo, and we see
the maps p, and their derivatives up to order r depend continuously on x. [

END OF THE PROOF OF THEOREM 6.2. We have
W3(x, b) = {exp,(y(x))lye W20, F)} = W;(x, b),
where
Wy (x, b) = {exp,[v, p(v)]Ive E5, IIv]| < n}
or, equally,
W;s(x, b) = {exp,(graph u, = T,M)}.
Since the restriction of u to each fiber is C" and since exp, is a local diffeomor-
phism, W (x, b) is an embedded disc through x of dimension equal to that of
E; (Flgure 6.2). Since n/z(O) 0, we have uoO w(O) 0, so #(Og: ) = Opx.
Since the graph of ¥, {(g, ¥(0))loe}(A, E°)}, is tangent to F"(A E®) at

0, the graph of the restriction of u to the fiber over x, {(v, u(v))|ve ES, ||v|| < n}
is tangent to Ej at the origin of the tangent space to M at x. Therefore

T,(W2(x, b)) = ES.
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Figure 6.2.

Consider the map
(graph p): A — Emb(D*, M),
x> expx[graph u.],

where s = dim E3. This map is defined locally by means of charts for the
bundle E*® and is continuous.

Let us decompose this map. Let C,: D; — (E;), be a trivializing chart for
the bundle in a neighborhood of x. Let p,: D; — M be defined by p,(y) =
exp,[C«(»), po Ci(y)]. Purists should not forget to rescale via sc: Di — D;.
The map (graph p) is defined locally by (graph p)x = p,osc, and is clearly
continuous.

Consequently, W;(x, f) is a C" disc which depends continuously on x in
the C" topology.

We now show that W3(x, f) is a disc of the same dimension as W;(x, f)
and also depends on C" continuously on x.

First notice that the norm | T, fly, |l is strictly less than 4, since the
tangent space to Ws(x f) is E5. Thus we have, for sufficiently small ¢, the
following implication: if y is in W;(x, f) and d(x, y) < ¢, then d(f(x), f ) <
Ad(x, y). (One can choose ¢ independent of x since A is compact and Ws(x, f)
depends continuously on x.)

Thus we have

We(x, ) = {ye Wylx, Nld(y, x) < &} = Wy (x, b) N By(x).

Now, if ¢ is very small, W,f(x, b) N B,(x) is a disc and Thom’s isotopy theorem
shows that it depends C" continuously on x. O

Corollary and Definition 6.6. Under the hypothesis of 6.2, if x€A, the set
We(x, f) = Unsof "[W(x, f"x)] is an immersed submanifold of M. We call
this submanifold the global stable manifold of x for f in contrast to the local
stable manifold W:(x, f). Of course, there are analogous definitions for the
unstable case.
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Appendix IV

Center and Strong Stable Manifolds for Invariant Sets

The stable manifold theorem for hyperbolic sets may be generalized to strong
stable, center stable, center, center unstable, and strong unstable manifolds
for hyperbolic invariant sets using Theorem II1.2 or 8. Here we will only state
the strong stable and center stable manifold theorem. The strong unstable and
center unstable theorems are proven by replace f by f~' and the center
manifolds are obtained by intersecting the center unstable and center stable.

Theorem IV.1. Let A be an invariant set for the C" diffeomorphism f of M.
Suppose that TM|A has a continuous Tf invariant direct sum decomposition

TMI|A = E, ®E,
and that there are real constants
O<l<p<pu and O0<i<1
such that
IDf(x)v]l < Allv|l forall xeA and v#0inkE,
and
IDf(x)v|| = ullv| forall xeA and v#0inE,

Jor an adapted metric in TM|A. There is a positive ¢ and for every point x in
A two embedded discs W*(x) and WS'(x) tangent at x to E,(x) and E,(x),
respectively, and satisfying:

(0) W(x)is a C" embedded disc.

(1) Wex) = {yld(f"(x), f"(y) <e n=0, and d(f"(x), f"(¥)/p"—0 as
n— oo}

(2) f(WS=(x)) = W(f(x)) and f contracts distance by a constant close to A.

(3) The embedding WS=(x) varies continuously with x. More precisely, if f is
C" and n = dim E, there is a neighborhood U of x and a continuous
map ®: U — Emb"(D", M) such that

O(x)0) =x and O(x)(D") = W=(x).

@ If lp~7 <1 for | <j < rthen W(x)is C".
(5) f(WrH(x)) N B,(x) = WeU(f(x)), where

B,(x) = {ye M|d(x, y) < &}.
(6) The W, o(x) vary continuously as C" embedded discs as in (3).

Proor. The proof of this theorem is almost the same as Theorem 6.2 except
that we apply Theorem IIL.2 or 8 instead of the stable manifold theorem.
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(A, T,M) = I'®™T, E,) @ '®(A, E;) which is a p-pseudohyperbolic splitting
for the linear map f: (A, TyM) — I'°(A, T,)defined by f,, (h) = Df oho f 1.
The maps F: B(A, M) — B(A, M) defined by F(h) = fhf ' and F defined
on a neighborhood of the zero section in I'®(A, TM) by F(o)(x) =
exp; ! (f(exp,1.(6(f1(x)))) are as smooth as f, DszF:T°(A, TM)—
I'®(A, TM) and DsF = f,. In order to apply Theorem III.2 or 8 we produce
C" extensions F; of F on the ball of radius s in I'®(A, TM) such that Lip(F, —
f#) tends to zero as s — 0. The function g, = exp(, f exp, maps a neighbor-
hood of zero in T, M into Tj;,M and has derivative Df, at 0 in T, M. Suppose
that sis small enough,and ¢; , = ¢, .(1/s)is a standard bump function defined
on T, M and varying smoothly with x, then

¢s,x(v)gx(v) + (l - q’s,x(v))Dfx(O)v fOI' XGB(zS),

95.x(0) = {Dfx(O)v for x in the complement of B(2s),

extends g, on B(s) to a diffeomorphism g, ,: T.M — T, M, as smooth as
f and Lip(g, x — Df,(0)) » 0 as s — 0, uniformly in x. Now extend F to
F, by F.o(x) = g, .af ' (x). F, is C’, extends F on B(s) in I'®(A, TM) and
Lip(F, — f,) — 0 with s as the same is true on each fiber, that is,

L]p(ﬁs - f#) < sup Lip(gs‘x - Dfx(o))
xeA

which tends to zero. Now Theorem II1.2 may be applied to F;. The proof now
proceeds as the proof of 6.2, using the characterizations of W* and W** which
follow from II1.2. We leave the construction of the function u and the rest of
the proof as an exercise. O

Note that, of course, the W< (x) are not necessarily unique, they may
depend on the extension of F constructed. The W** are, however, unique since
they are locally dynamically defined.

EXERcISE I'V.1. Prove that the function u of Theorem IV.1 exists and finish the proof
of the theorem.

Exercise IV.2. Formulate center, center unstable, and strong unstable manifold
theorems for invariant sets which are the analogue of Theorem IIL.8.

Commentary

I have retained the presentation of [4.2]. Moser [6.2] gives a new proof of the
theorem of Anosov. In the appendix to [1.16], Mather translates the implicit
function theorem techniques of Moser in terms of Banach manifolds. The idea
is the following: to find a continuous solution of the equation gh = hf, when
g is close to f, we examine the transformation T,: C°(M, M) —» C°(M, M)
defined by T,(h) = ghf ~'. When g = f, the identity, id,,; is a solution, that is,
afixed point of T;. It is a transverse fixed point ifand only if I — f, is invertible,
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since, in appropriate charts, f, is the derivative of T, at id,,. The implicit
function theorem implies that the transformation T, has a unique fixed point
in a neighborhood of id,, when ¢ is close enough to f. Mather showed that
the endomorphism I — f, of I'°(M, TM) is invertible if and only if f is an
Anosov diffefomorphism. I mention this here to show, historically, how atten-
tion was focused on I — f, and to expose the roots of the proof. (Figure C6.1).

Note that the fixed point of T is the intersection (in C°(M, M)) of the local
stable and unstable manifolds of T,. Once again, if we follow the proof of the
stable and unstable manifold theorems we conclude that, if g is close enough

to f,

Figure C6.1.

explev, W.(T,)] = exp(graph(U,))

is the image under the exponential map of the graph of a function U,: E} , —
E5, ., that if f and g are sufficiently smooth, then U, will be C", etc. For e > 0
small enough, exp(graph(U,)) will be a C" manifold and will be composed of
points y satisfying d(¢g"(y), f"(x)) < ¢, Vn < 0. The same analysis applies to the
stable sets.

The point of intersection of these two submanifolds is unique: it is h(x) and
the two manifolds are transverse here (Figure C6.2). Now choose a box S(x)
around each point x of M, and now let g be a map close to f (Figure C6.3).

o
e

Figure C6.2.

gL S

S(x)
. 8(S(x)) ® f(x)

S(f(x))

Figure C6.3.
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The sets
) g7 ISU™e] = (Yld(g" ), f"(x)) < &, ¥n = 0}

and

,.Oo g"[S(/7"(x))] = {yld(g"(y), f"(x)) < &, Vn < O}

are manifolds which coincide with the stable and unstable manifolds for f of
x, when g = f; the map g contracts and expands these local manifolds by a
factor close to the constant of hyperbolicity of f, which shows that they are
the stable and unstable manifolds for g; finally they are transverse and thus
the intersection ﬂ,,e 79 "[S(f"(x))] reduces to a point y which is the only
point satisfying d(g"(y), f"(x)) < ¢, for all nin Z. The sought for conjugacy h is
therefore given by h(x) = y. This is how Anosov constructed his conjugacy.

One can find the manifolds (),509 "[S(f"(x))] and (),»09"[S(f "(x))]
directly with the aid of a graph transformation on the disjoint union of the
boxes S(x).

In general, one can either argue in function space or directly on the
manifold M; the latter approach has the advantage of a more geometric flavor,
but the precise results are difficult to establish. I have, in general, chosen the
functional approach because it seems quicker.

The reader will find these different points of view in Anosov [4.1], Palis
and Smale [6.3], Melo [6.1], Robinson [6.5], and Conley [1.5], on the
geometric side, and in Moser [6.2] and Robbin [6.4] a more functional
approach.

The discussion will continue in the subsequent commentaries.

Appendix IV is taken from [5.1] where there is additional discussion of
these points.
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CHAPTER 7
More Consequences of Hyperbolicity

Definition 7.1. Consider two submanifolds V and W of M which intersect at
a point p. We say that V and W are transverse at p, V & W, or that p is a point
of transverse intersection of V and W, if

T,V + T,W = T,M.

More generally, if f is a smooth map of a manifold V into M, and W is a
submanifold of M, we say that f is transverse to W at a point p of V, f & W,
if either f(p)¢ W or f(p)e W and Df(T,V) + T;, W = T;,,M. We say that V
and W are transverse, VA W, if V and W are transverse wherever they
intersect; and that f: V — M is transverse to W on a subset K if f is transverse
to W at all points of K.

When we have a map f from a manifold V of dimension j to a manifold M
of dimension m, transverse at p to a submanifold W of dimension k with f(p)
in W, there is a chart (U, ®) on M is a neighborhood of f(p) such that:

(1) ®(W)=R* x {0} = R™

(2) The composition P,o ®@ o f, where P, is the projection onto the complemen-
tary R™* of ®(W), is defined in a neighborhood of p in V and has a
surjective derivative at p.

The implicit function theorem allows us to conclude that, in a neighbor-
hood of p, [P,o®o f]71(0) = f~!(W) is a submanifold of dimension dim V +
dim W — dim M of V, in other words, codim, f~}(W) = codim,,(W). When
V is compact and W is closed in M, the preimage f ~!(W) is a submanifold of
V whenever f is transverse to W. Furthermore, transversality is stable, if V
and W have no boundaries, any map g, sufficiently C! close to an f with f & W
is also transverse to W and g (W) is diffeomorphic to f ~I(W). If 3, and dy
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are nonempty, the preceding still holds, as long as there is a neighborhood of
f(0y) L 0y, disjoint from f(V) n W; this is the case for two discs of complemen-
tary dimension intersecting transversely in a single point in their respective
interiors, in this case the preceding remarks are equivalent to the local inverse
function theorem.

Proposition 7.2. Let A be a compact hyperbolic invariant set for a C" diffeomor-
phism of M, r > 1. Then, for every small positive n there is a positive J, such
that ¥x, y€ A such that d(x, y) < 6, W, (x) n W*(y) = p, where p is a point of
transverse intersection of W, (x) and W,'(y).

Proor. Choose ¢ to be as in the proof of the stable manifold theorem for A.
Then WS(x) n W (x) is a single point x and, in fact, W & W, since T, WS(x) =
Es, T.W (x) = EY and T.M = E5 @ E%. The proposition then follows from
the preceding remarks and the continuity W(x) and WS(x) in the C!
topology. O

Definition 7.3. Let X be a metric space and f a homeomorphism of X to itself.
We say that f is expansive on a subset Y of X, if there is positive ¢ such that
for any pair of distinct points x and y, x in X and yin Y:

supd[ f"(x), f"(y)] > e

When X = Y we simply say f is expansive.

Proposition 7.4. Let A be a closed hyperbolic invariant set for a C" diffeomor-
phism f of M, r > 1; then f is expansive on A.

Proor. With ¢ as in the stable manifold theorem, if we have
sup, d[f*(x), f*(y)] < efor xin M and y in A, then we must have xe W3(y)
and x e W"(y). Thus, xe W2(y) n W,*(y), s0 x = y. ]

Hyperbolic invariant sets are very robust. We will begin by discussing the
linear case, using our old friend the graph transform. First, we will show that
the hyperbolic linear automorphisms of a Banach space form an open set.

Proposition 7.5. Given three real numbers, 1, ¢, and k,0 <t < 1,¢>0, k > 0;
there is positive 6 such that if E is a Banach space, T a hyperbolic automorphism
of E with adapted splitting E = E, @ E,, L a continuous linear automorphism,
and we have

1T <k, IT g, |l <<, ITlg, Il <7, IT—L| <3,
then L is also hyperbolic with respect to a splitting E = F, @ F, and, further,
IL7 gl < T +e, ILlp, Il <7 +e&
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Note that the estimates made below in order to prove the proposition are
taken relative to the box norm on E defined by || g = max[| |g, [ llg,]-

Proor. Let L,(E,, E,) be the space of continuous linear maps of E, to E,
of norm less than or equal to 1. The graph transform I'y:L,(E,, E;) =
L,(E,, E,) associated to L is well defined when |[T — L|| <1 — t,and has a
fixed point ¢ when || T— L|| < (1 — 7)/2. The mapping ¢ then gives rise to the
unstable manifold, graph (o), which is a linear subspace F; of E. We have, by
Lemma 5.5,

I|IL~! <
e < T

and thus if 1/(1/1 — §) < © + ¢, the first condition is satisfied.
In order to find F,, we invert T and L; this requires that |T — L| < 1/k.
Writing L = T — (T — L), we have

T 'L=id - T YT - L)
and since
IT(T—L)|<k|T-LJ<1

the inverse of T7™' L exists and is given by the power series Y 2 [T (T — L)1’
Comparing (T*L)"! with the identity, we see

. e &, . k| T — L| ko
d—(T'L)Y < k|T-L|} = .
lid = (T L)< 3 DRI = LIV = 4 = e S s
Thus
k%o
-1 _ 7 = Ifid — (T-17 )"
T L7 =|0d—(T7'L)y ' < ks

In order to apply the preceding arguments to L™!, it suffices that

i < . and ! <1+
- — T
1—ks = 2 1/t — k26/(1 — ko) &
which we may guarantee by making J small enough. O

Proposition 7.6. Let A be a hyperbolic invariant set for a C" diffeomorphism of
M, r > 1. There exist neighborhoods U of A in M and V of f in Diff'(M) such
that if g belongs to V and if K is a g-invariant set in U, then K is hyperbolic

for g.

Proor. Consider the hyperbolic splitting of TM over A:
TM|, = E* @ E*, I1Dflell <A < 13 IDf gl <A< 1.
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First, we continuously extend the bundles E® and E" over A to bundles E*and
E* over an open neighborhood U, ; then, using the openness of linear isomor-
phisms, we find a neighborhood U, of A, contained in U,, where TM|,, =
Er@ E".

If x is a point in the intersection of U, and f~'(U,) we can write
Df: Es @ E > Ej,, ® EY,, as a block matrix

A, B
G D;
and restricting our attention to a possibly smaller neighborhood U, of A, we

have

0 o 0 0
AI l Z. , Z. ’ . r\y—1 —.
I <245 Bl <5 IGI<z 10D </1+2

Now let U, be a neighborhood of A with compact closure such that U, u f(U,)
is contained in U;. If g is C? close to f, the neighborhood U, will contain g(U,)
and, for x in U,, the linear map D, : ES ® E% - Ej,, @ Ej, has the matrix

Ax BX
¢ D
with

[Acll <A+6 <1 [B«ll < 95 1C:ll < 6; IDSM < A+
AX Bx
C, D,

A, 0
0 D,
are 6 close.

If K is a g invariant set in U,, then its unstable bundle is the fixed point of
a certain graph transform. Let D — K be the bundle whose fiber at x is the
unit ball in the space of linear maps from E® to ES; D, = L, (EY, E3).

Define a fiber preserving map F: D — D by

Flp,=F, = ngx: LI(E:’ Ei) - LI(E;(x)s E;(x))‘

Notice that

and

F is continuous and contracts fibers. The graph transform I'r thus has a unique
fixed point, as in the case of the graph transform in the proof of the C" section
theorem. We leave it to the reader to check that the invariant section for I'g
gives the unstable bundle for g- and to construct the stable bundle by con-
sidering g 1. : 0O
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REMARK. One could demonstrate the existence of a unique fixed point for I'x
differently. Let
A, 0
L=~
6 %)

and define a fiber preserving map G: D — D by G, =T,. Now I[; is a con-
tracting linear operator; I'y, being a small perturbation of I';, thus has the
desired fixed point. Note that L is not the derivative of a mapping, but
nevertheless allows us to show that I'; has a fixed point. We will use this idea
again to prove the stronger Theorem 7.8.

The next proposition is a consequence of the stable manifold theorem, but
we will give a direct proof in order to obtain the estimates we need for the
proof of Theorem 7.8.

Proposition 7.7. Let E be a Banach space, E(r) the closed ball in E about 0 of
radius r. Suppose that E admits a splitting by closed subspaces E = E, @ E,,
and that E has the box norm. Let p; be the projection on E;.

Let T be a linear automorphism which is hyperbolic with respect to the
splitting E; @ E,. Let T, = T|g,. Thus there is a positive constant A < 1 such
that |T, || < Aand |T,| < A.

Let f: E(r) > E be a map close to T with Lip(f — T) < e and || f(0)]| < 6.

If A+ e<1landd <r(l — A — ¢), then f has a unique fixed point p, in E(r).
Moreover,

oyl DR p— Hf 0)]l
and p; depends C° continuously on f.

ProoFr. Define a map f: E(r) » E by
fO) = T Dxy + Tixy — fi(x1, X2)]1 + fo(x15 X2),

where x; = p;(x) and f; = p;o f. The map f has the same fixed points as f;
we will show that f is contracting and f[E(r)] < E(r), so f has a unique
fixed point by the contraction mapping principle. Letting x = (x,, x,) and

Y =(yy, y,) we see
I /(x) = SOl = max{[| T, [(x; — yy) + (Typy — f1) (%)
—(Tipy — SOOI 120 = L0011}
< max{A(1 + &llx — yll, A + & lx -y} = A + &)l x — yll.

Since (1 + €) < 1, f is contracting.
Next we will show that f[E(r)] is contained in E(r). From above, we
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conclude that
1/ < (4 +e)llxll + 1 /O]
Now, since | T77!]| < 1,
I /)l = max[I T/, (O)ll, 12007 < /O]l
Therefore, when x is in E(r)

IFCI < (2 + ) lxll + 1 SO < (A +e)r +6

which is less than r by hypothesis. Since p, is the limit of the sequence £7(0),
we easily see

£ )l
Il <G9S 1=z

I/
&

It only remains to show that p, depends continuously on f, Defining g
analogously to f, we estimate

176 = geoll < 1/(0) — g(x)]| < d(f, 9).
Hence
Iy = poll = 11.(ps) — G(p)Il < 117 (pp) — (PNl + 13(py) — G(p,)]
<d(f.9)+ (A +¢lp;—p,l-

Thus we have

d(f, g)
— < _—
lpy pgll_l_/l_'9 a
Now we will examine the fundamental theorem which allows us to deduce
easily most of the stability theorems in this book.

Theorem 7.8. Let A be hyperbolic invariant set for a C* diffeomorphism of M.
There are numbers o > 0, K > 0, r > 0, a neighborhood U of A in M and
neighborhood V of f in Diff*(M) with the following properties:

For any topological space X, any homeomorphism h of X, and any continuous
map i: X — U, if g belongs to V and d(ih, gi) < a, then there is a continuous map
j: X = M such that jh = gj and d(i, j) < r. (We call such a j a pseudoconjugacy).

In fact, we have the stronger estimate that d(i, j) < Kd(ih, gi). Moreover, for
fixed i and h, j depends C° continuously on g.

We can summarize this by the following diagrams:

X —» U
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commutes up to o and g is close to f. =3, d(i, j) < r such that

X—j—>M

commutes.

Proor. Our strategy for the proof will be to show that
G: C°(X, M) - C%X, M),
G: k—gkh™!

has a unique fixed point in a neighborhood of i. We will do this by showing
that G is a Lipschitz perturbation of a hyperbolic operator constructed from
/. and then apply Proposition 7.7.

Step 0: Linearizing C°(X, M). Suppose we are given a Riemannian metric on
M. There is an ¢ > 0 such that the exponential map exp,: TM - M is a
difffomorphism on the ball of radius ¢'. We will identify the tangent space of
T.M with T_M itself, since it is a linear space. Thus, the derivative of exp, at
yin T.M, (D exp,)(y) maps T, M to T, (,M and (D exp,)(0) is the identity
map of T,M. Choose ¢ with 0 < ¢ < ¢'. The ball B,(i) = {k: X —» M|d(i, k) <
¢} = C°(X, M) can be identified with a neighborhood I'2(X, i*TM) of the zero
section of the bundle i*TM by a homeomorphism ® defined by ®(k)(x) =
exPi [k(x)]. Note that @ sends i to the zero section.

We will assume that the given metric is adapted to (A, f), uniformly on A,
that is,

A<
such that

VxeA,  IDflel <4
and

IDf gl < .

Extend the splitting T\M = E*@® E" to a compact neighborhood W of A,
TwM = E5@® E". If z and x are two points in M with d(f(x), z) < ¢, define a
map F, .: T,M — T,M by F, , = D(exp; '), Df. If the points z and x belong
to W, the splitting E* @ E" allows us to write F, _ as the block matrix

Az.x Bz,x

C.x D,.
Az,xGL(E;a Ei)’ Bz.xeL(E;'n E;)’ .
C,.€L(Es, EY), and D, .eL(EY EY).

where
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Let F, , be the map with the diagonal block matrix

A, . 0
0 D,.)

In this setting we prove two preliminary lemmas before attacking the proof
of Theorem 7.8. O

Lemma 7.9. For all n > 0 we find a neighborhood U(n) of A and a constant
6 > 0 such that

Vxe U(n), Vz suchthat d(f(x), z) <,

IFes— Foxll <n IF gl <4, and [F il <2

Z,X

Proor. If x belongs to Aand z = f(x)wehave F, , = F, . = Df,. For arbitrary
x and z the result follows from the continuous dependence of F, , and F, , on
z and x. O

Lemma 7.10. For all ' and 6, ' > 0,0 < 6 < ¢. thereisr =r(d, ') > 0and a
C! neighborhood V = V(8, n') of f such that if d(z, f(y)) < 6 and g belongs to
V, then we have

9(B,(y)) = exp.(B.(0)), (1

Lip[(Fz,y - esz_l ogo expy)lB,.(O)] < '7/' (2)

Proor. First choose a small r; =r,(5) so that if d(z, f(y)) <6 we have

exp.(B,(0)) = f(B, (y)), which is possible since é < ¢ and f is uniformly con-
tinuous. Condition (1) then holds for g sufficiently C° close to f.

The map exp; ' f exp, is defined on the ball B, (0); if exp; " is also defined
in a neighborhood of a point v within this ball, we have

D(Fz,y - expz_l g expy)v
= D[(D exp;');(,Df, — exp; ' g exp, ],
= (D esz_l )j(y)Df;: - D(expz—1 )g(expy(v))Dgexpy(v)D(expy)v'

This last expression is defined and equal to 0 if g = f and v = 0. Since the
derivative above is a continuous function of v in T.M and g in Diff!(M), we
are done, by continuity. OdJ

We now continue with our proof of the theorem.

Step 1. We will construct a hyperbolic linear operator F on I'(X, i*TM) which
depends only on f, i, and h. We define F by the formula
F(0)(x) = Fix)in-1090(h 7 (%)), where cel(X,i*TM).

Since F, , is only defined where x and z are in a small neighborhood of A and
the distance from f(x) to z is small, the operator F is well defined only when
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i(x) is contained in a small neighborhood of A and d(i, fih ") is small. Notice
that, by construction, F preserves the splitting I'(X, i*TM) = I'(X, *EY®
(X, i*E).

In particular, assuming the neighborhood of A and the distance d(i, fih™")
are perhaps even smaller, Lemma 7.9 shows that F is hyperbolic, that is,

IFlrx, gl <A <1,
“F_1|l‘(x,i*l§")” <i<l

Lemma 7.9 also allows us to associate to each n > 0 a neighborhood U(n) of
A and a number 6(n) such that

d@i, fih ') < dé(n) and i(X) < U(y)
imply

Sup || Figxy, in-1e) — Figzy,in-rim | <1
xeX

Step 2: Defining G and G. Consider the map G: C°(X, M) - C°(X, M),G: k—
gkh~*. From the triangle inequality
d(gkh™, i) < d(gkh™, gih™*) + d(gih ™™, i)

we see that there are constants a; > 0, r; > 0, and a C° neighborhood ¥, of
f (independent of X, i and k) such that if g belongs to V; and d(gi, ih) < a,,
then the image G(B,,(i)) is contained in B,(i).

Thus, when these two conditions hold we can define the map G =
OGO T, (X, i*TM) - I'(X, i*TM). Recall that @ is the following chart on
a neighborhood of i in C°(X, M)

®: B,(i) > I',(X, i*TM),
D(k)(x) = exp;mk(x).
G is given explicitly as

G(o)(x) = [expi?;)]g(expi(h“(x))a(h “1(x))).
Step 3: G is Lipschitz close to F. Using the norm on I'(X, i*TM) induced by

the Riemannian metric of M, we can calculate the Lipschitz distance from G
to F on the ball B(r').

Lip[(G — Flge] < su}; I E(x),ih“(x) — Fi,in 1l

+ su}; Lip [Fix),in-1(x) — €XPix’ 9 €XPin-1(x)|8,. (00109 J-
Now, from Step 1, given # we can find a constant §(#7) and a neighborhood
U(n) such that if i(x) is contained in U(n) and d(i, fin ') < 8(y), then

sup ”Fi(x),ih-l(x) = Fiy, il <1
xeX
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We can also find a constant a,(1) and a C° neighborhood V,(#) of f such that
if d(gi, ih) < a,(n) and g belongs to V,(n), then d(i, fih™') < &(n).

Now, given ' > 0, Lemma 7.10 allows us to find a constant r(y’, (7)) and
a neighborhood V;(n', (1)) of f such that if g belongs to Vs(n', 6(n)) and
d(i, fih™') < 6(n)) (which will be the case if g also belongs to V,(n) and we have
d(gi, ih) < a,(n) and r' < r(y’, 6(n))), then

. —1 !’
su;; Lip[Fix),in-1(x) — €XPitx) 9 expih"‘(x)IB,r(OM-'l(x,)] <n.
X€

Summarizing, if a, V, and U satisfy
o < inf(ay, o, (n)),
r' < r(n', o(n),
Ve VinVy(m)a Vi, 6m),
Uc U,

then, whenever d(gi, ih) < a, g belongs to V, and i(x) is contained in U, we have

Lip[(G — )l ] <1 + 1,

IG(O)ll = d(gih™", i) <
IFlremgyll <A< 1 and [[F7lpg sl <4 < L.

Step 4: The fixed point of G. We wish to apply Propositi0n~7.7‘ In ordeg~ to
do so we must use the box norm on I'(x, i*TM) = I'(x, i*E®) @ I'(x, i*E").
There is a constant ¢, which only depends on the extensions of E® and E" to

the neighborhood W of A, which allows us to see the equivalence of || |y«
and ” ”riem on E¥ @ E*:

I/C“ ”box < “ ”riem < C” ”box;

and similarly for the associated norms on I'(X,i*TM) = I'(X,i*E*)®
(X, i*E).
We can thus rewrite the estimates of Step 3:

Lippo [(G — F)lpey] < c*(n + 1) and  |G(0)]lpox < ca.

If r” is less than r'/c, the box E,(r"”) x E,(r") is contained in the Riemannian
ball B(r'), and we have

LiPoox [(G — F)lg, ¢y x £,6] < LiPoox [(G — F)lpey] < c2(n + 17').
In order to apply Proposition 7.7, we must have
(*) A+cm+n)<1
and

(%) ca <r"[1 —21—c%n+14)]
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Therefore, we first choose 7 and #’ satisfying (x). Then, we find the neighbor-
hoods U of A and V of f, constants r’ and r” < r'/c, as above; finally we choose
o < Inf(a,, o, (7)) small enough so that (**) holds.

Proposition 7.7 then gives the existence of a pseudoconjugacy j of g and h
(gj = jh) satisfying || ®(j)|lpx < r". More precisely, we have the estimate

1D(f)lpox < [1 =24 = + 1)1 G0l ox-

Taking r < r"/c, we see the inequality d(i, k) < r implies ||®(k)||,ox < r”. Thus,
if j is a solution of the pseudoconjugacy equation, satisfying d(i, j) < r, then i*
is the only such solution. On the other hand, since

d(i, j) < [ /(1 — A — c2(n + n'))1d(gi, ih),

when « is small enough, the solution j does, in fact, satisfy d(i, j) < r.
Furthermore, if i and h are fixed, j depends continuously on G, which, in
turn, depends continuously on g, since

G1 — Gy llpox < ¢llGy = Gy llsiem < cst. d(Gy, G,) < cst. d(gy, 92)- O

FInaL REMARKS. In case the reader has difficulty seeing the forest for the trees
above, we sketch a more comprehensible heuristic proof.
Consider the map

G: %X, i*TM) - I'°(X, i*TM),
where
G(0)(x) = (exPin)g(€XPip-1h ™ (X))-
This has as its derivative at the zero section
G : T°X, i*TM) - T°(X, i*TM),
where

G'(0)(x) = nD(eXPix)gin-1(x) Dy, -1, 0h ().

ih™ (x)

When g is close to f, we see, as in Lemma 7.10, that G’ is close to F and thus
G' is hyperbolic. If G(0) is near 0, then, in a neighborhood of 0, G is a Lipschitz
perturbation of its derivative at 0. In this case, G has a fixed point near 0.
However, the norm of G(0) is bounded as follows:

IGO) = d(G(0), i) = d(gih™, i) = d(gi, ih).

We conclude the chapter with the linearization theorem of Hartman and
Grobman, which says that, near a hyperbolic fixed point, a difffomorphism
is conjugate to its linear part.

When E is a Banach space, we denote by C2(E, E) the space of bounded,
continuous functions from E to itself. C2(E, E) is a Banach space with the sup
norm.
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Theorem 7.11. Let L: E — E by a hyperbolic operator; a small Lipschitz pertur-
bation of L is topologically conjugate to L. More precisely, given a hyperbolic
operator L, there is an & > 0 such that for any ® € C2(E, E) of Lipschitz norm
less than or equal to &, there is a homeomorphism H conjugating L + ® and
L:L+®=HLH™

Proor. Suppose that E is split as E = E* @ E® and E has the box norm relative
to this splitting. Since L is hyperbolic, there is a 4,0 < A < 1, such that
IL7 gl <4 and LIl <A

The homeomorphism H, if it exists must satisfy (L + ®)H = HL.

We will prove an apparently stronger result: there is an ¢ > 0 such that if
two maps ®, @ € C{(E, E) are Lipschitz and ¢ small in the Lipschitz metric
(Lip @ < ¢and Lip @' < ¢), then there is a unique map g in C{(E, E) for which

(%%%) (L + ®)(id + g) = (id + g)(L + D').

Exchanging ® and @' and using the uniqueness of g we can easily see that
id + g is a homeomorphism.

Note that if ¢ < ||[L™*| 7!, the implicit function theorem guarantees that
L + ® and L + @' are homeomorphisms.

The equation (x*x) is equivalent, then, to

(L+®)d+g)(L+®)!=id +g,
or, expanding
Lg(L+®) '+ ®dg(L+®) '+ (L+PL+D)—id=yg.
We define a map
L3%: C)(E, E) > C)(E, E)
by
L3(9)=Lg(L + @)
and another map
®*: C)(E, E) > C(E, E)
by
®*(g) = Og(L + @')7*.

Setting k = (L + ®)(L + ®')~! — id, we see that to find g we must find a fixed
point of the map g+— Lg.g + ®*g + k. We will find the fixed point by applying
Proposition 7.7.

First we must check the hypotheses:

First, the function k belongs to CJ(E, E). In fact, setting (L + @)™ =
L™ +w,wehave (L™ + w)(L + ®)=id,sow= —L'®(L + ®) land w
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belongs to CP(E, E); however, we also have
k=(L+®(L''+w—id=Lw+ &L + w)eCE, E).

Thus the map g— L% g + ®*g + k sends CJ (E, E) into itself.

Next, the map L%, is hyperbolic. The restriction of L% to C2(E, E*) is an
expansion and the restriction to CY(E, E®) is a contraction. The reader can
easily check that

ILE  leoe.eml <A <1 and |ILElcog el <4 < 1.

Thirdly, the map ®* is Lipschitz and satisfies Lip ®* < Lip ®. We have,
in fact, the estimate
[®*g — ®*h| = sup |Pg(L + ®')"'x — Oh(L + @) x|

xeE

< Lip ®sup [|g(L + &) "'x — h(L + &) x|

xeE
= Lip ®llg — h.

The remaining hypotheses of Proposition 7.7 are automatically satisfied, since
r = +oo here. Therefore, there is an ¢ > 0, depending only on 4, such that if
Lip ® < ¢, Ly + ©* + k has a unique fixed point.

We have shown, then, that if ® and @' are Lipschitz small enough, then
there is a unique map g in CY(E, E) such that

(L + D)(id + g)=(@d + g)(L + D). o
Note that a Lipschitz map ®: E(r) > E can always be extended to a
Lipschitz map ®: E — E with Lip & < 2 Lip ® as follows:
bx)=d(x) if x| <r

@m=¢olﬁ it x| >
Il
From this we can deduce the following corollary.

Corollary 7.12. Let L be a hyperbolic automorphism of E. There is an ¢ > 0 such
that if f: E(r) —> E satisfies Lip(f — L) < € and f(0) = O, then there is a local
homeomorphism h on a neighborhood of 0 such that h(0) = 0 and hf = Lh near
0. |

Since a smooth map is a small Lipschitz perturbation of its derivative at a
fixed point we also have:

Theorem 7.13 (Grobman-Hartman). If p is a hyperbolic fixed point of a C!
diffeomorphism f of M, then f is topologically conjugate to its derivative in a
neighborhood of p. O
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Exercise 7.1. Let A be a closed, hyperbolic invariant set for fe Diff*(M), k > 1.
Show directly from Theorem 7.8 that f is expansive on A. More precisely, show that
the constant r given by the theorem is a constant of expansivity for A.

Exercise 7.2. If p is a hyperbolic periodic point of fe Diff'(M), and g € Diff'(M) is
sufficiently C! close to f, then g has a periodic point near p. (Hint: apply Proposition
7.7). From this deduce a quick proof of Theorem 7.8, in the case where A is finite.

Exercise 7.3. Prove in detail, that the solenoid, as in Chapter 4, is a closed hyperbolic
set.

Exercise 7.4. If p is a fixed point for f: M — M and Df(p) has a three-way splitting at
p, ES® E° @ E" as in Theorem II1.7, prove that there are neighborhoods U of pin M
and Vof pin E* x W (p) x E*, and a homeomorphism h: V — U such that

Jh=h(Df|E* x fIW.(p) x DfIE").

That is, the hyperbolic part of f can always be linearized. The proof of this proposition
is not as easy as the usual exercise. Understanding the geometric version of the
Grobman Hartman theorem in the commentaries would be helpful.

Commentary

Expansivity played a role in Smale’s proof of the Q-Stability Theorem. He
asked me if I could establish it, and I made the calculation for him (see [1.16]).
The stable manifold theory was not well understood in those days. The proof
I give here is that of Bowen [1.2].

Definition 7.3 comes from [4.2]. Theorem 7.8 is due to Anosov. Ralph
Abraham showed Anosov Mather’s proof of Anosov’s stability theorem
during the summer of 1967 and Anosov gave a new proof close to that of
Mather. Abraham sent a copy of this to Smale, who showed it to me. We will
reap its benefits in the following chapters. Proposition 7.7 is a particular case
of the implicit function theorem. The proof we give furnishes the estimates we
need for Theorem 7.8.

The version we give of the Grobman-Hartman Theorem [7.1], our
Theorem 7.13, is from [7.3] and [7.4]. I will now sketch a geometric proof of
the Grobman-Hartman Theorem in finite dimensions inspired by [2.3]. We
will extend the stable and unstable manifolds to a neighborhood of the
hyperbolic set (cf. the commentaries on Chapter 5).

Suppose, first, that we are given two discs D, and D, of dimension k and
two diffeomorphisms f: D, — int D, and g: D, — int D, which are contrac-
tions and have the same orientation (Figure C7.1). The shaded regions are
annuli, that is they are diffeomorphic to S¥~! x I (this is a standard result in
differential geometry [7.2]).

If we wish to construct a homeomorphism h: D, — D, satisfying hf = gh,
we can begin as follows. Suppose first that the restriction h: 0D, — 0D, is any
well-defined orientation preserving diffeomorphism. The restriction of h to
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Figure C7.1.

f(0D,) is then defined, since we must have h(y) = ghf ~'(y) if h is to conjugate
fandg.

Now there is no obstruction to extending h to a difftfomorphism which
sends the annulus A; bounded by dD, and f(0D,) onto the annulus B,
bounded by éD, and ¢g(dD,). In fact, the only obstruction can come from the
orientation of the restrictions of f and g to 6D, and dD,.

Set fi"1(A,) = A, and ¢g'"*(B,) = B, as shown in Figure C7.2. Since the
diffeomorphism h: A, — B, has been defined on the first annulus A4, it is also
defined on subsequent annuli by h(y) = g'hf ~i(y), since h must conjugate f
and g. Finally, if p is the unique fixed point of f and q of g, then we set h(p) = q.
It is not very hard now to check that h is a homeomorphism.

Now suppose that we are given two hyperbolic fixed points p, for f; and
p, for f, satisfying dim W*(p,) = dim W*(p,)and dim W¥(p,) = dim W"(p,).
Suppose further that the orientations of the restriction of f; to W*(p,) and
W*®(p,), and of f, to W*(p,) and W"(p,) coincide. Then there will be a
homeomorphism h defined on a neighborhood of p, satisfying hf, = f,h. The
dimensions of the stable and unstable manifolds for f and the orientations of
the restrictions of f to each of these manifolds thus forms a complete system
of invariants for a hyperbolic fixed point.

Here is the idea of the proof one will find in [2.3]. The figures depict the
case when the dimension of M is two. We are going to try to represent f; in
aneighborhood of p, asa “product” f,|w: (,,, X filwi.(,) @nd f3 in a neighbor-
hood of p; as falw;,.on X f2lwiey-

The reasoning that we have given shows that the restriction filwi., an.d
falws (. are conjugate, as are the restrictions fi lws,. o, 30d f2lwy.p2) SINCE this

Figure C7.2.
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Figure C7.6.

is certainly the case for their inverses. The “product” of these conjugacies will
be the sought for conjugacy of f; and f,.

Wis.(p,) and W3 (p,) intersect transversally in p,. The local figure is as
shown in Figure C7.3. The situation is the same in a neighborhood of p,.

We choose a disc Dy, with p, e D, =« W5.(p,) and a disc D,, with p,eD, =
W.(p,), such that f(D,) < int D,, f~*(D,) < int D, (Figure C7.4). Along D,
we erect a barrier (a family of vertical discs parallel to D,) as illustrated in
Figure C7.5. We take their images under f and trim them to the dimensions
of the original barrier, then fill in the ring between them (a union of two
rectangles in dimension 2) with verticals (Figure C7.6). Now take the succes-
sive images of these verticals and trim them. Adding in the disc D,, also
conveniently trimmed, we have filled a neighborhood of p by disjoint discs
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Figure C7.7.

il

Figure C7.8.

parametrized by D,. This defines the “x coordinate” (Figure C7.7). We also

define the “y coordinate” similarly, using ;! (Figure C7.8). This process is

the geometric content of numerous linearization and stability arguments.
The method for finding the fixed point in Proposition 7.7 comes from [4.2].
Exercise 7.4 may be derived from [7.5] and in fact it comes from there.
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CHAPTER &8
Stability

Definition 8.1. Let X and Y be two topological spaces and f: X - X and
g: Y - Y two continuous maps. A continuous, surjective map h: X — Y is said
to be a semiconjugacy if hf = gh, that is if the following diagram commutes:

X—f>X

l l.,
) G

If, moreover, h is a homeomorphism of X onto Y, then h is called a topological
conjugacy, and f and g are said to be topologically conjugate.

Note that hf = gh implies hf" = g"h. In fact, hf > = (hf)f = g(hf) = g*h,
etc. The image of an f orbit by a semiconjugacy is thus a g orbit, while a
topological conjugacy sends f orbits to g orbits and preserves their topological
properties.

The conjugacy h may be interpreted as a continuous change of variables
which identifies f and g. One easily sees that topological conjugacy is an
equivalence relation.

Definition 8.2. Let E be an equivalence relation on Diff"(M). A map g in
Diff"(M) is said to be E-stable if the equivalence class of g contains g in its
interior. In this case there is a neighborhood U of g in Diff"(M) such that all
the maps h in U are E-equivalent to g.

The notion of stability associated to topological conjugacy is called
structural stability.
We can define four notions of stability corresponding to the four invariant
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sets which we defind in Chapter 1:
Per(f) = L(f) = Q(f) = R(f).

We say that f and g are Per-equivalent if the restrictions of f and g to
Per(f) and Per(g) are topologically conjugate; and similarly for L-, Q-, and
R-equivalence.

A map stable with respect to Per-, L-, Q-, or R-equivalence is said to be
Per-, L-, Q-, or R-stable. We have, corresponding, to the inclusions above, the

implications
structural stability = R-stability = Q-stability
= L-stability = Per-stability.

It is known that R-stability does not imply structural stability in general.

Let f be a C" diffeomorphism of M. Let N,(f) be the number of fixed points
of f". Two homeomorphisms f and g are said to be {-equivalent if, for all
strictly positive n, N,(f) = N,(g). Clearly Per-stability, implies {-stability; it is
not known however if the converse holds, nor if {-stability implies L-, Q-, or
R-stability.

We will now study the case when M (resp. R(f), Q(f), L(f), or Per(f)) is
a hyperbolicinvariant set for f. We begin by proving the following very general
theorem:

Theorem 8.3. Let A be a closed hyperbolic invariant set for a C* diffeomorphism
of M, k >1. There is a neighborhood U, of f in Diff“(M) and a continuous
Sfunction ®: U — C°(A, M) such that:

(1) ®©(f) is in the inclusion, inc,, of A in M.

(2) @(9)(A) is a hyperbolic invariant set for g, for any g in U;.

(3) ®(g) is a homeomorphism of A onto ®(g)(A) and topologically conjugates
the restriction of f to A to the restriction of g to ®(g)(A). In other words,
the following diagram of homeomorphisms commutes:

A 225 o(g)(A)
S l lg
A 225 a(g)(A)
(4) There is a constant K such that dco(®(g), inc,) < Kdco(g, f).

Proor. Take neighborhoods U of A and V of f and constants «, r, and K as
in Theorem 7.8. If g satisfies d(f, g) < a, the following diagram commutes to «:

A incp U

1|

A 2 ML
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Thus the two conditions g € V, d(f, 9) < « guarantee the existence of a unique
map ®(g): A — M satisfying d(inca, ©(g)) < r and g®(g) = ®(g)f.
Furthermore, we know that ®(g) depends continuously on g and satisfies

d(inc,, ®(9)) < Kd(f, g).
Since ®(f) and inc, both make the following diagram commute:

A— U

1
A ——b M,

we see that ®(f) = inc,.

Theorem 7.6 implies that for g sufficiently close to f, the set ®(g)(A) is
hyperbolic.

It remains to show that ®(g) is injective. It is possible to do this using the
expansivity of f on A, but we will use another method which appeals to
Theorem 7.8.

Suppose that g is sufficiently close to f that the set A, = ®(g)(A) is con-
tained in U. Since

Ag—LU

yl lf

A, <M
commutes up to d(f, g), there is a map j such that jg = fj and d(id|, , j) <
Kd(f, g). We also see that

d(inc,, j®(9)) < 2Kd(f, g),
Li®(@]of = fo[j®(g)].

If g is close enough to f that 2Kd(f, g) < r, then we have inc, = j®(g) so ®(g)
must be injective. O

Corollary 8.4. C* Anosov diffeomorphisms, k > 1, are structurally stable and
form an open subset of Diff*(M).

Proor. The hypothesis of the preceding theorem hold with A = M. It remains,
then, only to show that ®(g) is surjective. There is one proof using singular
homology (see exercises) but we will give another.

We retain the notations of the preceding theorem. We begin by remarking
that if g is C! close to f and the following diagram commutes up to a:

M —> M
9 1 l 9
M — M,
then the unicity in Theorem 7.8 implies that K = id.
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Since the diagram

id
— M

M
||
M id M
commutes up to d(f, g), there is a map j: M — M satisfying: jg = fj and
d(id, j) < Kd(f, g). One easily sees that d(id, j) < 2Kd(f, g) and go [®(g)j] =
[®(g)j] g, which, when 2Kd(f, g) < r, implies that ®(g)j = id and thus that

®(g) is surjective.
Finally, Theorem 7.6 shows that the Anosov diffeomorphisms are open.

a

Proposition 8.5. Let A be a closed, hyperbolic invariant set for a map fe
Diff“(M), k > 1. One can choose a neighborhood U of A and constants a > 0,
K > 0, such that if {x = x¢, Xy,...,X, = X} is an oy -pseudo-orbit of f contained
in U witha; < a, then there is a periodic orbit of period n, Ko, -close to the given
pseudo-orbit:

3x’ suchthat f"(x')=x" and d(f(x'), x;) < Kay, i=0,...,n—1

Proor. Take U, K, and « as in Theorem 7.8. Let X = {x,, X;,...,X,_, }. Leth
be the bijection h: X — X given by h(x;) = ;11,0 <i<n— 2, h(x,_,) = x,.
If i is the inclusion of X into U, the following diagram commutes up to a,:

X L, vu

1
X——i—-—bM.

Thus there is a map j: X —» M such that fj = jh and d(j, i) < Ka. Therefore,
for all positive integers k, f*j = jh*, in particular f*j(xo) = jh*(xo) = jx,, 0 <
k <n— 1,and f"j(xe) = jh"(x,) = j(x,). The proposition then follows, letting
x" = j(xo)- a

Proposition 8.6. If R(f) is hyperbolic, then R(f) = Per(f).

Proor. Take o and K as in Proposition 8.5. We have shown in Proposition
3.6 that R(f|r(s)) = R(f). Every point x of R(f) is thus o, -pseudoperiodic for
all o, less than a, the pseudo-orbit being contained in R(f).

Proposition 8.5 thus gives us, for every a, < «, a periodic point x’ with
d(x’, x) < Koy, so x must belong to Per(f). (]

Proposition 8.7. If L(f) (resp. L. (f), L_(f)) is hyperbolic we have Per(f) =
L(f) (resp. Per(f) = L, (f), L_(f)).
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ProoF. We will restrict ourselves to-the case of L, (f), the other cases being
similar.

First notice that, as in the proof of Proposition 1.4, if V' is a neighborhood
of L, (f)and y and point of M, we have

dng >0 such that Vn > n,, f"yeV.

Choose a neighborhood U of L, (f) and constants « and K as in Proposition
8.5. Let x be a point of L,(f) and y a point of M with xew(y). Now let
0 < a; < «a; the above shows that there are positive integers n and k such that

d(f" ), x) <oy /2, d(f"HY), X) < 0y /2,
el for 0<j<k,
("0 S /"1y, f"(v)} is an a,-pseudo-orbit contained in U.

Proposition 8.5 then implies that there is a periodic point x’ such that
d(f"(y), x') < Ka,. We also have d(x’, x) < (K + })a,. Since «,; was arbi-
trary, x belongs to Per(f), and we are done. O

The analogous result for Q(f) is false, cf. the commentaries. However, we
can prove the following, just as we did Proposition 8.6.

Proposition 8.8. If Q(f) is hyperbolic, then Per(f) = R(flay)-

Recall that in general Q(f o)) # Q(f), R(flay)) # Q(f). To avoid this
difficulty, we make the following definition:

Definition 8.9. A map f in Diff"(M), r > 1 satisfies axiom A if:
(a) Q(f)is hyperbolic, and
(b) Q(f) = Per(f).

Let A be a closed hyperbolic invariant set for f; we know that for &
sufficiently small, there is a 6 > 0 such that

X, yEA, d(x, y) <6 = W5(x)n W'(y) is a single point.

Furthermore, this intersection is transverse. We denote this point by [x, y1. 5
suppressing the ¢ and § when there is no ambiguity. The bracket map
[-,-]: Us(A,) = M is continuous, where U;(A,) is the neighborhood of the
diagonal in A x A defined by Us(A,) = {(x, y)|x, ye Ad(x, y) < &}.

Definition 8.10. A closed hyperbolic invariant set has a local product structure
if, for small ¢ and 6, [x, y] belongs to A whenever d(x, y) < §.

Proposition 8.11. If Per(f) is hyperbolic, then Per(f) has a local product
structure.
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Figure 8.1.

Proor. Take U, «, and K as in Proposition 8.5. Chose an ¢ > 0 small enough
so that for all x in Per(f) we have W*(x) u W.*(x) = U. As before, we associate
to ¢ a small positive 6. We wish to show the implication

d(x,y) < 9; x,yeA = [x,yleA.

Since [ -, -] is continuous, we need only consider the case when x and y are
periodic.

Letw = [x, y]and z = [y, x] (Figure 8.1). We will show that, forall a; > 0,
w is a;-pseudoperiodic and that the pseudo-orbit is contained in U. Proposi-
tion 8.5 will then show that w belongs to Per(f).
Suppose that x has periodic n, and y period m. We then have

Vi20, fiweW:(fi(x))cU and lim f(w)=x,

k—=+wo

Vi=0, fleW(f(»)=U and lim f*(z)=y,

k—+o0

Vi<0,  fiweW(f{())) cU and lim f*"(w)=x,

k——o0

Vi<0, fieW'(fix))c U and lim f*(z)=y.

k——o
Choose positive integers k,, k,, k3, and k, such that
d(f*"w), x) < /2, d(f T2, x) < ,/2,
d(f*™(z), y) < a;/2, and d(f7*"(w),y) < a,/2.
One can easily check, then, that the sequence
{w, fW), ..., ™7 w), fT™2(2), ., 7@, 2, f (@), o, S 7(2),
fmew), o, ST W), wh

is an a;-pseudo-orbit contained in U. O

Definition 8.12. Let X be a compact metric space. A homeomorphism
f: X — X is topologically transitive if, for every pair of nonempty open sets U
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and V, there is an integer n such that f*(U) n V is nonempty. We say that f
is topologically mixing if for any pair of nonempty open sets U and V, there is
an integer N such that

Va>N, f"U)nV # Q.

One can also show that f: X — X is topologically transitive if and only if there
is a point z in X whose orbit is dense (see the exercises).

Theorem 8.13 (Spectral Decomposition Theorem). Let f belong to Diff"(M),
r > 1. Suppose that Per(f) is hyperbollc There is a decomposition of Per(f)
into disjoint closed sets, Per(f) = P, u--- U P, such that:

(a) Each P, is f invariant and f restricted to P, is topologically transitive.

(b) There is a decomposition of each P; into disjoint closed sets E =
X,:0 U X, ; such that f(x;;) = Xji for 1 <j<m—1, f(X,
X, ;, and the map f": X, ; = X; ; is topologically mixing for all j, 1 < j < n;.

ProoF. Let p be a point of Per(f) and ¢ a small positive constant. Set X, =
W*(p) ~ Per(f) and B,(X,) = {y€ Per(f)|d(y, X,) < 6}

First we will show that each X, is both open and closed in Per(f). Let
o be the constant in the definition of the local product structure for Per(f)
and y a point of Bs(X,) n Per(f). Suppose the period of y is k. Let x be a
point of W¥(p) n Per(f) with d(x, y) < 9; clearly, we have W"(p) = W*(x). Set
z = [y, x]; by Proposition 8.11, z is in Per(f); by its definition z belongs
to W*(y) so f™(z) tends to y as n tends to infinity. On the other hand, since
z belongs to WY(x) = W¥(p), if the period of p is I, f™(z) belongs to
W'(p) n Per(f), so y must belong to W*(p) n Per(f), thatis yisin X,.

Since the periodic points are dense in B,(X,) and B,(X,) is open in Per(f)
we see B;(X,) = X,. Each X, is thus both open and closed in Per(f).

Next, we show that if p and q are points of Per( f ), X, and X, are either
identical or disjoint. Suppose g belongs to X,. Set W“(CI) W“(q ) A Per(f).

Since X, is open in Per(f), when y is small enough X, contains W*; thus
we have

X,= U /™MW @) = X,
n=0

where p has period /, and g has period m.

Since X, is an open neighborhood of g in Per( Per(f), it contains a point
y of W¥(p) N Per(f), therefore we have p = llmn_,_wf'""'(y)qu X,. The
previous argument then shows that X, = X

Now let p and g be arbitrary points of Per(f). If X, n X, is not empty, it
must be open so we can find a periodic point ¢’ in the intersection. As before,
then X, = X, = X,.

Since Per(f) is compact there can only be a finite number of distinct X,’s;
and since Xy = f(X,), they are permuted by f.
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Let Py, ..., P, be the distinct f orbits of these sets
Pi=X 00X,

Ps = Xl.su'”Uan,s‘

To finish, we need only show that when f¥(X,) = X,, f¥ mixes X > since
S X; ;= X, being mixing implies f restricted to P, is transitive.

If U and V are arbitrary open subsets of X, we need to find a positive
integer T such thatforallt > T, f*¥(V) n U is not empty. Let p, be a periodic
point in V. We have X,, = X, so we can find a point z in W*(p,) n Per(f)
such that z belongs to U. Suppose p, has periodic k under f~, f*¥(p,) = p,.
Again, for each i, 0 <i <k — 1, we can find a point z; in U belonging to
W (f™(p,)). The sequence f™(z,) tends to f*¥(p,) as ¢ tends to infinity, so
we can find integers T, 0 < i < k — 1, such that

Vi= T,  fT™(z)efNV)
in other words,
Vex T,  fTMTN@E)eV.

Set T = max{T;}; when ¢ is greater than kT, set t = ks + i, with 0 <i <k
Since s will then be greater than T;, f*¥(z,) = f ~**~*(z;) will belong to V.
Therefore,

Ve> kT, [ NU)NV # D,
in other words,
Vt > kT, UnfN¥V)#J,

and we are done. a

REMARK. The sets P; and X;; are unique up to indexing. Since each P, has a
dense orbit, it cannot be written as a disjoint union of a finite number of
nontrivial closed in invariant sets. This implies the unicity of the P;’s, since if
Q:, ..., O, were another decomposition of Per(f) by disjoint and closed
invariant sets, upon which f is transitive, @, " P, ..., Q,n P, would be a
decomposition of P, into disjoint closed invariant sets, and all but one of these
would necessarily be empty so P; = Q;. Exchanging the roles of the P’s and
Q’s we see Q;  P,. The unicity of the X’s follows similarly.

Theorem 8.13 suggests the following definition.

Definition 8.14. Let X be a compact seperable metric space, f a continuous
map of X to itself, and Y a closed invariant subset. The decomposition
Y = P, u--- UP, is said to be a spectral decomposition of Y if:

(a) The P;’s are pairwise disjoint closed invariant sets and the restriction of f
to each P, is a topologically transitive homeomorphism.
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(b) Each P, is decomposed as a disjoint union of closed subsets P, = X; ;U
U X, ;» cyclically permuted by f such that f™ restricted to X;; is
topologically mixing.

The following theorem is now clear, the hyperbolic set in question in each
case being equal to Per(f).

Theorem 8.15. Let f be a C" diffeomorphism, r > 1, of the manifold M.
@) If L(f) (resp. L, (f), L-(f)) is hyperbolic, then L(f) (resp. L.(f), L-([))

has a spectral decomposition.
(b) If f satisfies Axiom A, then Q(f) has a spectral decomposition.
(€) If R(f)is hyperbolic, then R(f) has a spectral decomposition. O

Suppose L(f) = Per(f) has a spectral decomposition P, U ‘- U P,; we say
that it has no cycles if the P;’s have no cycles (cf. Chapter 2).

Definition 8.16. Let f be a continuous map of a compact metric space to itself
and suppose that Y is a closed invariant set containing L(f) which admits the
spectral decomposition Y = P, u - UP,. We say that it has no cycles if the
P;s have no cycles.

RemaRrk. If R(f) is hyperbolic and has a spectral decomposition, it has no
cycles since R(f) has a sequence of filtrations and even a filtration (cf. Theorem
3.4 and Exercise 8.6).

In every case of our spectral decomposition theorems, if there are no cycles,
we have a filtration M such that K(M) = Per(f). We will show that with this
hypothesis, f is L-, Q-, or R-stable as the case may be.

Our starting point will be some observations about closed hyperbolic sets
with local product structure. A priori, these hold in slightly more generality
than setting of spectral decomposition theorem since it is not clear that the
periodic points are always dense in such a set. Even the case of an Anosov
diffeomorphism where all of M has local product structure is open. The
strongest result our methods give is the following corollary of 8.6.

Proposition 8.17 (Anosov’s Closing Lemma). For an Anosov diffeomorphism

Per(f) = R(f). a

Suppose that A is a closed hyperbolic invariant set for f. Since an
a,-pseudo-orbit x = {x,} can be thought of as a function i from Z to M
with i(n) = x,, Theorem 7.8 gives a neighborhood U of A and numbers K
and o such that if a; < a and x is contained in U, then we can find a map
j: Z - M such that d(i, j) < Ko, and j(n + 1) = f(j(n)), in other words, letting
y» = j(n), we have found an orbit y, = f(y,) satisfying d(y,, X,) < Ka,, for all
n. With this in mind we make the following definition.
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Definition 8.18. Let f be a map of the metric space X to itself. Let x = {x;]la <
i < b} be an a-pseudo-orbit of f. A point x’ f-shadows x if Vi, a<i<b

d(f(x"), x;) < B.

The preceding discussion can now be restated as:

Proposition 8.19. If A is a closed hyperbolic invariant set, there is a neighborhood
U of A and positive constants o and K such that every o,-pseudo-orbit x with
o, < a contained in U is Ko, shadowed by a point x’' in M. O

We would like to be able to assert that x" is in A when x is; in order to do
this we need to assume that A has a local product structure.

Proposition 8.20 (Shadowing Lemma). Let A be a closed hyperbolic invariant
set for a C" diffeomorphism of a manifold M. Suppose that A has a local product
structure. Then for every 8 > O there is an o > O such that every a-pseudo-orbit
x in A is f-shadowed by a point y of A.

Proor. Suppose M has an adapted metric. Choose an ¢ as in the stable
manifold theorem for A, and let A€(0, 1) be the constant of hyperbolicity of
A. Now choose a positive ¢,, less than (1 — 4) min{e, f}. Let y = ¢, /(1 — A) and
let & be a positive constant less than  — n for which [, -], ;: Us(Ap) = A
defines a local product structure.

Since [, -] is continuous, as is W (), it makes sense to define « by
requiring that whenever z and w in A are o close

[z, Wis(w) N Al = W5(2).

First suppose that the pseudo-orbit x has the special form x = {x,,...,x,}. Set
Yo = X and define y, recursively by y, = [x,, f(yi-1)] for 1 < k < n; in order
for this to be possible we need y, to belong to Wy (x,) N A. Suppose by induc-
tion that y,_, belongs to Ws(x,_,;) n A. Then f(y,-,) belongs to W3(f(xx_,))
and hence to Wy (x,) as well, so our definition is valid. Note that y, belongs
to W(f(yx-,)) by our definition of this local product structure, so, by descent,
S () belongs to Wi(y,_;), where 6; = Y /-, e; <y =&, /(1 — 1). We claim
the point y = f ~"(y,) B-shadows x. Since / ~"(y,) = f/(y) belongs to W,*(y;),
we have

d(f(y), x;) < d(fI(y), V) +dy, x;) <n+6<p.

The case of an arbitrary finite pseudo-orbit proceeds as above, after
reindexing.

Finally, if x is infinite, we can find points § in A which p-shadow each
finite segment £ of x, and since A is compact the y’s have a limit y which
B-shadows x. O

We can refine the previous result, using expansivity.
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Proposition 8.21. Let ¢ be a constant of expansivity of f on A, f and A as in
Proposition 8.20, and let y be a positive constant less than ¢/2. Then

(a) A bi-infinite pseudo-orbit x is y-shadowed by at most one point y in A.

(b) There is a constant a and a neighborhood U of A such that every a-pseudo-
orbit x in U is y shadowed by a point y in A. If, moreover, x is bi-infinite, then
y is unique.

Proor. (a) If y, and y, y-shadow x, we have

dLf"(y), f"(v2)1 <2y <e,  VneZz,

so y, and y, must coincide.

(b) Let a, correspond to the choice f = y/2 in Proposition 8.20. Choose a
neighborhood U of A and a constant a such that every pseudo-orbit x in U is
approximated to within y/2 by an «,-pseudo-orbit x’ in A(d(x;, x;) < 7/2, Vi);
this is possible since f is uniformly continuous. The pseudo-orbit x’ is
y/2-shadowed by a point x of A, which must also y-shadow x. Unicity follows
from (a). O

Proposition 8.22. Let A be a closed hyperbolic invariant set for f which has a
local product structure. A is uniformly locally maximal. More precisely, there
are neighborhoods U = M of A and V < Diff"(M) of f such that:

(1) A= ﬂner"(U)-
(2) The set ®(g)A given by Theorem 8.3 for ge V, conjugate to A, is equal to

ﬂn eZ gn(U)

Proor. Take U small enough so that Proposition 8.21, Theorem 7.8 apply.
V will be a very small neighborhood of f where the map ® of Theorem 8.3
is defined and, furthermore, for all g in V, sup,.\d(g(x), f(x)) < a, where
a is as in Proposition 8.21. Whenever z belongs to (), .z ¢"(U), the g-orbit of
z will also be a bi-infinite a-pseudo-orbit of f, contained in U. Thus it will be
y-shadowed by a unique point x of A.

We claim that ®(g)x = z. First notice that by taking a small enough V, we
can guarantee that

d(f"(x), g"(®@(g)x)) = d(f"(x), (g)f"(x)) < d(id, D(g)) < 6.
Next, considering the diagram
z A
S

7 —— A,

i
—_—

where i(n) = f"(x) and h(n) = n + 1, Theorem 7.8 tells us, again for § and
hence V sufficiently small, that there is a unique point y such that
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d(f"(x), g"(y)) < 6, for all n. Since both z and ®(g)x satisfy this condition, they
must be equal.

We have shown, then, that (),.z¢"(U) = ®(g)A. The continuity of ®, on
the other hand, allows us to find a small enough V so that whenever gisin V,
®(g)A will be contained in U and hence also in ﬂnszg”(U). O

Theorem 8.23. Suppose that A is a closed hyperbolic invariant set for f which
has a local product structure and contains L(f). Suppose, further, that A has a
decomposition A = A, -~ U A by disjoint closed invariant sets and the A;’s
have no cycles. Then there is a filtration M adapted to A, a neighborhood V of
f in Diff"(M), and a continuous function ®: V — C°(A, M) such that:

(1) M is adapted simultaneously to all maps g in V.

(2) ®(f) = inc,.

(3) ®(g)A = K*(M); ®(g)A; = K{(M).

(4) ®(g): A - K?(M) is a topological conjugacy.

(5) There is a positive constant K such that ® is Lipschitz at f with respect to
the C° metric; that is d(®(g), inc,) < Kd(g, f).

Proor. The existence of M is given by Theorem 2.4 and (1) is a consequence
of Proposition 2.10. Proposition 2.10 also allows us to see that for g close
enough to f, K%(M) will be contained in the neighborhood U of A in Proposi-
tion 8.20. Consequently, K?(M) is contained in ®(g)A, and we will be done if
we can demonstrate the opposite inclusion. Writing the filtration M as ¢ #
M, c M, c--- < M, = M, we have each closed invariant set A, contained in
the difference M; — M,_,. If g is close enough to f, then ®(g)A,; will also be in

M; — M,;_, so ®(g)A, is contained in K¢(M). O

This proposition has the following corollary, which we reformulate three
times for dramatic effect.

Corollary 8.24 (Q-stability Theorem). Let f be a C" diffeomorphism of the
manifold M.

(@) If L(f) is a hyperbolic set for f and has no cycles, then f is L-stable. The
set of such f is open in Diff"(M).

(b) If f satisfies Axiom A and has no cycles, then f is Q-stable. The set of such
S is open in Diff"(M).

(c) If R(f)is hyperbolic, then f is R-stable. The set of such f is open in Diff"(M).

In fact, in each of the cases (a), (b), and (c) we have Per(f) = L(f) = Q(f) =
R(f).

ProoF. We have seen the equality of Per(f), L(f), Q(f), and R(f) in cases (a),
(b), and (c) in 8.6—8.9. We have remarked upon the lack of cycles in the spectral
decomposition of a hyperbolic R(f) after Definition 8.16 and we have shown
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in Proposition 8.11 that Per(f) has a local product structure when it is
hyperbolic. Applying Theorem 8.23 to A = Per(f), we see that when g isina
certain neighborhood V of f we have ®(g)A = K% M), hence

Per(g) = L(9) = Q(9) = R(g) = D(g)A.
Since ®(g) is a conjugacy, ®(g) Per(f) is contained in Per(g) and

®(g) Per(f) = ®(g)A is contained in Per(g) so we actually have equality
Per(g) = L(g) = Q(g) = R(g) = ®(g)A.

When g¢ is close to f, Theorem 8.3 tells us that ®(g)A is hyperbolic for g.
Finally, we see that the spectral decomposition of glea has no cycles since
Theorem 8.23 gives us an adapted filtration M. O

RemARK. Along the way we have shown that the three conditions, L(f) is
hyperbolic with no cycles, f satisfies Axiom A and has no cycles, and R(f) is
hyperbolic, are all equivalent. In other words, in all known cases of L-, Q-,
and R-stability the three results coincide.

CENTRAL PROBLEM. Does Q (resp. L, R)-stability of a C" diffeomorphism f imply
that Q(f) (resp. L(f), R(f)) is hyperbolic?

Traditionally this question is posed only for Q. The answer is only known for the
circle. (See commentaries.)

ProBLEM. If f is Anosov, does Per(f) = M, or, equivalently, does R(f) = M?

EXERCISE 8.1. Show that if a homeomorphism f of a compact metric space X is
topologically transitive, then there is a point z of X whose orbit is dense.

Exercise 8.2. Formulate and prove an L, stability theorem using the concepts of
cycle and filtration developed in the exercises of Chapter 3.

EXERCISE 8.3. Let A be a closed hyperbolic invariant set for f e Diff"(M) with a local
product structure. Show, generalizing Proposition 8.19, that Per(f|,) = R(f|,). Show
that an Anosov diffeomorphism satisfies axiom A4 and has no cycles.

EXERCISE 8.4. Let f be an Anosov difftfomorphism of the manifold M. Show that
there is a neighborhood V of f in Homo(M) such that for every map g in V there is a
semiconjugacy from f to g, that is continuous, surjective map h: M — M such that
hg = fh. Hint: To show that h is surjective note that a continuous map j of M to itself
which is C° close to the identity is necessarily homotopic to the identity. Therefore, j
induces the identity map on top dimensional homology with Z, coefficient

Jju=id: Hy(M, Z,) > H,(M, Z,) = Z,,

and we see that j cannot factor through M-pt. since H,,(M-pt.) = 0. In other words j
is surjective.

EXERCISE 8.5. If f is an Anosov diffeomorphism of M, show that there is a neighbor-
hood V of the identity in C°(M, M) such that the only map j in V such that fj = jf is
the identity.
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EXERcISE 8.6. Let P, u---u P, be the spectral decomposition of flrersy given in
Theorem 8.13. Show that not only is the homeomorphism f|p, topologically transitive,
but also if U and V are nonempty open sets and n a positive integer, then there is an
m > nsuch that f™(U) N V is not empty. Hint: Use the fact that /™|, is topologically
mixing.

ExERrcISE 8.7. Show that if R(f) is hyperbolic, then it has no cycles. Hint: Suppose
that P,, ..., P, is a cycle. Take x;e (W*(P) — P)n(W?*(P,4;) — P;yy), 1 <i<r and
x,€(W¥(P,) — P)n(W*(P,) — P,). Show that thereisafiltration M: & = M, =« M, <
-++ < M, = M such that x;¢ K(M) for all i. Then show that for each i there is an index
a(i) such that P; c K,;(M). Hence we have that K,;(M), ..., K, (M) form a cycle,
which is absurd.

Another hint: Suppose that Py, ..., P, is a cycle, and choose x,, ..., x, as before.
Show that x, belongs to R(f) by constructing an a-pseudo-orbit of the form:

{xl’f('xl)a-“’f”l(xl)’ 23, f(zz)v“’flz(zz),
f—mz(xz)’“'?xb'"’fnz(xz)’ 23’“"/‘1'(2')9 f—mr(xr),'“’f"r(xr)s 219“-:
fll(zl)’f_””(xl)""’xl}’

where z;€ P,.

Yet another hint: Since R(f) has a sequence of filtrations, use Proposition 8.22 to
construct a filtration M with K(M) = R(f). In other words, since we have a sequence
of filtrations M, with ﬂ,.K(Mi) = R(f), eventually one of the closed sets K(M;) will
be contained in the neighborhood U of R(f) supplied by Proposition 8.22; M; is the
filtration we seek.

Exercise 8.8. Prove the Birkhoff-Smale Theorem. If p is a hyperbolic fixed point
of difffomorphism f and g is a point of transversal intersection of W*(p) and W*(p),
then g belongs to Per(f) and f has infinitely many periodic points. Hint: Use Proposi-
tion 8.19 and the sketch in the commentaries.

Commentary

In this chapter we reap the harvest of our labors. Once again I have taken
from [1.16] the discussion of stability. Theorem 8.3 is found in almost exactly
the same form in [1.16] and is formulated in [4.2]. A historical account of this
subject will be found in the commentaries on Chapter 6. Corollary 8.3 is a
theorem of Anosov [4.1]. Proposition 8.6 is formulated in [8.2]. Proposition
8.7 is proved in [2.1]. Allan Dankner has constructed a hyperbolic diffeo-
morphism with Per f # Q(f) [8.5].

Proposition 8.8 is sometimes known as Anosov’s closing lemma, particu-
larly in the case where Q = M and f is an Anosov diffcomorphism. Definition
8.9 comes from [1.16]. The bracket [ -, -] is defined in [1.16] as is the local
product structure.

The notion of spectral decomposition also comes from [1.16]. Theorem
8.13 is formulated for Q and Axiom A diffeomorphisms, [2.1] generalizes this
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result to Per f when this set is hyperbolic, and thus to L(f); the case of R(f)
is treated in [8.1].

The part concerning topologically mixing maps was treated by Bowen. The
formulations and proofs are found in [1.2]. The notion of f-shadowing comes
from [1.2] as does Proposition 8.20. Proposition 8.21 is formulated in [8.2],
but one will find a greatly improved proof in [1.2]. We see in Theorem 8.23
the fundamental idea of Q-stability, which comes from [1.16]. The hyperbolic
structure guarantees local stability, while the filtration controls the global
behavior of the diffeomorphism.

The stability theorem comes from [1.16]. The generalization to L(f) is
found in [2.1], and a formulation in terms of R(f) in [8.1].

The central problem is certainly central. In the case of Q it is a conjecture
of Smale (see [8.3]). A good reference for what was known in this direction
in 1974 is [8.4]; for more recent results and the two-dimensional C* theorem,
see [8.6],[8.7], and [8.9]. Maiié has also proven a three-dimensional theorem.
This spring Maiié [8.8] has shown that even &-stability implies hyperbolicity
of R(f) in the C! diffecomorphism of arbitrary compact M. All r > 1 remain
open.

If fis a C" diffeomorphism of M which satisfies Axiom A and has no cycles,
then, when g is sufficiently close to f, the restrictions flos, and glgy, are
topologically conjugate via ®@(g). Theorem 8.23 shows that ®(g) satisfies

deo(inc(Q( ), @(9)) < Kdco(f, 9),

where K is a positive constant.

Conversely, if, for each g sufficiently close to f, there is a conjugacy ®(g)
from flo) to gla, satisfying this last condition, then Mafié [8.4] shows that
f satisfies Axiom A.

We have, then, an excellent necessary and sufficient condition for this sort
of Q-stability, which is sometimes known as absolute stability. Some would
be content with this result, but recently Mafié has studied the more difficult
problem of characterizing structural stability [8.7], a subject to which we will
return in the commentaries to Chapter 9.

A more detailed analysis of transversally homoclinic points shows that
when Per(f) is hyperbolic, this set has a local product structure.

Recall that we call a point x transversely homoclinic if it is a point of
transverse intersection of the stable and unstable manifold, W*(p) and W"(p)
of a hyperbolic periodic point p # x. The point x then belongs to Per(f)
[4.6]. However, since x is not periodic, Per(f) must be infinite.

The result is known as the Birkhoff-Smale Theorem, even though an
analysis of its proof shows that it is just one aspect of a more profound result.

Suppose that p is a fixed point. We may schematize the situation as shown
in Figure C8.1. We take a very narrow rectangle “parallel” to W*(p) which
contains both x and p. Up to replacing f be a high iterate f”, if the rectangle
is narrow enough, the image of the rectangle looks as shown in Figure C8.2,
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t \ w* ()
p X

W (p)
Figure C8.1.

Figure C8.2.

We recover, then, the picture of the horseshoe. The set { f*(x)|ne Z} U {p} is
hyperbolic for f.
To see this we take

Ex=TWp),  Ex=T.W"p)
ey = DIPTW(p),  Efny = Df"TW"(p);

split T,M as T,M = E; ® E,, then estimate the constants of hyperbolicity.
Shadowing now permits us to show directly that x belongs to Per(f).

In fact, it is always possible to show that a sufficiently high iterate of f
contains a 2-shift [4.6].

Now suppose that p and g are two periodic points and that W*(p) and
W*(q) intersect transversally at the point x, while W*(q) and W*(p) intersect
transversally at y (Figure C8.3). Restrict f to W"(q).

LAY

Figure C8.3.
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Figure C8.4.

The point y is the limit (see Figure C8.4) of a sequence y, of points where
W*(q) intersects W*(q) transversally. The Birkhoff-Smale Theorem implies
that all the points y, belong to Per(f), so the point y must also belong to
Per(f). This result implies that Per(f) has a local product structure, if it is
hyperbolic; it is stronger, however, since p and g are not necessarily close.
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CHAPTER 9
A Potpourri of Stability Results

Proposition 9.1. Let A be a closed invariant hyperbolic set for f € Diff"(M) which
has a local product structure. We now have
W3 A) = |J Wix) and W'(A)= | W*(x).

xeA xeA

ProoF. As in the shadowing lemma (Proposition 8.21), if we are given a
sufficiently small 6, we can find a neighborhood U of A and a « > 0 such that
every a-pseudo-orbit of fin U is -shadowed by a point of A. For an arbitrary
y in W*(A) there is an N so large that

VYn> N, f"(y)eU.

Now the set y = {y;|ly; = f7*"(y),i = 0} is an orbit in U, and is therefore
J-shadowed by some x in A, that is
Viz0, d(fi(x), () <o

If § is small enough so that the local stable manifold W;(x) is defined, f¥(y)
must belong to it, so y belongs to the stable manifold W*(f ~V(x)).
As usual the result for W* follows as above, by considering f ~*. O

Recall that if y belongs to W*(x), the stable manifolds W*(x) and W*(y)
coincide. In fact, for every z in M, the two following conditions are equivalent:

M lim dLf"(z), /"0)] = O,
@ lim d[f"(z), /"(9] = 0.

since lim,~ +o dL/"(), f"()] = 0.
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If L(f) is hyperbolic, L(f) has a spectral decomposition and local product
structure. Let L(f) = L, v - U L, be the spectral decomposition. For every
x in M, there is an index i such that x belongs to W*(L,) and an index j such
that x belongs to W*(L;). Proposition 9.1 guarantees the existence of points
y:in L; and y; in L; such that x belongs to W*(y;) and W*(y;). Thus one has
W*(x) = W*(y;) and W¥(x) = W"(y;) so we have proved:

Corollary 9.2. If L(f) is hyperbolic for f € Diff"(M), then for any point x in M,
the subsets W*(x) and W*(x) are Euclidean spaces immersed in M by an injective
C" immersion. ]

The preceding result, of course, also holds when f satisfies Axiom A or
R(f) is hyperbolic.

Definition 9.3. If either L(f) is hyperbolic, or f satisfies Axiom A, or R(f) is
hyperbolic, we say that f satisfies the strong transversality condition when, for
every x in M, the stable and unstable manifolds W*(x) and W*"(x) are trans-
verse at x.

For historical reasons we chose to state the following theorem, which we
will not prove, for a map f satisfying Axiom A.

Theorem 9.4. If a C" (r > 1) diffeomorphism f of a compact manifold M satisfies
Axiom A and the strong transversality conditions, then f is structurally stable.

The converse is a central open problem: If a C" diffeomorphism f is structurally
stable, must it satisfy Axiom A and the strong transversality condition?

Definition 9.5. We denote by AS"(M) the set of C" diffeomorphisms satisfying
Axiom A and the strong transversality condition. If f belongs to AS"(M) and
Q(f) is finite, we say that f is Morse—Smale. We denote by MS"(M) the set of
such diffeomorphisms.

We will now outline several propositions in order ultimately to prove that
an Axiom A diffeomorphism has no 1 cycles.

Proposition 9.6. Suppose that p is a hyperbolic periodic point for a C" diffeo-
morphism f of M. Suppose that the manifold W intersects W*(p) transversally
at a point x in its interior, and that the manifold V intersects W*(p) transversally
at a point y in its interior. Then there is a positive integer n such that f"(W) and
V intersect transversally at a point z (see Figure 9.1).

SKETCH OF PrOOF. By replacing f by one of its iterates we may assume that p
is fixed. Since W*(p) is invariant we can replace W by f"(W) and x by f"(x),
for any positive n, so that we may also assume that x belongs to a small
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w
f(W)
2 (W)
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w'(p) -
p
y
W e (p)
Figure 9.1.

neighborhood U of p. Replacing y by f ~™(y) for some positive m, we nay also
assume that y belongs to U. By refining the estimates we made about the graph
transform, one can show that, when the dimension of W is equal to that of
the manifold W;s.(p), as n tends to infinity the plaque f*(W) ~ U tends toward
the plaque W,2.(p) in the C! topology, so that for n large enough /(W) will
intersect V transversally. If the dimension of W is greater than that of Ws.(p),
we can choose a submanifold W’ of W of the same dimension as W,.(p),
transverse to W*(p) at x, and proceed as above. O

REMARKS. (1) One can apply Proposition 9.6 when V and W are open subsets
of M, since an open subset meets any submanifold transversally. It is also
easy to give a direct proof of the proposition in this case, using our earlier
techniques.

(2) If V, is an open neighborhood in M of a point x in W*(p) and W is
transverse to W*(p), then there is a positive integer n such that f*(W)n V, is
nonempty. Thus we have the inclusion

Wi(p) = U f"(W).

n>0

Proposition 9.7. Suppose that f satisfies Axiom A or that L(f) is a hyperbolic
invariant set. Let P, U --- UP, = Per(f) be the spectral decomposition. Let U
and V be two nonempty open sets in P.. Then there is a periodic point p and
integers n, and n, such that "' (p) belongs to U and f"*(p) belongs to V.

Proor. The restriction of f to P, has a dense orbit, so
ix, n;,n, suchthat f"(x)eU, f"(x)eV.

Since the periodic points are dense, choosing a periodic point p very close to
x finishes the proof. O

Proposition 9.8. A diffeomorphism satisfying Axiom A has no 1-cycles.
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ProOF. Let Q = Q, U+ U be the spectral decomposition of Q. Suppose
that x belongs to (W*(€;) N W"(€2)), and let U be a neighborhood of x. Then
there is a periodic point p and integers n, and n, such that

we(fmeNnU £ WM p)nU # .

Therefore, there is an integer k such that f"(U) n U is not empty. The point
x is thus in Q and hence in Q;. O

Exercise 9.1. If L(f) is hyperbolic, does L(f) = R(f)? If f satisfies Axiom A, does
Q(f)=R(fN

ExERCISE 9.2. (a) The Cloud Lemma. Suppose that p ahd g are hyperbolic points of
a C" diffeomorphism f of M. Suppose that W"(p) and W*(q) intersect transversally at
x and that W*¥(q) and W*(p) intersect at y. Show that y belongs to Q(f). (Draw a picture
in order to understand the name.)

(b) Extend the preceding to a sequence of hyperbolic points of f. More precisely,
if p,, .., px are hyperbolic points of f, if W*(p,) and W"(p,) intersect at x, and if W"(p,)
and W*(p;,,) have a point of transverse intersection for 1 < i < k — 1, show that x is
nonwandering.

ExeRcisk 9.3. Let f be a diffefomorphism satisfying Axiom A. We say that f satisfies
Axiom B if, moreover, whenever [W*(Q;) — Q1 n[W"(Q;) — Q,] is nonempty, there
are periodic points p in Q; and g in Q; such that W*(p) and W"(q) have a point of
transverse intersection.

Show that Axiom B implies no cycles.

Show that strong transversality implies Axiom B. (Thus strong transversality
implies no cycles.)

Exercise 9.4. If L(f) is hyperbolic, can L(f) have a 1-cycle?

Commentary

This chapter is the weakest one of the course, since the goal which I originally
set was practically attained in Chapter 8. That which remained, however, was
too important to be relegated to the commentaries.

Proposition 9.1 was first proved in [8.2] in response to a question of Smale;
the proof that I give comes from [1.2] and is much simpler than the original.
The strong transversality condition was first formulated in [1.16] and is found
in the form I give in [9.3].

Particular cases of Proposition 9.4 were proved by Peixoto for S!, as a
special case of this theorem on vector fields on surfaces [1.10], by Anosov for
Anosov difffomorphisms [4.1], by Palis for Morse—Smale diffeomorphisms
in dimensions 2 and 3 [2.3], by Palis and Smale for Morse—Smale diffeomor-
phisms in arbitrary dimension [6.3], by Robbin, using a functional approach
for f of class C? [6.4], and by Robinson for C! f [6.5]. Since then numerous
other treatments of this theorem, both functional and geometrical, have been
given.
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The essential open problem in this chapter is the conjecture of Palis—Smale
[6.3] that Axiom A and the strong transversality condition are necessary and
sufficient for structural stability.

It is known that a structurally stable difftfomorphism which satisfies Axiom
A must also satisfy the strong transversality condition [9.2]. The key, then, is
to find out if a structurally stable diffefomorphism satisfies Axiom A. We have
already encountered the problem—does Q-stability imply Axiom A?—in the
preceding chapter. I cannot imagine that the answers to these two questions
could be different.

Recently, Maii¢ [8.7] has proved the Palis—Smale stability conjecture for
surfaces.

With regard to Q-stability, it is known that Q-stability and Axiom A imply
that there are no cycles. It is this result which brought the no-cycle condition
to the subject as a substitute for Smale’s Axiom B [1.16] (see Exercise 9.3).

In our list of abbreviations AS, KS, MS, AS stands for Axiom A + strong
transversality, but one could also read it as an abbreviation for Anosov—
Smale, which seems like a good idea to me.

The convergence toward W*"(p) that we use in Proposition 9.6 was proved
in [4.2]. In order to make our sketch rigorous, we need Lemma A of [2.3].

Proposition 9.8 is there to show that Smale’s definition of Axiom A no-cycle
diffeomorphisms coincide with mine. He only requires that there be no m-
cycles, for m > 2.

Exercise 9.2 comes from [1.16].

It is sometimes easier to check for transversality than to show that there
are no cycles.
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CHAPTER 10

Markov Partitions

I. Symbolic Dynamics

Our last major result will be counting the periodic points in a hyperbolic set
with local product structure; we will carry this out using the important
technique of symbolic dynamics.

Let k be an integer greater than zero. We denote by [k] the set of symbols
{1,...,k} with the discrete topology; we denote by Z(k) the product space
[k]%. An element of (k) is an infinite sequence of symbols in [k], a =
ee.@_100A4 ... .

Note that the product topology on X(k) is also induced by the metric
d(a,b) =Y _ 27@k+05 (a, b), where §,(a, b) is O when a, = b,, and 1
otherwise. From this we see that a sequence (a’);.n converges if and only if,
for every i, the sequence (af);. n converges. Notice also that we have d(a, b) >
<> a, # by. T(k) is compact, totally disconnected and has no isolated points,
hence is a Cantor set.

We can define a homeomorphism of X(k), the shift o, by stipulating that
the shift moves the sequence one place to the left, (6(a)); = a;,,. We are now
ready to define certain zero-dimensional analogues of hyperbolic sets. Denote
by M, the set of all k x k matrices all of whose entries are 0 or 1.

Definition 10.1. Let A = (4;) € M,. We then define
= {acX(k)|Vid,,, =1}

X, is a closed g-invariant subspace of Z(k); we denote by o, and often just
o the restriction of ¢ to X ,. The pair (£, 0,,) is called a subshift of finite type.

Example. Encoding a map with a partition.
Let Py, ..., P, be a partition of a set E, and let f be a map from E to E. We
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define a matrix 4 = (4;;)e M, by
Aj=1<= f(P)n(P)# .

To each element x of E we can associate a string a = 7(x) in £, by following
X’s itinerary among the P’s:

VieZ, P, contains f(x).

With this definition, the following diagram commutes:
E— 3%,
I
E—5 3,

Given A e M,, we say a finite string aq ... a, of symbols in [k] is admissible
for Aifand onlyif A,, ., =1,i=0,...,n— 1. For any two symbols p and g
in [k] we denote by N,(p, g, A) the number of admissible strings for 4 of length
n + 1, beginning with p and ending with q. We can readily compute this
number.

Lemma 10.2. N,(p, g, A) = (4", ,.

Proor. For n = 1, this is clear from the definition. Suppose, then, that it is
true for n = m — 1. The next to last term, r say, of an admissible sequence can
only be a symbol with 4,, = 1. Consequently,

k
Nm(pa q; A) = Zl Nm—l(p7 r, A)Arq

k
= Zl (A" 1)y e Arg = (A" 4
and we are done by induction. O

If f is a continuous map of a topological space to itself we denote by N,(f)
the number of isolated fixed points of f”. Lemma 10.2 allows us, as a corollary,
to count the periodic points of a subshift of finite type.

Proposition 10.3. N,(c,) = tr A"

Subshifts of finite type also have a sort of local product structure. First we
will define the local stable and unstable sets:

Wis(@) = {beZ,|Vn > 0, d(c"(a), 0"(b)) < 3},
Wis(@) = {beZ,|Vn > 0, d(c"(a), c"(b)) < }.

The following proposition is the result of simple calculations.
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Proposition 10.4. Forallain X,
Wis(a) = {b|Vn >0, a, = b,},
Wis(a) = {b|Vn >0, a,=b,}.

If the distance from a to b is less than or equal to , then W5(a) N Wii(b) is
exactly one point ¢, for which c, = a,,n > 0 and c, = b,, n < 0. The shift a, is
expansive, with constant of expansivity 1. Moreover, ¢ contracts W* and
expands W*

Vbe Wis(a),  d(a(a), o(b)) = 4d(a, b),
Vbe Wis(a),  d(o™'(a), 07" (b)) = 4d(a, b).
Let U,,, be the open neighborhood of the diagonal in £, x X, defined by
Upe = {(a, b)eE, x £,]d(a, b) < }}.
We can, then, define a map, the bracket,
[l U= 2,
[a,b] = ¢ = Wij3(a) n Wis(b).

Proposition 10.5. Let a be a point of Z,. The bracket is a homeomorphism of
Wii(a) x Wys(a) onto the open set U(a) = {blay = by }.

Proor. The continuity of [ -, -] is clear from Proposition 10.4, as is the fact that
[Wis(a), Wis(a)] = U(a).
Notice thatif bisin U(a) then(a, b)isin U, ,, so it makes sense to define a map
U(a) » Wijs(a) x Wis(a),
b—([b,al, [a, b]).
Since [ -, - ] is continuous this map is as well, and it is clear that it is the inverse

of the bracket. O

Next we will develop a handy way of keeping track of the sequence N,(f),
the {-function.

Definition 10.6. Let o = (2,,), > ; be a sequence of complex numbers. We denote

by {, the formal series
Lalx) = exp(Z % )

If f is continuous map of a topological space to itself we set

{p(t) = em(i @t”).

n=1
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The {-function has some very nice properties:

(1) Lorp(t) = Lo(1)C4(2); and

(2) if « = (4", 1, then {, = 1/(1 — At) since log(1/(1 — At)) = ) 2, (A"/n)t".
This allows us to demonstrate the following simple proposition which
is at the heart of the {-function’s usefulness.

Proposition 10.7. Let A and B be two square matrices. If « = (tr A" — tr B"),- {,
then

det(I — tB)

L) = ———.
det(l — tA)

Proor. By (1) it is enough to consider the case when B = 0. Suppose 4 is
k x kandlet A,, ..., 4, be its eigenvalues.
From (2) we have

L) = exp(f LE t")

n=1 N

-ew(5(32)7)

—lil 1 1
Tl — At det(I — tA)

In particular, from Proposition 10.3, we have:
Corollary 10.8. {, (¢) = 1/det(I — tA).

Proposition 10.9. (1) If A is a k x k complex matrix with eigenvalues A, ...,
Ay, we have

1
lim sup'—llogltr A" = maxlog|4,l.

n—+o

(2) If, moreover, A has integral entries and the quantity in (1) is zero, then
the A’s are either zero or roots of unity.

Proor. (1) Set o = (tr A"),> 1. Since {,(t) = 1/det(I — tA), the radius of conver-
gence p({,) is (max;|4,])"!. Since the exponential is an entire function, the
radius of convergence of Y o=, (tr A"/n)t" is no greater than p({,). Therefore

tr An -1 -1
(lim suph ) < (max |,1,.[)
n—+ow n i

. 1 :
maxlog|l;| < lim sup;log |tr A"].
i

n—+o

SO
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On the other hand

n
VneN, [tr A" < k<max|li|>
ie[k]
so we must have the desired equality.

(2) Since max;log|4;| = 0, the numbers 4,, ..., 4, all lie in the unit disc and
are roots of a monic integral polynomial of degree k, and the same is true for
the numbers A7, ..., 4}, for every positive integer n. There are only a finite
number of such polynomials, since the requirement that the roots lie in the
unit disc imposes bounds on the coefficients of a monic integral polynomial.
Therefore, there are only a finite number of possible roots, so for each i, the
set {Af'|n > 1} is finite and hence 4, is either O or a root of unity. O

II. Markov Partitions

We now proceed to define and construct Markov partitions for closed hyper-
bolic invariant sets with local product structure. First we fix our notations
and assumptions. A will be a closed hyperbolic set for a C” diffeomorphism
(r = 1) of a manifold M. We will assume that A has a local product stucture

de, 6 >0 such that Vx, yeA,
d(x, y) <o = [x,y] = Wi(x)n W' (y)eA,

where § < ¢/2 and ¢ is a constant of expansivity for f on A. If 4 is a subset of
A, we will denote by A its interior as a subspace of A; 4 will be its frontier
in A. When x is in A, we define

W3(x, A) = Ws(x) N A.

When 7 is a constant less than or equal to ¢ we set

Wi(x) = {ye Wi (x)ld(x, y) < n}
and

Wy (x) = {ye W2 (x)ld(x, y) < n}.
If B is a subset of WS(x) n A we denote by Int(B) its interior as a subset of
Ws(x)n A and by fr(B) its frontier. We have analogous definitions and
notations for the unstable manifolds. Notice that with ¢ and J as above, it is
immediate from the stable manifold theorem that the restriction of f to W;(x)

is an open mapping to W*( f(x)), for any x in A, and similarly for f~! and W".
We have the following parallel to Proposition 10.5.

Proposition 10.10. There is a positive constant p, less than 6/2, such that for all
x in A, the bracket is a homeomorphism of the product ( W;“(x) N A) x (W;(x) 8
A) onto an open neighborhood of x in A.
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ProoF. Let V5(x) = {ye Ald(x, y) < 6 }. We define two continuous maps on V;.
I: Va(x) = Wix, A),
y=[x, y],
I1,: Vs(x) > Wi (x, A),
y= Ly, x].

Now the bracket is uniformly continuous on a compact neighborhood of the
diagonal in A x A so

dp >0, p <9/2
such that
Vx, y,zeA,
d(x, y) < p,
and
dix,z) < p = d(x, [y, z]) <é.

Thus if (y, z)e (W (x) n A) x (WS(x) N A), 1, and 1, are defined and (I1,, I1,)
is an inverse for [ -, - ]. The bracket is therefore a homeomorphism on the open
set TI;H(W3(x) 0 A) N T L (W2 (x) 0 A O

Definition 10.11. A subset R of A is called a rectangle if it has a diameter less
than ¢ and is closed under the bracket, i.e.,
X€ER, yeR = [x, y]eR.

A rectangle R is proper if it is the closure of its interior in A; R = R.

Using Proposition 10.10, the following is clear.

Proposition 10.12. If R is a rectangle of diameter less than p and x is a point
of R, then

R = [Int W¥(x, R), Int W*(x, R)],
dR = [fr W¥(x, R), W3(x, R)] U [W*(x, R), fr W*(x, R)].

Corollary 10.13. Let R be a rectangle of diameter less than p. Then:

(1) xeR if and only if xeInt(W"(x, R)) ~ Int(W*(x, R));
(2) for xe R, Int W%(x, R) = W*(x, R) and Int W®(x, R) = W¥(x, R);
(3) if R is closed then R = O°*R L 0" R, where

&R = {xeR|x¢Int W'(x, R)} = {xeR|W*(x, R) n R = &},
"R = {xeR|x¢Int W(x, R)} = {xe R|IW"(x, R) n R = &}.



128 Global Stability of Dynamical Systems

Proor. Conclusions (1) and (2) are immediate. For (3), notice that for any z
in R,
[z,yl=y whenever ye W3(z, R),
vzl=y whenever ye WY(z, R).
Therefore
[{z} nInt W¥(z, R), Int W*(z, R)] = R n Int W*(z, R) = R n W*(z, R),
[Int WU(z, R), {z} n W"(z, R)] = Int W¥(z, R)n R = W*'(z, R)n R,
and (3) follows. O

In order to apply Proposition 10.12 and Corollary 10.13 we henceforth
assume without comment that all small rectangles have diameter less than p.

Proposition 10.14. Let R be a small closed rectangle and &' a constant between
0 and é. Then the set {xe A|Wz(x) " 0°R = &} is open and dense in A. More-
over, if Wy (x)nO°R is empty, then (Ws(x) nA) — OR is open and dense in
W3(x) n A. Analogous results hold for the unstable manifolds.

Proor. The set W*(x, R) depends continuously on x in R; consequently
@R = {xeR|W*(x, R) n R = &} is closed. Since Wj(x) also depends continu-
ously on x in A, the set {x e A|W;(x) n °R = F} is open in A.

We now show that this last is also dense in A. Let y be in 0°R n Wsi(x). By
Corollary 10.13, y belongs to the frontier of W*(y, R) in W,*(y) n A. We have
[y, x] = x and d(x, y) < ¢', so by the continuity of the bracket we can find a
point z in W*(y) N (A — R) close enough to y that

d(x,z) <6 and d([z x]),y) <.
We then have
te Wy([z,x])nR = z=[[z,x],y] =1[t, y]eR.
Therefore Wi ([z, x]) n R is empty. Since [z, x] is arbitrarily close to x when

z is arbitrarily close to y, we have demonstrated the density of {xe A|W; n
R = &}.

Now we attack the second part. Let x be a point of A with Wsi(x) " 0°R =
@. If Wg(x)nd“R is also empty, then Wi(x) N A — dR is clearly dense in
W;(x) n A. If not, assume that y belongs to W;(x)n A n(8“R). Corollary
10.13 implies that y belongs to fr W*(y, R)), but W;(x) is open in W*(x) so
there are points z, arbitrarily close to y, such that

ze W3 (x) 0 W2(y) 0 A — W*(y, R).

These points cannot belong to R. Since R is closed, this shows that W (x) N
A — OR is open and dense in W(x) N A. O



Markov Partitions 129

Definition 10.15. A Markov Partition of A for f is a finite collection R =
{Ry,...,R,} of small proper rectangles with disjoint interiors with the prop-
erty that if f(R;) or f 7'(R;) hit R;, then they extend all the way across it. More
precisely, we require that

(i) xeR,  f(x)eR; = f(W(x, R)) = W(f(x), R));
(ii) xeR, flx)eR; = fH(W'(x R)) = W(f1(x), R)).

REMARKS. (1) The R’s are implicitly assumed to have diameter less than p; and,
furthermore, being proper, they are closed.

(2) By Corollary 10.13 and the above-mentioned openness of f on small
stable discs, properties (i) and (ii) above are equivalent to:

@) xeR,  f(x)eR; = f(W:(x,R)) = W(f(x), R));
(ii') xeR, f(x)eR; = f1(W'(x, R,)) = W*(f'(x), R)).

Example 10.16. Let 4 be a k x k matrix of 0’s and 1I's and (£, o) the
associated subshift of finite type. Let C; = {ae X ,|a, = i}. Proposition 10.4
says, in effect, that C = {C,,...,C,} is a Markov partition of X, for ,. In a
sense that will become clear later, this example is a universal model of all
Markov partitions.

Example 10.17. Recall the Anosov diffeomorphism f of T? = R?/Z? induced

2 1
by the matrix M = (1

1> which was introduced in Example 4.6. The

eigenvalues of M are

=13 -5 and A4, =1i3+./9.

The corresponding stable and unstable manifolds, lifted to R?, are
y—Yyo=—3(1+ \/g)(x — Xo) for  W2(xo, yo),
y=vo=—3/5-Dlx—x0) for W(xo, yo)

The torus T2 can be decomposed into two closed sets R, and R, with disjoint
interiors, which are covered by two parallelograms in R, with sides parallel
to the eigendirections of M; see Figure 10.1. (T2, f) has a local product
structure and we could calculate the constants ¢, , and p for this structure.

It is an easy, but tedious, exercise then to check that by taking N large
enough, the collection of rectangles R = {( L _y f'(R,;), e(i) € {1, 2}} each
have diameter less than p and in fact are Markov partitions of T2 for f.

Let us show that there is always a Markov partition for any hyperbolic set
A with local product structure. First we supplement the notation we have
already.

Let B be a constant 0 < B < p/2 < §/4 < ¢/8. Using Proposition 8.21 we
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Figure 10.1.

can find a constant « such that 0 < « < f and every a-psuedo-orbit in A is
B-shadowed by a unique orbit in A. Furthermore, since A is compact, we can
find a constant y, 0 < y < a/2, such that for all x, ye A with d(x, y) <7y we
have d(f(x), f(y)) < /2, and we can cover A with a finite number of open balls
of radius less than y and centers p,, ..., p,, say. We define a matrix 4 e M, by

Az=1 if f(p)eB,(p), A;=0 otherwise.

For every a in Z 4, the sequence (p,,);cz is an a-psuedo-orbit; it is therefore
B-shadowed by a unique point x = 6(a). This defines a map 6: £, - A.

Proposition 10.18. The mapping 0 is a semiconjugacy of 6, and f; i.e., it is
continuous, surjective, and makes the following diagram commute:

Z4 —G_A“’ZA

A —Lo A

Proor. If x f-shadows (p,), then f(x) B-shadows (pey),), so the diagram
commutes.

If 8 were not continuous, the compactness of A would allow us to find two
sequences (s") and (t") with the same limit / in £, whose images under 6 had
distinct limits s and ¢ in A. However, we know that

viez, VneN,  d(f(6(s"), psy) < B
so passing to the limit we have
viez, d(f'hp)<B  d(f'0),p) < B
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Therefore,
VieZ, d(fis), fir) < 2B < 6/2 < e,

but ¢ is a constant of expansivity so we reach the contradiction that s = .
To show, finally, that @ is surjective, let x be a point of A and a an element
of £, such that

VieZ,  fi(x)eB,(p.,).
Then, by the definition of y, we have
d(f(Pa,)s Pa,.,) < d(f(pa), S(f1(X)) + (S (X), P, ) S @2 +y <

In other words, a belongs to X ,; since 6(a) = x, we are done. O

Proposition 10.19. The map 0 is a morphism of the local product structure. More
precisely, we have

VaeZ,,  0(Wis(a)) = Wi(0(a),
6(Wii(a)) = W*(6(a)),

d(a,b) <3 = d(6(a), 0(b)) < p <9,
and

6(La, b]) = [6(a), 6(b)].

Proor. Recall that whenever d(a, b) < 1, we have a, = b,. Hence

d(6(a), 6(b)) < d(6(a), pa,) + d(p,,, 0(b)) < 2B < p,

so [6(a), 6(b)] is defined.
Let a be an element of Z,, and ¢ a point of W}j3(a). Proposition 10.4 then
tells us that ¢; = q;, for all i > 0. Consequently, we have

Viz0,  d(f(0(a) f(0(c)) < d(f'(6(a)), po) + d(pe,, f'(6(c) <2B <,

in other words, 0( c) e W3(0(a)).
Similarly, we can show that 6(W}j;(a)) = W*(6(a)).
Combining this with the definitions of the brackets, we obtain

6(La, b]) = 6(Wis(a) n Wijs(b)) = Wi(0(a)) » W*(6(b)) = [0(a), 6(b)].
(]

Setting T; = 6(C;), where C,; are as in Example 10.16, we see that the T;’s
cover A, since 6 is surjective.

Lemma 10.20. Let i€ [k] and a a point of C;. Then T, is a closed rectangle of
diameter less than p and we have

0(W*(a, Cy)) = W*(0(a), To),

6(W*(a, C))) = W*(0(a), To).
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Proor. Since C; is a rectangle of diameter less than 1, the previous lemma
implies that T; is a rectangle of diameter less than p; T; is closed since C,; is

compact and @ is continuous.
Moreover, from the definition of C;, we see that W*(a, C;) = W;5(a) so, by

10.19
0(W*(a, C)) = W (0(a)) n T, = W*(6(a), T))

and, similarly, 8(W"(a, C;)) must be contained in W"(a), T;).
Conversely, if x belongs to W*(0(a), T;), let s be a preimage of x under 6 in
C;. We have
6(La, s1) = [6(a), 0(s)] = [6(a), x] = x

and, furthermore, [a, s] belongs to W*(a, C,). Therefore,
W*((a), T) = 6(W*(a, o)),
and, likewise
W (0(a), T,) = 6(W*(a, C)). O

Proposition 10.21. If s belongs to C; and o(s) belongs to C;, then setting
x = 6(s), we have

SIW(x, T)] = W*(f(x), T)),
[TV (x), )] = Wh(x, T)).

Proor. Using Lemma 10.20, we have
JW*(x, T)) = f(W*(8(s), T))
= fO(W*(s, C)))
= 0o(W*(s, C))
< 8(W:(a(s), C)))
= W3(0(a(s)), T)
= W(f(x), T)).
The proof for W* is analogous. |

Corollary 10.22. Let x be a point of T;. Then:
(1) 3je[k] such that
SX)eT,
SW(x, T)) = W*(f(x), T)),
W), T))) = We(x, T).



Markov Partitions 133

(2) dme[k] such that
f'0)eT,,
SV (f (%), Tn) = W(x, T),
ST, T)) € WE(f 7 (x), T,,)-

Proor. Take seC; such that 0(s) = x. We define j and m by o(s)e C; and
o1(s)e C,, and apply the preceding proposition. O

The Markov partition we seek is obtained by subdividing the T’s.
When T; and T; intersect, we set

= {xeTIWx, T)n T # &, W'(x, T) n T; # &},
= {xeTIW'(x, T)n T # & W'(x, )n T, = &},
= {xeTIW'x, )T = & W'(x, T) n T, # &},
= {xeTIW'x T)n T = &, W'x, T)n T, = &},

Lemma 10.23. The 't,';'(m =1,2,3,4) form a partition of T,. Moreover,

15 = T, " T; and the sets 1§, 15U 13, and tj; U T are all closed.

Proor. The first assertion is obvious, as is the fact that T, n T, < 7). One the
other hand, if xe 1}, choose y in W*(x, T;) » T; and z in W“(x, T;) N T;; then
x =[y,z] and wesee xe TN T..

Since T; and T; are closed, so is their intersection, 1:,1, Moreover, we have

ot = {xeTIW(x, T)n T, # &} = {xe TIW(x) (T, T) # B},
thutd= {xeTIW'x, T) N T, # &} = {xe TIW () (T, T) # S}.

Since W7:(x) and W,*(x) depend continuously on x and T;~ T; is closed, it
follows that t}; U 77 and 1}, U 7} are also closed. O

Now]etT”'—t m=1,23,4.

ijo

Lemma 10.24. The rectangle T, decomposes as | Jm=1 T}, with the following

properties:

W) T} =T,nT

) ’f’ NT; = lf I < mor(l,m) = (3,2); in particular the Tj"s have disjoint
interiors.

) T = 150 (Un-
4) The T;"s and thezr mteriors are small rectangles (see Figure 10.2).

Proor. Property (1) is just a restatement of part of Lemma 10.23. We treat
the various cases of (2) separately:

=1, fjcr
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4 , 3 T1
Tij v Ty
T.
1_ .1 2 j
Ty T < T T
Eu 3 T 4—
s ’
| E T Ti
'
Figure 10.2.

Therefore, 7}} Nt = & whenever m > 1, so we see
TiaTr=Ting =0 m>1
1=2, T c T ctintd
Consequently, for m > 2: 1 A T" = T} n < = . The case | = 3 is treated

similarly.
Since, for | # m, ’i“u' N Tu"' is empty, we have

4
T.~,’~—<U aT,.;">cT.~— U T =1y
m=1

m#l
and (3) follows.

From Proposition 10.12 and the continuity of the bracket it follows that
the closure of the interior of a rectangle of diameter less than p is also a
rectangle of diameter less than p. To prove (4) it thus suffices to show that the
T;j’s are rectangles.

Now, if x and y belong to T;, then

Wi ([x, y], T) = W(x, T)),
W ([x, y1, T) = W*(y, T).

Therefore, when x and y belong to 7, so does their bracket [x, y]. Since diam

1} < diam T; < p < 6, the 1}’s and, hence, the T”’s and 7}}"’5 as well, are
small rectangles. O

Set Z = A — (J¥ ;=1 Um=10T"; this is an open dense subset of A. The
preceding lemma shows that
Viie[kl, Vme[4]l, ZnTr=Znlr=2Zn1p,

a fact which we will constantly use without comment in the rest of our
argument.
When x belongs to Z, we set

K(x) = {T||xe T},
K*(x) = {T}|3T;e K(x) such that T~ T; # &},
R(x) = N{TPITieK(x), Tje K*(x), xe T'}.
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T,

R(x) - X

T,

Figure 10.3.

R(x)is clearly a small open rectangle which contains x as shown in Figure 10.3.

Lemma 10.25. If x and y belong to Z the rectangles R(x) and R(y) are either
identical or disjoint.

Proor. Let z belong to Z n R(x). We will show that R(z) = R(x), and for this,
we will first show that K(z) = K(x).

By the definition of R(x) we see K(x) is contained in K(z). Conversely, if
T;e K(z) and x € T;, then T, belongs to K*(x) and x belongs to some T,J"' Since
z belongs to 7:1’, by the preceding lemma, we must have m = 1 so that x
also belongs to T;; thus T;e K(x). Therefore, K(z) = K(x) and consequently
K*(x) = K*(2).

Now, for fixed i and j, the rectangles 7};" are disjoint; therefore, we have
R(z) = R(x), whenever ze R(x) n Z. If x and y belong to Z and R(x) N R(y) #
&, then this intersection is open and hence contains a point z of Z. Therefore,
we have R(x) = R(z) = R(y)- O

Lemma 10.26. Let x and y be points of Z n f~'(Z) with R(x) = R(y) and
y € W2(x). Then we have R(f(x)) = R(f(»))

Proor. We first show that K(f(x)) = K(f()).

If f(x) belongs to T, then there is an s in C; with f(x) = 6(s). Let j be s_,.
Since x = 6o 7!(s), and O(W3(a "1(s), C;)) = W*(x, T;) by Lemma 10.20, the
point y must have a preimage ¢ under 6 lying in W3(o ~(s), C;). Therefore,
t; = 5o = i. From this we deduce that f(y) = 6o(y) belongs to T; also. Thus
we have K(f(x)) = K(f(y)). Since x and y play symmetric roles, this implies
that K(f(x)) = K(f(y)) and hence K*(f(x)) = K*(f(¥)).

Now fix a T; in K(f(x)) and a T; in K*(f(x)). Since W*(f(x), T;) =
W*(f(»), T)), we have

W), T)nTi# & = W), )T, # &.

Let us now demonstrate a similar result for the unstable manifolds. By
Corollary 10.22 we can find a rectangle T,, in K(x) such that

(*) S WE(f(x), T)) = W¥(x, T,,).
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Assume that W¥(f(x), T;) n Tj is nonempty and choose a point z in this inter-
section. Corollary 10.22 now allows us to find a T,in K(f ~1(z)) such that

(++) fW(f7 (@), T,)) = Wz, T)).

Let t = [z, f(y)]. The point t must belong to T;, since z and f(y) do, and to
W2 (f()) as well. We claim that it also belongs to T,.

From the choice of z and (x), we know that f~!(z) belongs to T,n
W*(x, T,,)). We deduce, then, using Lemma 10.23, that x belongs to 7,, U T,,,.
Therefore, by assumption y belongs to t,, U 75, also, which implies that

Wiy, T)n T, # .
For any point u in this intersection we have
[f 7@, ul = [f (@), y1e W (f ' (2), T,).
So, (**) gives us
t=[z, f»]1 =L/ @), yDeW (2, T) = T,
and we have shown that
Wi(fG), )N T # & = W(f(»), N T, # &

Since x and y play equivalent roles in the proof the converse also holds. All
together we have, then,

W(f(x), )T # & < W(f(y), T)nT; # &,
Wi(f(x), T) T, # & <= W(f(y), T)nT; # .
Since f(x) and f(y) are both in Z it follows that R(f(x)) = R(f(»)). O

The set of distinct R(x)’s for x in Z is finite since there are only finitely many
Trs. Let R = {R,,...,R,} = {R(x)|xe Z}.

Proposition 10.27. R is a Markov partition of A for f.

Proor. The R;’s cover A since they are closed and contain the dense set Z.
They are proper since each is the closure of some open set R(x), and one always
has: the closure of the interior of the closure of the interior of 4 equals the
closure of the interior of A. To see that R;’s have disjoint interiors, consider
two distinct rectangles R(x) and R(y). Since each is open and they are disjoint
by Lemma 10.25, we have

R(x)"R(y) = = R(X)NR() =
= R(x)NR() = &
= RWnRG) = &
= Fox)ﬁm=ﬁ;

in other words, the R;’s have disjoint interiors.
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Finally, to check the Markov conditions 10.15(i) and (ii), we introduce the
set Z*

z* {erIW,,,z(x (U U e, ) }

i,j=1l m=1

Proposition 10.14 implies that Z* is open and dense in A and that, for xe Z*,
the set W;,z(x) N Z is open and dense in W 52 N A. Since f is a homeomorphism
on A, the set Z* nf 1(Z*) is open and dense in A.

ForxeZ* mf 1(Z*), theset Z N W,,,z(x) is open and dense in W,z(f(x)) N
A; therefore, f1(z)n W,,/Z(x) is dense in W, 52(x) N A. Consequently, Z N
S 7Y (Z) " W5,(x) is open and dense in W,z(x) NA.

Now suppose that x belongs to Z*n f7'(Z*)n Rinf~ 1(R ); thus
R; = R(x) and R; = R(f(x)). The above reasoning tells us, in light of
Proposition 10.10, that

W(x, R,) = W(x, R(x)) = W*(x, RX)~Z [ (2).
Now Lemma 10.26 implies that
JW(x, RX) N Z " f7H(2)) = R(f(x)) = R;
by the continuity f, we then have f(W*(x, R;)) = R, so all together we see that
JW3(x, Ry)) = R0 Wi(f(x)) = W*(f(x), R)).

If x is an arbitrary point of R, N f “(R ), then, since Z* N f~1(Z*)is dense and
Rinf~ 1(R ) is open, there is a point x* in Z* N f "}H(Z*) n R~ 1Y ﬁ) Since
R; is a rectangle, W*(x, R;) = {[x, z]|ze W3(x*, R;)}. From this it follows
that

SW:(x, R)) = {[f(x), f(2)]Ize W*(x*, R))}.
Applying the argument above to x* shows that
J(W3(x*, R))) = W*(f(x*), R);
and thus we see, using the closure of R; under the bracket, that
JWe(x*, Ry)) = {[f(x), wllwe W*(f(x*), R)} = W*(f(x), R).
In other words, we have shown that (i) holds:
VxeR,nfY(R),  f(Wx, R)) < W(f(x), R;).

The proof of (ii) is completely analogous. O

In conclusion, we have proved our existence theorem.

Theorem 10.28. Let f be a C" diffeomorphism (r > 1) of a manifold M. Let A be
a closed hyperbolic invariant set for f with local product structure. Then A has
a Markov partition for f.
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III. Applications of Markov Partitions

Next we examine the coding associated to our Markov partition; first we
extend our fixed notations. Let R = {R,,..., R,} be a Markov partition of A
for f by small rectangles (Vie[k], diam R; < p < §/2 < ¢/4). We define a
matrix 4 in M, by
A;=1 if f(Ry)n Rj # J, A;=0 otherwise.

Our immediate goal will be to define and study a canonical semiconjuacy I1
from (£, 6,) to (A, f). We will then show that the {-function of f restricted
to A, {, is rational by counting the periodic points of (Z 4, o ,4) and estimating

the redundancy in the encoding of (A, f) by (£, o). This project is similar
to our discussion of the horseshoe in Chapter 4.

Definition 10.29. Let R be a rectangle of A. A subset S of R is called an (un-)
stable strip of R if, for each x in S, W*(x, R) < S (resp. W"(x, R) < §).

Proposition 10.30. Let S be a stable strip of a rectangle R. Then S is a rectangle.
If S is not empty, S intersects every W"(x, R) for x in R. Let x belong to R and
y to S, then we have S = [W"(x, R)n S, W*(y, R)].

ProOF. Let x be in R and y in S; then, by definition
[y, x]JeW*(y, R) = S.

Therefore, S is a rectangle and intersects W"(x, R).
Now let z belong to S; since we evidently have z = [[z, x], [y, z]], we see
that

S < [W¥x, R)yn S, W5(y, R)].

The opposite inclusion follows from S being a rectangle. O

Corollary 10.31. If R, f "(ﬁ,) is not empty and if S is a nonempty stable strip
of R; (resp. Ioij), then f ~(S) N R, (resp. f “'(S) " R,) is a nonempty stable strip
of R, (resp. R,).

PRroOF. Let x be a point of R, mf‘l(ﬁ,). R is a Markov partition, so
STHWE(f(x), R)) = W¥(x, R)).

By the preceding proposition S n W*(f(x), R;) is not empty, so, from above,
f74(S) N R, is also not empty.
Letting y be a point of f~(S) n R we have

Ws(y9 Ri) = {[y9 Z]'ZG Ws(x, Ri)}‘
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Since R is a Markov partition f(W?3(x, R;)) = W*(f(x), R;); thus we see

SOV*(y, R)) = {Lf), wllwe W*(f(x), R)} = W*(f(y), R)) = S.

In other words, f ~1(S) N R; is a stable strip of R;.
Using the equivalent formulation of the Markov conditions given in the
remark after the definition of a Markov partition:

. FW*(x, R)) = WH(f(x), R),
xeRnfTR) = {f“(W“(f(x), R)) < Wi(x, R),

we see that a similar proof gives the result for R; and Iij. |

As usual we have an analogous result with f replaced by f ™! and stable
strips replaced by unstable strips.

Corollary 10.32. Let (aq, - .-, a,,) be an admissible sequence for A. Then the
intersection (Yo f "*(R,,) (resp. (o f _S(Ra,)) is a nonempty stable strip of
R,, (resp. R, ). Likewise, (im0 /" *(R,,) (resp. (V7o f m=$(R,,)) is a nonempty
unstable strip of R, (resp. R, ).

Proor. All the assertions are proved the same way: by induction on m using
the preceding corollary. We will only prove the first.

For m =1 this is just Corollary 10.31. Suppose that it is true for all
admissible sequences (by, ..., b,—1), and let (a,, ..., a,) be an admissible se-
quence. Then (a,, ..., a,) is admissible, so the set S = ()i, f*"/(R,) is a
stable strip of R, , by the induction hypothesis. Applying Corollary 10.31 to
R,, and S, we are done. O

Now let a be a point in Z ,. From the last corollary and the compactness
of the R/’s, we see that the sequence (F,),.n, Wwhere F, = ()i-_, f *(R, ), is a
decreasing sequence of nonempty compact sets. Therefore, the intersection
(e, F, is nonempty. If x and y were two distinct points in this intersection,
we would have

d(fi(x), fi(y)) < diam(R,) <e¢  foralliin Z;
but ¢ is a constant of expansivity for f on A, so the intersection is exactly one

point.
It makes sense, then, to define a map I1: £, — A by

M@= () f7(R,).
We define a set H by H = ("\2_,, f (A — | J¥-, OR;); by Baire’s theorem, H
is a dense G; in A. The two following theorems give several useful properties
of IT.

Theorem 10.33. The map I1 from X , to A is continuous, surjective, and injective
on II"Y(H). It is a morphism of the local product structure, sending C; into R;,
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which makes the following diagram commute:

4 _G’ZA

nl ln

A L. A

Proor. I is continuous. Let a belong to Z,, U be a neighborhood of x = I1(a)
in A, and (b"),.n be a sequence in £, converging to a. Let {F,|ne N} be the
compact sets defined above; there is an nq such that for m > n,, F,, = U. Since
the b™'s approach b, there is an n,, such that

Vi with |i| < ng, Vm >n, wehave b™ =05,

Therefore, when m is greater than n,, I1(b™) is in F, , hence in U. Since U and
(b") were arbitrary, I1 is continuous.

I1 is surjective, and injective on I1 ' (H). Let x belong to H. For every i, f(x)
belongs to a unique rectangle R, and is in the interior of this rectangle. The
sequence (b;); . z thus belongs to X, and is the unique preimage of x under I1.
Since IT is continuous and X, compact, it follows that IT(X,) is compact and
contains H, hence is all of A.

IT is a morphism of the local product structure. Clearly I1(C;) = R;. Let a
belong to C;, x = II(a); the image of the stable set W*(a, C;) is contained in
(oS "(R,,)- Let y be a point in this intersection; we then have

d(f"(x), f"(y) <diam R, <¢,  forall n>0.

In other words, y belongs to W*(x, R;), so I1I(W*(a, C,)) = W*(Il(a), R;). Like-
wise, we can show that for any b in C;, II(W"(b, C;)) =« W*(I1(b), R;); hence
II([a, b]) = [11(a), I1(b)].

The commutativity of the diagram being obvious, we are done. O

Theorem 10.34. Any point of A has at most k* preimages under T1, where
k = cardinality of R.
The proof depends on the following lemma.

Lemma 10.35. Let by, ..., b, and by, ..., b, be two admissible sequences with
by = by and b, = b,. If R, _and R, intersect, for all i, then the sequences are
equal.

PRoog". Corollary 10.32 allows us to find points x and y in A with fi(x) in R,,i
and f*(y) in R,,,i foralli,0 < i < n. By hypothesis, for all i, R, and R, intersect,
so we see that

d(f'(x), f'(y)) < diam R, + diam R,, < 2p <.

Therefore, [ f(x), f(y)] is defined, 0 < i < n.
Now Ry, = Ry, 50 [, y] belongs to R,,. Using the equivalent formulation
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of the definition of Markov partition, an easy induction gives

LG, Si ] = f{(Dx y)eW(fi(x), Ry),  O<i<n

A similar argument applied to f !, starting with the observation that

S"([x, y1) = [f"(x), £"()] € Ry, shows that
filx yDeW (fioLRy),  O0<is<mn

then, since Ii,,l, N Iéb; is nonempty, we must have b, = b;.

ProoF oF THEOREM 10.34. Suppose that a point x of A had k? + 1 distinct
preimages under IT; x', ..., x***! say. We can then find an n so large that all
the admissible sequences (x%,, ..., x{, ..., x!) are distinct. Since there are
k% + 1 of them we can find indices i and j such that x! = x/ and x!, = x/,.
The lemma then gives a contradiction. 0O

The theorem has an immediate corollary.
Corollary 10.36. IT1™!(Per f|,) = Per g,.

Corollary 10.37. Let s and t be two preimages of a periodic point x. If s; = t;
for some i, then s = t.

Proor. Let n be a common period of both s and ¢. The sequences (s;, ..., S;+,)
and (¢, ..., t;4,) satisfy the hypothesis of Lemma 10.35: 5,,, =5, =t; = t;,,
and f(x) belongs to R, AR, i<j<i+n We must have, then, that
s=t. O

We say that a collection of rectangles in linked if their intersection is not
empty. For each re[k] we denote by I, the set of subsets K of [k] having r
elements for which the rectangles (R;);. x are linked. We write elements of I,
as r-tuplets of elements on [k]: (s, ..., s,) with s; <5, < ‘- < 5,. We denote
by S, the group of permutations of [r].

For each r in [k] we define two square matrices A and B"), whose
coefficients are indexed by elements of I,, as follows: for s = (s, ..., s,) and
t =(ty,...,t,), if there is a unique permutation p in S, such that 4, == 1for
all i, then A® = 1 and BY = sign(p) = +1; otherwxse AD = B9 =0.

Let L be the largest r in [k] for which I, is not empty. We are now ready
to count the periodic points in A.

Propesition 10.38. For all positive integers p,

L
N,(fla) = ; (=17 tr((BV)).

Proor. (a) Denote by X, the set of bi-infinite sequences of elements of I, and
by Z(A") the subset of sequences 4 = (d,),z for which AJ); . =1, for all
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neZ. Notice that £, and £(A4®) are defined from I, and A” just as £ and X,
were defined from [k] and A.

We define a shift 5, on Z, and Z(A™) in the obvious way: (6,(d)), = d,+:.
Denote by Per,(£(A™) the set of p-periodic points of 6, in Z(A4®).

Given a sequence d = (d,),.z in £(4") we write

a,=(al,...,a)el,.

Let p, be the unique permutation in S, which ensures that 45); = 1. Define
a sequence (v,),z as follows:

v, = id€S,,
Vn = HUn—1CHpn-2°""" 0l if n>0’

Vo= opglioroplt ifn <O

We obtain r elements o', ..., a” of £, by setting
al = aym®, ie[r], meZ

Now, for each m, the rectangles (R,; ), _,_, are linked; therefore, for all m in
Z,and all i and j in [r], we have
d(f™(I("), f™(M(2))) < 2maxdiam R, < &.
nelk]

Since ¢ is a constant of expansivity for f on A, it follows that IT(a‘) = I(a),
for all i and j in [r].

We can then define a map I1,: £(4”) - A by 11,(4) = M («‘), which does
not depend on the choice of i in [r].

(b) Suppose that 4 belongs to Per,(£(A4")). In other words, d,, = dy+, for
all m. We have

fPL@) = 7 < N NS ""(Ra;)>

ie[rlneZ

=/ (sz_n (i en[rl R,,;) >

(), %)

neZ ielr]

= ﬂfﬂ‘n<n Ra;‘!_P>
nel ielr]

= I1,(a).

Thus we have the inclusion
11, (Per,(Z(A"))) = Per,(f1a)-

(c) Conversely, suppose the x belongs to Per,(f14)- It has a finite number
of distinct preimages under IT by Theorem 10.34, and they are periodic by
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Corollary 10.36. Call them «?, ..., a". For all m, the rectangles Ry, Razs-- s Ry,
are linked and distinct by Corollary 10.37; thus they define an element 4, in
I.. We associate to x the sequence d = (d,,),c 7 in Z,.

Lemma 10.39. 4 belongs to Z(A™).

Proor. It suffices to show that for any given m, the identity is the only
permutation in S, for which

(*) Ay iy = 1, Vie[r].

Suppose not; suppose that (x) also holds for m = n and p = v #id. Let 7 be
the order of v in S,, let j be an element moved by v(v(j) # j), and let g be a
common period of the a/’s. Consider the two admissible sequences

ja V) oo V) o V2G) Ll VT R) j
(x#an+1 an-i-’qan+£+l an+(t—l)qan+(‘l’—l)q+l

and
‘xrjyarjﬁl arlt+qar{+q+1 an+(t-1)q+l'

On the one hand, since we have assumed that v(j) # j. Corollary, 10.37 tells us
that a'¥) # aj,,. On the other hand, Lemma 10.35 implies the two sequences
are equal, and we have a contradition. O

Now, since x has period p for f, the pth power on the shift leaves invariant
the set of preimages of x under IT; from this it follows that 4 belongs to
Per ,(2(4")).

(d) Fix x € Per,(f],). We wish to understand the preimages of x under f1,,
for 1 < r < k, which belong to Per,(2(4®)). With a', ..., " as in (c), let u be
the permutation in S, defined by

ah® =,  forall ie[k].

The permutation y is just the permutation of the indices induced by the action
of 6” on the set of preimages of x. Suppose u is the product of the disjoint
cycles u,, ..., u; which act on subsets K, ..., K, forming a partition of [r].

Let b be a preimage of x under 1, with 1 <t < k. Part (a) shows that b
gives us t preimages of x under I1, so t < r. We associate to b, the subset J of
[r] such that the preimages of x under Il given by b are just (@)jcs- If we
further require that b be p-periodic for 6,, then it follows from the definition
of u that J in this case is u invariant, hence a union of certain K,,’s. In summary,
for each preimage b of x under 1, which is of period p for 4,, there is a subset
B of [s] such that, setting J = | ),nc s K, the preimages of x under IT given
by b are («); .

Conversely, for each subset B of [s], letting J = (Jmes K, t = card J, we
can, mimicking (c), construct from the preimages (@’);c; of x under I, a
preimage b of x under I1, which is in Per,(Z(A®)).

(¢) We are finally able to derive the formula for N,(f14). Given 4 in £(4®),
letal,..., «" be the elements of £, constructed in (a). Let v be the permutation
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in S, which satisfies
=0, 1<i<n

notice that sgn v is independent of the numbering of the a'’s, since sgn is a
conjugacy invariant on S,. Consider the expression

L
C,=Y (1) Y sgn v.
r=1 aePer,(T(4")
The proof of Proposition 10.3 also shows that
L
=Y (=17t tr(BMY).

On the other hand, from (b) and (c) we conclude that

(—1) sgn v)

L
Cp = N N )
xePery(f]a) r=1 \Il.(d) =x,d e Perp(X(4™)

=— ¥ o

x e Perp(f]a)

The considerations in (d) show that for all x in Per,(f|a),

D(x)= Y (1‘[ (—1)c2r¢Kmsgn um>

Bc([s] \meB

I
Now the signature of a cycle of length  is just (— 1)**, so
®(x)= —1  forall xinPer,(fls)

Comparing the two expressions for C,, we have

No(f1a) = i (= 1y~ tr((B”)): O
r=1

Theorem 10.40. The {-function of f|, is rational.

Proor. From Theorem 10.38 and Proposition 10.7 we calculate

[] det( — tB®)

Cf|/\(t = ﬁ det(l — tB(r)) : O

rodd
Corollary 10.41. If Per(f) is hyperbolic, then {, is rational.

Proor. From the definition of the {-function it is clear that { r={ f|,,,,(,, By
Proposition 8.11. Per(f) has a local product structure, so we can apPly the
preceding theorem. O
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Corollary 10.42. Let f be a C" diffeomorphism (r = 1) of a manifold M. If f
satisfys Axiom A (resp. R(f) is hyperbolic, resp. L(f) is hyperbolic), then { is
rational.

Proor. After Definition 8.9 (resp. Proposition 8.6, resp. Proposition 8.7),
Corollary 10.40 applies. d

Exercise. Let f be a diffeomorphism satisfying Axiom A. Show that Q(f) is
finite if and only if lim sup(1/n) log N,(f) = 0.

Commentary

Symbolic dynamics has a long history, which we will not attempt to cover
here. Propositions 10.2, 10.3, 10.7, and 10.8 are from [10.4]. Artin and Mazur
[10.2] defined the zeta function of a diffeomorphism and studied some of its
properties. Smale [1.16] gave the first proof of the rationality of the zeta func-
tion for Axiom A, no-cycle diffeomorphisms. Williams [10.15] and Gucken-
heimer [10.5] finished the job. Their method was based on the Lefschetz
formula. Manning [10.9], using Markov partitions, proved the rationality of
the zeta function for Axiom A diffeomorphisms without assuming the no-cycle
condition.

Our treatment of Markov partitions is a rewriting of sections of Bowen’s
book [1.2], which also treats them. We have added some details and formu-
lated the theorems for arbitrary hyperbolic sets with local product structure,
not just a single basic set. The proofs are the same and we gain a little in
generality, which turns out to be useful. For example, if f: M - M is an
Anosov difffomorphism, there is a Markov partition even though we do not
know that M = Per(f). The systematic introduction of Markov partitions is
due to Sinai [10.12], [10.13], [10.14] for Anosov diffcomorphisms and was
extended by Bowen [10.3] to Axiom A diffeomorphisms. These Markov
partitions are the principal tool for analyzing the qualitative behavior of
Axiom A systems. There is a remarkable collection of theorems due essentially
to Sinai, Bowen, and Ruslle, see [1.2]. Adler and Weiss [10.1] constructed
Markov Partitions for linear hyperbolic automorphism of the two-torus. Our
example on T2 can also be found in Sinai [10.12].

Our proof of (10.32) and (10.33) is made to be parallel to the analysis of the
horseshoe in Chapter 4. That analysis could serve as a model for this chapter.
Theorem 10.34 was first proved by Bowen [10.3]. Lemma 10.35 is a great
improvement in the proof; it was communicated to Bowen by Brian Marcus.
We took it from [1.19], which is an excellent survey.

The idea of proving the rationality of the zeta function by using the matrices
B® was sketched for me by Bowen in 1975; it is very close to Manning’s proof.
Lebasque and Yoccoz make it coherent here. They have concocted the clearest
proof I know of the rationality of zeta functions. Fried [10.8] gives a topo-
logical proof relying an isolating blocks and the Leftschetz formula.
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The rationality of the zeta function has been used by many authors to obtain
qualitative and topological properties of Axiom A systems, see for example
[10.6], [10.7], [10.10], and [10.11], or [1.21].
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