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Axiom A Actions
Charles Pugh* (Berkeley) and Michael Shub** (New York)

§ 1. Introduction

In this paper we generalize 2-stability theory to actions by Lie groups other
than Z and R. Our results include [15, 17]. They are in answer to the suggestion
of Steve Smale in [16] that differentiable dynamical systems be investigated for
smooth group actions.

Main Theorem. An Axiom A group action with no cycles is Q-stable.

See §2 for definitions of these terms and for more introductory discussion. We
are grateful for the help given us by Moe Hirsch, John Stallings, and Joe Wolf.
Except for the end theory in §4, this paper is an application of the invariant
manifold techniques developed in our work with Moe Hirsch, which we refer to
bibliographically as HPS.

§2. Lie Group Dynamics

In this section we lift some basic ideas of flow theory to action theory. An
action of a group G on a set M is a homomorphism ¢ from G into the group of
bijections of M. The action is of class C", r=0, iff G, M, and the evaluation map
(g, x)>(g)(x) are of class C". Since @(g~')=¢(g)~", the bijections ¢(g) are
homeomorphisms if r=0 and C" diffeomorphisms if r=1. Whenever convenient,
we write (g, x) for p(g)(x).

The set of C" actions r=0, of G on a compact M, A"(G, M), has a natural C"
topology (under which A"(G, M) is a Baire space) defined as follows. Each C"
action is a certain kind of continuous map G — Diff (M), so we may consider
A"(G, M) C°(G, Diff"(M)). The latter space has the natural compact open topol-
ogy and thereby endows A'(G, M) with a natural C" topology by restriction.
See [12]. Convergence ¢, —> ¢ in A"{G, M) means: for each compact set S G,
©,(8) —~ ¢{g) in the C" sense uniformly over geS.

Although this topology on A"(G, M) is the only natural one, it leads nowhere
unless we restrict G somewhat. See §6 for an example where G is too general.
From now on, standing hypotheses are: G is a Lie group with a compact set of
generators, M is a compact, smooth, boundaryless, connected manifold, and the
actions discussed are at least of class C°. When G is discrete, “compact” means
“finite” and then we are assuming G is finitely generated.

Let ¢ be a G-action M. The ¢-orbit of peM is O(p) [or O,]1={gp: geG}.
[Following the standard practice, we often think of geG as the diffeomorphism
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¢(g)eDiff(M).] A point xeM is nonwandering for ¢ iff for each neighborhood
U of x in M and each compact set S< G, there exists geG—S with gUn U *§.
The set of nonwandering points of ¢ is denoted by Q. Clearly, , is ¢-invariant —
i.e. consists of whole @-orbits. Also @ is a closed subset of M. If G is compact
then Q_ is empty and vice versa. The boundary of an orbit O(p) is the set of all
limit points of sequences g,p where {g,} is a sequence in G having no cluster point
in G. Clearly 00(p)=20{q) if O(p)=0(g).

(2.1) Proposition. The boundary of each orbit lies in Q.

Proof. Let xeCO(p) and let {g,} be a clusterless sequence in G with g, p— x.
Let S be a given compact subset of G and U a given neighborhood of x in M.
Fix k large with x'=g, peU. Clearly g, g, '(x')—> x. Since {g,} has no cluster
point in G, neither does {g, g, '}. Hence, for large n, g=g,g,'€eG—S and gx'e U,
ie. gUU+f. Hence xeQ,,.

Next we discuss when two actions ¢, y: G — Diff(M) should be called equiv-
alent. We say ¢ and y are parametrically conjugate iff there is a homeomorphism
h: M — M such that

M9, M

h h

M ¥(g) AM

commutes for all geG. This says y(g)=hop(g)oh~'. When G=R, such a con-
jugacy preserves the parametrization of the trajectories, hence the name.

A homeomorphism h: M — M which sends each ¢-orbit onto a y-orbit is an
orbit conjugacy between ¢ and ¥; the orbit pictures (or “phase portraits”) of ¢
and ¥ are the same, although the parameterizations of corresponding orbits may
be different. The equivalence relation of orbit-conjugacy is well adapted to
dynamical systems; parametric-conjugacy implies orbit-conjugacy (clearly) but is
too restrictive. We write ¢ ~ to denote orbit conjugacy.

A G-action ¢ is structurally stable iff ¢ ~y for each G-action ¥ near ¢@; ¢ is
Q-stable iff |Q,~y|Q, for each  near ¢.

Palais [13] proves:

Theorem. If G is a compact Lie group then any ¢ action is parametrically
structurally stable.

That is, any C' perturbation of ¢ is actually parametrically conjugate to ¢.
For this reason our interest is non-compact G with emphasis on the ultimate
behavior of the orbits.

As for Z and R actions, hyperbolicity is a crucial idea in studying structural
and Q-stability. One version of this is presented in [6].

Definition. Suppose G is a connected Lie group and ¢ is a C' locally free
G-action such that some f in G is normally hyperbolic at the orbit foliation.
Then ¢ is called an Anosov Action and f is called an Anosov element. See [HPS]
and §3 for the definition of “normally hyperbolic.”

(2.2) Theorem. If ¢ is an Anosov Action then @ is structurally stable.
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Proof. Local freeness of ¢ implies the orbits of ¢ foliate M. Clearly the same
is true for any ¢’ near ¢. Let % be the ¢-orbit foliation. Since ¢ is C' so is £
Let f,eG be an Anosov element and let f=¢(f,). By [HPS, (7.2)], (f, %) is
plaque expansive. Let ¢'(f,)=/f" for ¢’ near ¢. By [HPS (7.1)], (£, #) is struc-
turally stable and so there is a canonical leaf conjugacy h.: (f, #)—(f", &)
where ¢ is an f’ invariant lamination with T.%¥’ near T#. We claim %' =the
@'-orbit foliation. Since Tf leaves both T#' and T.¢” invariant and since both
are near T#, [HPS (2.12)] implies T# =T’ Since &' is C' this implies that
lamina of %’ are contained in ¢’-orbits. Since G is connected and lamina are
Riemann-complete, the lamina coincide with the ¢’-orbits and (2.2) is proved.

Remark. In [6] a stronger result is given: if ¢ is C? then the @-orbit foliation
is structurally stable “as a foliation.” Besides, it is enough to assume the Anosov
element lies in connected component of the identity, G, or that G/G, is finite.

Although (2.2) is elegant, it does not include the case of an Anosov diffeo-
morphism f, considered as a Z-action, n—f". For Z is too disconnected. Also,
the assumption that ¢ be locally free prohibits singularities — for R-actions no
fixed points are allowed. Here are two definitions answering these objections.
@ is a G-action on M.

Definition. ¢ is a hyperbolic G-action if the ¢-orbits foliate M and some [ in
the center of G is normally hyperbolic to the ¢-orbit foliation of M.

Definition. ¢ is an Axiom A G-action iff the @-orbits laminate Q2 and

{a) Some f in the center of G is normally hyperbolic to the orbit lamination
of Q.

(b) The compact orbits are dense in Q.

Such an f is called a hyperbolic element. Axiom A(a) could be called “Q-hyper-
bolicity of ¢ and hyperbolicity of ¢ could consistently be called “ M-hyperbolicity
of @”. Even for Z-actions it is not known whether A(a) = A(b).

Remark 1. Centralness of f is a big assumption. But hyperbolic G-actions
include the Z-action of an Anosov diffeomorphism, the IR-action of an Anosov
flow, and indeed all Anosov actions by Abelian groups. We need f in the center
of G to prove structural stability, see (3.1). If G is not connected and centralness
of f is dropped, structural stability fails. See §6.

Remark 2. A lamination is a foliation with less smoothness assumed. See
[HPS] and §3.

Remark 3. If ¢ is a hyperbolic G-action then it satisfies Axiom A{a). If Q=M
and ¢ satisfies Axiom A(a) then ¢ is hyperbolic. (3.10) establishes structural
stability for Axiom A(a) G-actions with Q=M. If G is connected, this was proved
already in more generality in (2.2).

Remark 4. As a natural specialization of Axiom A, one might say ¢ is a Morse-
Smale Action iff ¢ is Axiom A and €, is finitely many orbits. When G=Z or R
this agrees with the standard notion. For G=IR?, however, there is another
definition of Morse-Smale action which has been investigated largely by Cezar
Camacho {1, 2]. He does insist Q_ be a finite union of orbits but only requires

[
normal hyperbolicity to the compact orbits. Non compact orbits in Q are per-
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mitted which connect Q-basic sets of different splitting-types. It remains to be
seen what turns out to be the most fruitful definition of Morse-Smale action —
or Axiom 4 action.

Here is a basic result of Smale’s Theory [ 17] generalized to actions.

(2.3) Q-Decomposition Theorem. Let ¢ be a C' G-action satisfying Axiom A.
Then there is a unique decomposition Q,=Q, U --- U £, such that the , are compact,
disjoint, @-invariant, and indecomposable. On Q,, ¢ is topologically transitive.

The proof of (2.3) occurs after (3.3) in §3. The Q, are basic sets for ¢. “In-
decomposable™ means 2, cannot be divided into two disjoint compact nonempty
@-invariant subsets. Since M is connected, Q is indecomposable if M =Q. “Topo-
logical transitivity” of ¢ on Q, means that any two relatively open, nonempty,
@-invariant subsets of {2, meet.

To a hyperbolic-element f are associated stable manifold structures by [HPS].
Through each orbit O(x) in €, there pass unique f-invariant manifolds, W*(x)
and W3(x), transversally intersecting in O(x). The stable manifold W*(x) is
Sf-invariantly fibered by strong stable manifolds W*(x"), x'€ O(x), consisting of
points sharply asymptotic with x' under positive iteration by f Similarly the
unstable manifold. Centralness of f and these characterizations imply that the
strong stable and strong unstable fibrations are invariant by the entire G-action,
not just by f For if geG and yeW?**x then f"g(y)=gf"(y) is equally sharply
asymptotic with f"g(x)=gf"x as f"y is with f"x when n— co. Similarly for W**.
Since W3(x) consists of the fibers W**(x') with x" in the invariant set O(x), W3(x)
is p-invariant. Likewise W*(x).

There is a partial order on the basic sets of an Axiom A action

Q<Q; iff W' x)nWy)¢Q2 for some xeQ;, yeQ,.

A cycle is a sequence Q; <---<Q; =Q,, n=22. A self cycle occurs when n=2.
In (4.14) we show that the existence of cycles is independent of which hyperbolic
element f we choose in G.

Our Main Theorem —that Axiom 4 plus no cycles implies Q-stability for
G-actions—has already been proved when G=Z [17], G=R [15}, or Q=M
and G is connected [6] or (2.2). It turns out, to our surprise, that all Axiom 4
actions are “essentially” one of these types. Precisely, there is an alternative: for
Axiom A actions either

Q=M
or
G is hyperbolic.

A group G is hyperbolic if it has two ends and they are invariant under right-
multiplication by all elements of G. See §4 for a discussion of ends and (4.12) for a
proof of this alternative.

If G is two-ended and is connected then G is isomorphic to the direct product
of a compact Lie group K and R. This was conjectured by Zippin [20] and proved
extemporaneously for us by Joe Wolf.! Thus, when G is connected, the new

! Afterwards, we find that this result is due to Freudenthal.
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part of our Main Theorem amounts to Q-stability for flows equivariant by a
compact group action and is an extension of Mike Field’s thesis [4] on equi-
variant dynamical systems. If G is two-ended, is not connected, and supports the
Axiom A4 action ¢ then we thought that G was isomorphic to K xZ, K being a
compact group. (When G is discrete and two-ended it does contain a copy of Z
having finite index —see (4.6) and [5, 6.14, 10, Satz V].) John Stallings showed us
an example of a group G casting doubt on this conjecture and Moe Hirsch showed
us how to make G act on an M? obeying Axiom A, 2+ M, and having no cycles.
See §6. But no matter —our proof of Q-stability is independent of such factori-
zations. G=K xR, G=K x Z.

§ 3. Hyperbolic Sets for Actions

In this section we apply [HPS] to the hyperbolic element f of our Axiom A
action. As in the flow case, much of the stability theory for Q works equally for a
hyperbolic set A, so

Definition. A C' G-action ¢ is hyperbolic at A = M iff the connected components
&, xeM, of the @-orbits laminate A and G has some f in its center so that [ is
normally hyperbolic to the orbit lamination of A. Such an f is a hyperbolic element
for ¢ at A and the lamination . is called the @-orbit lamination.

Recall from [HPS] that a lamination & of A is a continuous foliation of A
with smooth leaves %, and continuous leaf tangent bundle T (That is, x +— T,(Z,)
is a continuous map A — Grass(TM).) The diffeomorphism f is normally hyper-
bolic at & iff it permutes the laminas (=leaves of ¥) and T, M splits Tf invariantly

TM=N@TL BN, T, f=N'fORLfONS
with
infm(N? f)>1 sup | N2 f]| <1
A

infm(N; )£, f1 7' >1 sup [IN; f1 m(&, f)7 <1

By m(A4) we mean the “minimum norm” or “conorm” of the linear transformation
A: m(A):]xilnfllel.

The existence of such a hyperbolic element f already puts certain limitations
on G. Either all of M is a single orbit (i.e. M is a homogeneous space) or else {f"}
has no cluster points in G. For if N* is nonzero then m(N*f")— o0 as n— o0 and
IN“f*|—0 as n— — o0, whereas for each geG, the tangent to ¢(g) has bounded
norm and conorm. Likewise if N*+0 then {f"} has no cluster point in G. On the
other hand if N*=0=N® then T M=T,0, for all xeA. Since M is connected,
this implies M is a single orbit. Hence: either G contains a center with a copy of Z
embedded in it or else M is a single orbit. The latter sort of action is always structur-
ally stable. (This is easy to check and has nothing to do with Axiom A4) and we
can ignore it in all that follows.

For an f normally hyperbolic at the lamination . of A there exists a natural
stable manifold theory from [HPS] —even if f is not part of an action. For some
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£>0, each pe A has a strong stable manifold W**(p) characterized by

W (p)={xeM:d,(f"x,"p)<¢ for all n 20 and d,(/"x,f"p)—
as n— oo, faster than is possible along %, }.

Moreover, W %(p) is C', is tangent to N:, and fW;*(p) = W *(fp). Taking the union
of W*(x) over all xe.Z, gives the &- stable manifold of the lamina &, W:(Z).
This Wi(Z) is a C! 1mmersed manifold, but it has a boundary and may have
self mtersectmm or branching. See [HPS §§ 6, 7].

To get rid of the boundary, we can globalize by iteration

Wss U f Wss (j‘n x

nz0

W (&Z,)= U w*(x).
xe¥p
From the characterization of strong stable manifolds it is clear that any W*(x,),
W*%(x,) are equal or disjoint.
In general, branching of W*(¥)) seems possible. But when ¢ is hyperbolic
at A then centralness of f and the characterization of W *(p) imply that

gW*(p)=W*(gp)

for all geG and all pe A. Thus, either W*(Z)) equals W*(Z)) or they are disjoint.
Likewise W*(Z,) intersects itself only in relatively open sets. Since WHZ,) has
no boundary, thls means that W¥(#) is injectively immersed.

To make this clearer, consider an Anosov flow, say i,, on M>. Let y be a closed
orbit of ¥ and W'y its local stable manifold, a cylinder with boundary. Consider
one of the other orbits, say y,, on W*y. Clearly, W*y, = W*y. Although W*(p,)=
W*(p}) for many distinct p,, p] y,, it is still true that W?y is injectively immersed.
What is not true is that the map sending the abstract union U W*(p,) onto
W(y,) is injective. pievi

Of course, replacing f by f~!, we get the corresponding unstable manifold
theory.

Definition. Let f be normally hyperbolic to the lamination ¥ of A. Then (f, A)
has local product structure iff
WHA)NWE (A=A
for some ¢>0. If in addition, each lamina %, meets each W*0, and W*O, in
relatively open subsets of ., then we say (f, ) has local product structure.

(3.1) Local Product Structure Theorem. If f is a hyperbolic element of an Axiom A
action @ then (f, £) has local product structure when & is the @-orbit lamination
of Q,.

Several preliminaries are required to prove this theorem. First we prove a
simple

(3.2) Intersection Lemma. Let ¢ be hyperbolic at A with hyperbolic element f.
Let Oy, O, be ¢ orbits in A. If x is a point of transverse intersection between W* 0,
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O y

Fig. 1

and W*0, then x is also a point of transverse intersection between the strong unstable
fiber through x and W*0,.

Proof. By f-invariance, it suffices to prove this when xe W*0, and ¢ is small.
Let xe W*“(p), peO,. Let G, be the connected component of 1, the identity, in G.
Each XeT, G generates a 1-parameter subgroup in G,, exp X, where exp is the
exponential of G. Each exp X generates a C' flow (t, z)—¢(exp(t X), z). By van
Kampen’s Uniqueness Theorem [11],

d
@(exp(t X),p)=p N ¢(exp(t X), p)=0.
t=0

Thus, the restricted tangent-map To: T, Gx p—T,0, is surjective and so the
local isotropy subgroup I,={geG,: ¢(g, p)=p} isa C' submanifold of G by the
Implicit Function Theorem.

Let D be a small smooth disc in G transversally meeting I, at 1. Then ¢|D x p
is a diffeomorphism to a neighborhood of p in O, and, since O, meet W"¥(p)
transversally at p, ¢(D, x) meets W**(p) transversally at x, x near p. Since
@(D,x)=O0(x), O(x) also meets W*¥(p) transversally at x. Since W*0, meets
W*0O, transversally at x, T .(W*°0,) contains a complement of T_(W*O,). Hence,
T.M is spanned by T(W*0,) plus T,O(x) plus T,{W*“(p)), proving (3.2).

The next lemma is the key to many problems.

(3.3) Cloud Lemma. Let ¢ be hyperbolic at A with hyperbolic element f. Let
0,, 0, be compact @-orbits in A. If W*O,, and W*0, have at least one point of
transverse intersection then W<0O, nW"0, cQ,.

Proof. See Fig. 1. Let yeW"'(p,)n W*(p;) where p;e0,, p,€0,. Let
xe W*(p,)n W*(p,) when p,€0,, p,€0,, and W*O, intersects W?0, transver-
sally at x. By the Intersection Lemma, W*“(p,) intersects W* 0, transversally at x.
Let U be any neighborhood of y in M and let S be a compact set in G. We must
show that gU n U #§ for some ge G —S.

Since O, and O, are compact there is a large compact subset Q <G such that

Qp=0, Qp,=0,

for all p, €0y, p,€0,. By Qz we mean {gz: geQ}. Then choose g,€Q so that

Jo(P)=p,  where f,=q, /"
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Since {¢(g): geQ} is a compact subset of Diff (M) it is clear that f (y)—p,
as n—>00. By the usual A-lemma [14] plus the ¢-invariance of W*0,, W°0,,
plus the commutativity of /" and g, it follows that f U contains a disc D, nearly
equal to much of W"“p,. In particular, for large n, D, intersects W*0, near x
at say x,€f, UnW?*(p,,), for some x,—x, p,,— p,, and fixed (large) a.

Again, choose ¢, €Q such that

4./ " (P2)=P>-

The A-lemma applied again produces discs D] in g,o "o, (U) nearly equal to much
of W*(p}). Thus,

g UnU+§

when g,=g./"q,/"=4q.q,/*" Since {f"} has no cluster point in G and since the
4, g, all lie in a Q which is compact, {g,} has no cluster point in G, so most of the
g, lie outside the given compact set S. This proves that gUn U+ for some
geG —S and completes the proof of the Cloud Lemma.

Proof of the Local Product Structure Theorem (3.1). By assumption ¢ is an Axiom
A action, so € is a hyperbolic set for ¢. Since the splitting T, M=N'@TLON
is continuous, it is clear that

W (p) AW 0,)+#
Wi (q) AW (0,)+ 8

for all nearby p, g in Q. By Axiom 4, the compact orbits are dense in 2, and so p,
q can be approximated by p’, ¢ in Q, with 0,, O, compact. By the persistance of
transversality, the corresponding intersections W (p)n W;,(0,) and W)¥(q)n
W;.(0,) continue to be nonempty and near the ones for p, g. By the Cloud Lemma,
the former are in Q. Since Q, is a closed subset of M, so are the latter. This
proves that (f, Q) has local product structure. As we observed in § 2, stable and
unstable manifolds of orbits are ¢-invariant. Thus, the orbit lamination of Q
is subordinate to #™, #™ and so (f, £) also has local product structure.

As a consequence of local product structure we get Q-decomposition, just as
for flows.

Proof of the Q-Decomposition Theorem (2.3). Let ¢ be an Axiom A G-action
on M with hyperbolic element f Let ¢ be small enough so (f, Q) has 2e-local
product structure. Let peQ,_. Consider any neighborhoods ¥, V" of p having diam-
eter < ¢ Then

Sat(Vn@Q)=Sat(V'n Q) (%)

where Sat(X) = Closure({ J,.; g X) is thesaturate of the set X. To verify (+) it suffices
to prove V'nQcSat(VnQ). If zeV'nQ then Axiom 4 says p and z can be
approximated by p’ and z' such that O(p’} and O(2') are compact and p'eVn Q.
By 2¢-local product structure, Wy (p') dh W; (0(2))) 0 Wy (2') A WS (O(p) and
so z'eSat(Vn Q) by the Cloud Lemma proof. Since 7 is arbitrarily near z and
Sat(Vn Q) is closed, z is also in Sat{}’n Q) completing the proof of (x).

Let Q(p)=Sat(V n Q) for any neighborhood V of p having diameter <¢. Then
Q(p) is compact, non-empty, and @-invariant. From (*) we see that either Q(p)=
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Q(p) or Qp)NQ(p')=%, p, pP'eQ. In this sense the family {Q(p)},., is a nonover-
lapping covering of @ by neighborhoods. Q being compact, finitely many of
the Q(p)’s cover Q and they form the 2-decomposition ,=Q, U---UQ, .

Let ¥V, ¥’ be open neighborhoods of p, p'e ;. Then Q(p)=Q(p )=, proves
that g(V N Q)N (V' n Q)+ for some geG, ie. @[, is topologically transitive.
Clearly, topological transitivity implies indecomposability.

Uniqueness of =0, u---uQ, , assuming the Q, are @-invariant, compact,
disjoint, and indecomposable, is immediate: if @ u--- U is another Q-de-
composition then so is Q={); ;2,1 Q), a contradiction to indecomposability
unless the Q; are the Q'

Here is another qualitative result about Q for an Axiom A4 action.
(3.4) Theorem. An Axiom A action has no self cycles.

Proof. Suppose €, has a self cycle, i.e. suppose ze W*Q, » W*Q, for some point
zof M —Q,. Then ze W**(p) n W**(p") for some p, p’e,. Let U be a given neighbor-
hood of z and § a given compact subset of G. By topological transitivity on Q,,
any small neighborhood of p meets a ¢-orbit in @, passing arbitrarily near p'.
By Axiom A it can be approximated by a compact orbit O passing arbitrarily
near p and p". In particular, U W*0 and U n W?*0 will be nonempty. Fix such
an O and choose a compact set Q < G such that @ x=0 for all xe 0. By the A-lemma
as in the proof of the Cloud Lemma, there is an element £, in G of the form

g=1"0g,o["=1*"eq,

such that g, Un U+, gq,€0, and n is arbitrarily large. Since {f"} has no cluster
point in G, neigher does {g,}. Thus most g, lie outside S and z is proved to be
nonwandering, ie. zeQ; for some j. If j#i then — Q; being compact, invariant,
and disjoint from €, — f"z could not tend to Q,. Thus zeQ;, a contradiction.
This proves (3.4).

The next theorem is the intent of the remark after (7.4) of [8]. According to
(3.1), it applies to Q=4 when ¢ is an Axiom 4 action.

(3.5) Theorem. Let the G-action ¢ be hyperbolic at A with hyperbolic element f.
Suppose (f, £) has local product structure where & is the @-orbit lamination of A.
Then there exists a neighborhood U of A such that any point x whose forward
S-iterates remain in V lies on W**(x') for some x'€ A. Similarly for backward f-iterates
and W**.

Proof. This is a special case of [HPS, (7A.1)].

(3.6) Corollary. If ¢ is an Axiom A G-action with hyperbolic element f and Q
decomposition Q=8Q, U --- U, then 00, meets at least two Qs, xe M — Q.

Proof. 00,< £ by (2.1). If 00, = Q, for some single i then f"x —Q, as n— + co.
By (3.5), xe W**(x") n W*5(x") for some x', x" € Q,, i.e. @, has a self cycle, contradict-
ing (3.4).

Finally, we discuss perturbations of ¢ when ¢ is a C' G-action with hyperbolic
set 4 and & is the @-orbit lamination of A. The perturbation theory of [HPS]
requires that (f, %) be “plaque expansive”. A lamination £ of A is called C!-
smoothable iff & extends to a C* local foliation near each pe A. The local foliations
need not be coherent.
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(3.7) Proposition. If ¢ is a G-action and the @-orbits laminate a compact set A
then this lamination of A is C*'-smoothable.

Proof. The construction in the proof (3.2) gives these C! local foliations.

(3.8) Corollary. If ¢ is an Axiom AG-action with hyperbolic element f and if &
is the @-orbit lamination of Q then (f, £) is plaque expansive.

Proof. By (3.7), ¢ is C' smoothable. By (7.4(i)) of [HPS], (/. %) is plaque
expansive.

The next result says that the canonical perturbation theory of [HPS, §7]
is natural respecting G-actions.

(3.9) Persistence Theorem. Suppose ¢ is a G-action with hyperbolic set A< M.
Then @ has a neighborhood U in A*(G, M) such that to each ¢’ €U there corresponds
an orbit conjugacy

i (@, A) = (o', A)

where A’ is a canonically determined ¢'-invariant set near A. Also, h, — inclusion
as ¢'— .

Proof. Let & be the @-orbit lamination of A. Let f,€G be a hyperbolic element
for ¢ and let f=o(f,), [ =¢'(fy). By (3.8), (f, ¥} is plaque expansive and clearly f’
is a C' perturbation of f. By [HPS, (7.4(ii))] there is a canonical f-invariant
lamination ¢ near # and a canonical leaf conjugacy h.: (f, £) —(f", £’) near the
inclusion A<~M. We must show " is the ¢'-orbit lamination of A'=h, A and
that h . carries @-orbits to ¢’-orbits.

h,. is characterized as follows, using a fixed smooth bundle # in T, M, comple-
mentary to 7%, and a fixed small plaquation # of . Given xeA, h,.(x) is the
unique point of exp, #(g) whose f orbit can be closely shadowed by an f-pseudo-
orbit which respects 2.

Let W be a seed of G, i.e. a compact set of generators with W' =W. Let {x,}
be an f-pseudo-orbit through x which respects 2 and closely shadows {f"(x'}},
x'=h,x. Thus x, , =¢(g,,fx,), g, is near 1, and x,=x. Let geW. Then g’,g"
can be found near g such that

Z=q'(g, X)ECXD o 1(e) X' =h,,
7' =¢/(g, x’)eequ)(g”, x)n(g).

To find g', g” reconsider the proof of (3.2): let D be a smooth disc in G transverse
at 1 to the isotropy subgroup of x and regard the map

D xexp, ne) > M
(d,z) > o(gd, 2)
which is a local diffeomorphism to a neighborhood of ¢(g, x) in M. Since it sends
D x0 to a neighborhood of ¢(g,x) in &, ,,, since ¢'=¢, and since h, =in-

clusion we can find d, d'eD such that g’ =gd, g”" =gd" work.
We claim that {¢(g, x,)} and {¢(g", x,)} are f-pseudo-orbits which respect Z.
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By centralness of f, we can write

(g xn+1)=<p( ?(g, /)
?(88,8" " fog: x,)
—q)(gg,, L fo(g x,)-

When the g, are very near 1, the gg, g ™" are near | and so {¢(g, x,)} is an f-pseudo-
orbit which respects 2. Since g” is near g, and is thus also confined to a compact
set, the same 15 true of {p(g”, x,)}.

Also we claim that {¢(g, x,)} closely shadows {f""(z")} while {@(g", x,)} closely
shadows {f""(z")}. Again by centralness of

fz)= </>'(féﬁ @'(g, XN =¢'(g, [ "(x)).

Since ¢’ =@, x, is close to f"(x), g’ is near g, and g is confined to compact set of G,
this ¢'(g’, f’"(x )) is near (p(g, > ,,) Similarly
=0/ (f5, 98, X)) =98, /" X))

is near ¢(g”, x,). Hence the pseudo-orbits do closely shadow {f'"(z')} and
{/"(z")}. By the characterization of h, we conclude k(¢ (g, x))=2, h (@(g", X))
=z". That is, for any ge W and all xeA

(1) hy(o(g, x)=9'(g", hy.x)
2 hp(o(g", %)= (g, h. x)

Next we extend these equations to all ge G. We claim that for any ¢eG and
all xeA

for some g’, g" near g.

(3)  hple@x)=¢ (g, h,x) forsomeg’,g"in the same connected
@) hp(e@",x)=¢ (g h,.x) component of G asg.

By (1), (2) it suffices to prove (3), (4) for g of the form g, g, when (3), (4) are known
for g, and g,. Then

hy(@(21 855 X)) =hy (@ (21, 0(g5, )
=¢'(g}, hp0(g,, )
=¢'(g, 8%, hy X)
for some g7, g, in the same components of G as g,, g,. The product g g}, lies in the

same component as g, g,, since G,, the component of 1, is a normal subgroup
of G. This proves (3) for g=g, g,. The proof of (4) is similar:

?' (882 X)=0"(8,, 0'(8,, h ;%))
=¢'(g,, h; (g5, X))
=h.(o(g], 0(g5, x)
=h,.(p(g] g5, x))

for some g7, g5 in the same component of G as g,, g,. The product g/ g} lies in the
same component as g, g,, proving (4) for g=g, g,.

2 Inventiones math., Vol. 29
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From (4) we deduce that each % is invariant by ¢’(g, ), ge€G,. For
@' (g x)=¢ (g h ()=h. (0" X)ch (L)=2,
since g€ G, when geG,. By (3) and the fact that ¥ =¢(G,, x), we also have

LL=h (L)
:hf'( U @(g, x))= U @' (g, h.x)
geGy 2 eGy
=@ (G, x").

Thus, the connected component of the ¢’-orbit through x'eA’ is exactly #..,
L.e. the ¢’-orbits laminate A" and ¥'=h ¥ is that lamination. Also, from (3), (4)
we deduce

= gl

@' (g, hyr x)

hf' (gw(g, x)) = f’:

s (@(g, x))

which shows that not only is h . an orbit conjugacy but it is also a G/G, parameter
preserving conjugacy. This completes the proof of (3.9).

(3.10) Corollary. If ¢ is a hyperbolic G-action then it is structurally stable. In
particular, if @ satisfies Axiom A and if Q=M then ¢ is Q-stable.

Proof. Apply (3.9) to A=M and ¢’ near ¢. Since h,, is near the identity and is
continuous, h,(M)=M. Thus ¢'~¢ and ¢ is structurally stable. We observed
in § 2 that if ¢ satisfies Axiom A(a) and Q,=M then it is hyperbolic. Structural
stability always implies Q-stability.

§ 4. Ends of a Group

In [5] Hans Freudenthal defines the concept of “end” for a topological
group or space. See also [3]. It is a notion concerning “directions that lead to oo ™.
The ends maximally compactify the group. Intuition says that in R there are two
directions leading to oo, t— + 0o and ¢t — — oo, i.e. R has two ends. In R? there is
only one direction leading to o, i.e. all directions are equivalent and IR? has only
one end. Likewise, Z x Z. The cylinder R x S* has two ends. A compact space
has no ends, because there is no way to go toward co.

It turns out that groups have exactly 0, 1,2, or ¢ ends [5]. Examples are:
compact group have 0 ends, R? has 1 end, R has 2 ends, and the free group on
two generators has ¢ ends. We shall show that if ¢ is an Axiom 4 G-action then
either Q =M or else G has exactly two ends. It is reasonable that G has at least
two ends when Q_ + M because there are G orbits in M —£ connecting different
basic sets of Q. See he figure below and use (2.1). The hard part is to eliminate
the possibility of ¢ ends. The presence in G’s center of a copy of Z turns the trick.

2 2

Ox

Fig. 2. Ends of an orbit in different basic sets
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In [5], Freudenthal mainly develops end theory for finitely generated discrete
groups whereas we are interested in general Lie groups. In [10] Hopf develops
end theory for his groups but usually assumes they are connected. In this section,
we present a self-contained treatment of end theory for compactly generated
topological groups, not only because we need an end theory in exactly this general-
ity, but also because we want to stress the existence of an end theory working
simultaneously in the discrete and continuous categories.

CONVENTION: “LEFT” VERSUS “RIGHT". In everything done below,
our order of group multiplication is the reverse of Freudenthal’s. Our end theory
is a left end theory, his a right end theory. This is not mere perversity, but the un-
happy accident that left end theory is adapted to left group actions (homomorphisms
¢: G— DIff(M)) while right end theory is adapted to right group actions (anti-
homomorphisms : G— Diff (M), ¥ (g, gz)zu‘/(gz)w(gl)). Not bemng British, we
prefer left group actions and accordingly develop a leit end theory. Of course,
right and left end theories are equivalent, but we apologize to the reader if extra
reflection is needed when comparing our ends to Freudenthal’s.

It is first necessary to do some topology in G, even though G may be discrete.
We say that U is a seed of the topological group G iff U is a compact neighborhood
of the identity, U ™! =U, and Int(U) generates G. One may imagine the group G
as growing from U: U"1G as n— oo, where U" =all products of <n elements of U.
Any compactly generated group has a seed: let ¥ be a compact neighborhood of
the identity generating G, then put W=a compact neighborhood of V' and
U=WuW-L

Definitions. The U-hull of a set ScG is
Hy(S)={xeG: x=us for some ueU, seS}.
Thus, #,,S=US is a “thickening” of S. The U-frontier of S is
2y(8) =,/ (S) M 4y (59)

when S°=G—S. (Freudenthal calls ¢,5 the “Franse” which literally means
“fringe”.) The set S is U-bounded iff S < U" for some n.

{4.1) Proposition. Let G be compactly generated with seeds U,U’. A set S is U-
bounded iff U’-bounded: 0,,(S) is bounded iff’ ¢,.(S) is bounded. If S is closed then
H,(S) is closed. A set is closed and bounded iff compact.

Proof. The sets (Int U)* are open, increase monotonically with », and cover G.
Since U’ is compact, U'<(Int UY'< U" for some n. Symmetrically, U= U"" for
some #’. This proves the first two assertions of (4.1).

The U-hull of S is just the product U - S. Since U is compact, U - S is closed
whenever S is closed (a general fact).

Let S be a closed bounded set in G. Being bounded, S is contained in some U™
Since U™ is compact and S is a closed subset of U", S is compact. Let S be a compact
subset of G. Since {(Int U)"} is an ascending open cover of G, Sc(Int UY'< U" for
some n. Hence S is bounded. Any compact set is closed. This completes the proof
of (4.1).

Although these notions of “hull” and “frontier” are reminiscent of correspond-
o
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ing topological notions, they do not arise from some topology on G. The structure
they define more closely resembles a Zeeman tolerance-space [19].

Definition. A set S is U-connected iff S cannot be divided, S=S, US,, where
S,, S, are nonempty and S; N H#,(S,)=0F=5,H#,(S)).

It is easy to see that S is U-connected iff each pair of its points g, g’ can be
joined by a chain in S, g u, g u u,g,....u, ...y, g=¢ where u,...,ueU. In
particular, the whole group G is U-connected.

Definition. A neighborhood of infinity in G is an unbounded set Q < G having
7y Q bounded.

Definition. If G is a compactly generated group then an end of G is a class e
of subsets Q =G such that

(a) each Qee is a neighborhood of infinity.
(b) if Q,Q'ce then QN Q'ce.
(c) e is maximal respecting (a), (b).

The set of ends of G is denoted &;. By {(4.1), it does not matter which seed U
is used in the definition.

If G is compact then (a), (b) are incompatible and G has no end. Conversely,
any noncompact G has a least one end: let ¢, consist of all the complements of
bounded sets. By Zorn’s lemma, enlarge e, as much as possible without contradict-
ing (a), (b). The result is an end e of G. Note that e, is contained in every end by (c)
but if e, is an end of G then e, is the only end of G.

If eeé, and if P<G has P Q a neighborhood of infinity for all Qee then (c)
implies Pee. For ¢=e¢ U {PNQ},, satisfies (a), (b), and ¥ >e. Similarly, if PAQ,
is bounded for some Q,ee then Pee. (By 4 4B we mean the symmetric difference
(A— B)u(B— A).) For if Qee then

(PN Q)eH#y(Q4Q0)wiy(QnQy)

which is bounded, and so ¥={PnQ},_, satisfies (a), (b), and E>e. In particular
the U-hull of any Qee has #,Q0— Q=70 and so #, Qee.

In a natural way, the ends of G can be adjoined to G, forming a compact space G.
In fact, the set of ends of any space X is the maximal, totally disconnected set
compactifying X [5]. A sequence g, in G converges to an end e iff for each Qee,
a,eQ for all large n. A sequence ¢, of ends of G converges to an end e iff for each
Qee and all large n there exist Q,ee, with @, < Q. (This definition of sequential
convergence in G is equivalent to taking as neighborhood basis at e, {0} gee”)

Products between ends are not defined but the products ae and ea for aeG
make sense:

ae={aQ},.. ea={Qa},,.-

First note that aQ is unbounded and if aec U™ then ¢y(aQ)cdym-. (Q) which is
bounded. Also Qa is unbounded and ,(Qa)=(dyQ)a. Clearly {aQ},. and
{Qa} .. satisfy (b), (c) so ae, ea are ends.

Let us observe that ae=e. It suffices to show that (aQ)4Q is bounded, Qee.
Let ac U™ If xeQ—aQ then g=x=agq for some geQ, ¢’ Q° and so a~ ' xe€ #;,..(Q),
1 xe #,.(Q) imply x€0d,,.(Q). Thus (aQ) 40 = d,,.(Q) which is bounded. Similarly,
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left multiplication by a fixed element ae G does not affect convergence x,— ¢eé,
i.e. {ax,) and (x,) have the same limit points in &;.

Right multiplication is another matter. Each ¢aeG defines a homeomorphism
r G — G whose inverse is r,-1- Some ends may move, others remain fixed.

It would seem natural to define

¢ ={0 e Q@ '=1{07}4ee
Unless G is Abelian, ¢ 7! is not a left end, it is a right end. For if Qee then,

(@ Q) 1= Q) (A Q)T =(UQ) T N (UQ) )
:(Q—l U~l)m(Q~1)cU—l :(";}(QAI)

where ¢}, denotes the right frontier (Freudenthal’s convention). Thus

inversion induces a natural bijection &< &Y.

The following proposition says that U-connectedness is no serious restriction,
especially for ends.

(4.2) Proposition. (i) Any ScG with ¢S bounded has only finitely many U-
components. (ii) Any Qeeed,; contains a unique maximal, U-connected Q'ce.

Proof. (i) The set ¢,S has only finitely many components, say K,,...,K,,
because 0, S is contained in a compact set and points in distinct U-components
of a set clearly cannot accumulate. Let S,,...,S,, be the largest U-connected
subsets of S containing K, ...,K,,. If ¢,S=¢ then (4.2i) is true because G is
U-connected. Thus, we may assume ¢, S+ Choose any seS and s'ed,S. Since
G is U-connected consider a U-chain from s to s". By definition of ¢S, it does
not leave S until ¢, 5. Hence, every seS belongsto S, u---uS,,, 1.e. (4.21) is proved.

(i) Let Qee and let Q =0, u---UQ, be the distinct U-connected components
of Q arising from (i). By maximality, #;(Q,) n Q;=# for each i #. Thus ¢,,Q,=,Q
and is bounded. If all the Q, fail to lie in e then each Q, misses some S,ee and so
Q0=0Q,u---uQ, misses S, N---nS§,ee, contradicting (b) in the definition of
ends. Also by (b), only one @, can lie in e since the Q, are disjoint. This completes
the proof of (4.21i).

The following four theorems are what we require from end theory. They answer
the questions: How many ends does a group have? How are the ends of groups,
subgroups, and factor groups related? How can we recognize a one-ended group?
How nearly does a two ended group resemble Z?

(4.3) Theorem. If G is a compactly generated locally compact group then G has 0,
1, 2, or ¢ ends.

(4.4) Theorem. Let G be a compactly generated locally compact group and H
be a normal compactly generated closed subgroup of G. (i) If H is compact then there
is a natural bijection between &; and &g . (i) If G/H is bounded then there is a
natural bijection between &, and &y.
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{(4.5) Theorem. Let G be a compactly generated locally compact group and H be a
normal, compactly generated closed subgroup of G. If H and G/H are unbounded
then G is one-ended.

(4.6) Theorem. Any two-ended group G with ends ¢ _, ¢, contains a closed, infinite
cyclic subgroup H=1{h"},_, such that h" —e, as n— +oo and G/H, H\G are
bounded.

Remark 1. If G is discrete then (4.3) is Satz 3.3 of [5], (4.41i) is [10, Satz 4],
and (4.6) is [5, 6.14]; (4.5) is a unification of Satz 6 and Zusatz zu Satz 6 of [5].

Remark 2. When H is not normal G/H is not a group, but by G/H being bounded
we mean that each coset gH be contained in m, U™ for some fixed m. The map =,
is the projection G — G/H. Similarly for H\G. Note that G/H is bounded iff
H\G is bounded. For inversion in G induces a homeomorphism H\G<«> G/H
which exchanges =, (U™) and ,(U™). Using ideas like this, versions of (4.4, 5) can
be proved when H is not normal. For instance (4.41) becomes E 8-

Here is the key lemma.

(4.7) Lemma. Let ¢, ¢, be ends of G and a,— e, with a,€G. Then either a;’
accumulates at ¢, or else e,a,—¢, .

Proof [5, 6.6]. Suppose that a,; ' does not accumulate at ¢,. Then ¢, has a
compact neighborhood Q, in G such that ¢ does not accumulate at any point
of 0,. Let Q, be any neighborhood of ¢, and let Q,=Q,n G, i=1,2. Since 4,(Q,)
1s bounded,

0p(Q,)a,=0y(Q,a)<=Q, nlarge.

Indeed it is easy to see that any bounded set S is sent inside Q, by S+ Saq,, n large.

Since 0,(Q,)=0,(Q%) is bounded, QF has only finitely many U-connected
components by (4.2). Suppose 0, a, ¢ Q, for infinitely many values of n. For each
such n, Q,a, contains whole U-connected components of Qf because U-chains
in Qf do not meet ¢,(Q,a,). Since Qf has only finitely many of them, one gets
contained in Q, a, infinitely often, and we can choose a fixed x

xeQ;nQ,a, infinitely often.

In other words, xa,;'eQ,, and so some accumulation points of xa; ' lie in Q,.
But xa, ! and g, ' have the same accumulation points. This contradicts the choice
of 0,. Hence Q,q,<Q, for all large n, ie. e,a,—e,. This completes the proof of
(4.7).

Proof of (4.3). Let G have at least three ends. We must show it has ¢ ends, so
it suffices to prove that the set & of ends is perfect.

Choose any end ¢ and a sequence a, — ¢, a,€G. The sequence a;! is unbounded
and so we may assume a;' —¢ some end of G. Choose two ends of G distinct
from ¢’ and each other, say ¢”, ¢’’. By Lemma 4.7, ¢"a, — ¢ and ¢""a, — ¢, because
a; ! does not accumulate at ¢” or ¢””. From this it follows that e is an accumulation
point of other ends —either of ¢” a,,, ¢ a,, or of both. (Note that right multiplication
by an element aeG gives a bijection of & to itself, so ¢”a, and ¢”q, cannot both
equal e. Since & is compact by construction, this shows that it is perfect and (4.3)
is proved.
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Proof of (4.41). H is a compact, normal subgroup of G and n: G —G/H is the
projection. Define

ne:{nQ}Qee eegG
' e={n Tl €6y

We claim that me, '€ lie in unique ends of G/H, G, say m, ¢, n3'¢, and the
maps 7, : EG—Eqy» Tyt 6gy— 6 are inverse to each other. This is hardly
surprising since the effect of H is to thicken things up by a bounded amount and
this does not affect ends.

Since 7 is continuous, the n-image of each compact set is compact. Since H
is compact the 7 ~'-image of each compact set is compact. Thus, 7 and = ! preserve
boundedness.

Given e€é;, we want to show me lies in a unique end of G/H. It suffices to
prove that me={nQ},,, satisfies properties (a), (b) in the definition of ends since
Zorn’s Lemma lets us extend ze to satisfy (c).

{a) Let Qee, let V be a seed of H\G=G/H and let U=n""(V). Then U is a
seed of G and U > H. We claim

Op(rQ)crdys(Q)-

Let Hged,(nQ). Then Hg=v, Hg, for some Hg enQ and some v,eV. Also
Hg=v,Hg, for some Hg, in (xQ) and some v,€V. Thus

v hyg,=g=v hi g x;=higeQ
X,=hyg,eQf
for some h, h}, h,,hyeH, v, ,v,eV. Thus

xi=hg=hh o7 geHi (@)
i=1,2. This proves that ged,:(Q). Since 0,;(Q) is bounded so is J,, (1 Q). Clearly
nQ is unbounded since Q is. This proves (a) for me.

(b) If 0,Q’ee and U is as above then by (c) for ¢, n~'nQ, n~'nQ’ce. By (b)
fore, n7'nQnn"'nQ'ee and so nQNnQ’ =n(z'nQNn"'nQ)ene proving
(b) for me.

Hence . : 6;— &y, is well defined.

The proof that n;': &, — & is well defined is slightly easier. Given eed
we want to show that {n~' T}, _,=n""¢ satisfies (a), (b) in the definition of ends.
Let U, V be as above. We observe that

Oy T)en =" 9,(T)

which is bounded. n~* T is unbounded since T is. This proves (a) for 77 !%; (b) is
clear since n (TN T)=n"'Tnxn "' T. Hence ny': &5 y— &, is well defined.

Since n~ ' n(Q)ee for all Qeeed,;, we have n,'on, =identity on E,. Since
non~! =identity on G/H, we have n, on,' =identity on &, ;. Hence, n, ' ==},
completing the proof of (4.41).

Proof of (4.4ii). H is a normal, compactly generated closed subgroup of G
and G/H is bounded. Let U be a seed of G and H so large that G/H —nU where
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n: G — G/H is the projection. For ee &, €8}, we define
ie:{QmH}Qec jE:{%T}TGE

and claim that i, j induce inverse bijections between &, &.

Since U = G/H, all points of G are in the U-hull of H, #, H=G. Let Qeeed,.
Clearly O nH has bounded frontier, ¢, ,(Q " H). Also QnH is unbounded
since Q is unbounded and points of Q far from @, . ,(Q " H) have their whole
U-hulls (including thus some points of H) in the set Q. This proves (a) for ie;
(b is clear since (Q N H)(Q'nH)=(Q N Q')n H. Thus i ,: & — &, is well defined
by ieci,e.

Let Te€ed),. We claim that

TS A (s (T)).
Let gel,(#,T). Then
g=u g, g =ul

g=u, 8,

for some g, e A, T, g,e(H#, TY, uy, u,, uyeU, t,eT. But G=#,H so g=uh and
g, =uj h, for some h, hyeH, u, w,e U. Since g,¢ #, T, h,e H— T. Thus

~1 ' -1 S A S | ’
u T uyu,hy=u"rtu, g, =h=u"'g=u""u ut,

for hyeH~T, t,€T This proves hedy,, . x(T) and ge#,(¢y,.4(T)) as claimed.
Since the latter is bounded, so is the former. Clearly #, T is unbounded since T'is.
This proves (a) for je={#, T}, .: (b) is clear since H(TT')=H,(T)NH(T).
Hence j, : &, — & is well defined by je<j, ©.

The composition i, j, is the identity on &, because ij(T) is just the U~ H-
hull of Te®, and the hull of any Teé¢ is in ¢. The composition j, i, is the identity
on &; since the difference between ji(Q) and @ is bounded, Qee, and so ji(Q)ee.
Thus, j, =i;' and (4.4ii) is proved.

Proof of (4.5). H is a normal, compactly generated closed subgroup of G
and H, G/H are unbounded. We must prove G is one-ended. Since G contains the
unbounded subset H, it is unbounded, noncompact, and thus has = { ends.

Let U be a seed of G and H. Let Qeeeé,;. We shall show @ is bounded, which
implies G is one-ended.

Let U">0,,Q. Since G/H=H\G is unbounded there are many cosets Hg not
meeting U” Since H is unbounded, so is coset Hg. Thus, many points of every
coset do not lie in U" and many cosets miss U" altogether.

As we saw before, H is U-connected and therefore so is each coset Hg. Thus,
if Hg is a coset which misses U" then (Q n Hg)u(Q°n Hg) would be a division
of Hg having the U-hull of one piece disjoint from the U-hull of the other. Hence,
if Hg misses U” then either Hg=Q or else Hg< Q"

Consider any coset Hg and write g=u; ... u,, u;€ U. Choose any he H n(U"+¥),
i.e. choose an element of H far from d,,Q. Since H is not bounded, this is possible.
Then

hou hy o uy..u h=gh
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is a U-chain from h to gh avoiding ¢,Q. Since H is normal, ghegH = Hg. Thus,
h and some element of H g are both in Q or both in Q°.

Suppose H N Q is bounded, say HnQ < U™ Clearly m=n—1. Every coset Hg
contains an element of Q° by the preceding chain-coustruction. Thus, the cosets
Hg missing U" are all in Q°. On the other hand, if g=u, ... u,, k<n, then each
point of H g~ (U?"¥ can be joined to some he H n (U"Y by a U-chain avoiding ¢,Q,
and since such an # lies in Q°, we get

Hgn(UZH)cCQc

which shows that Q is bounded, in fact Q < U*". This contradicts (a) in the defi-
nition of ends, so H N Q cannot be bounded.

Since HnQ is unbounded, the chain construction shows that every coset Hg
contains an element of Q. Thus, all cosets missing U" are wholly contained in (.
Since H\G is unbounded, there is some coset, say Hg, with g, =u. ... 1.
kzn+1, which misses U"; Hg,c Q. Let g=u, ...u,, {<n Using the chau.
construction twice we can find a U-chain from any xe Hgn (U*"**ftog H=Hg,,
avoiding 0,0

Hg=gH>x
=uy g, gh L houghy gy g h
=g, Heg H
=Hg,.

Thus, Hgn(U?"**¥ < Q and so
Qcc U2n+k.

This proves that every Qeeed is the complement of a bounded set, ie. e=e,
and G is one-ended.

To prove (4.6) we use three lemmas. Let r, denote right multiplication on G
bya, r:xm—xa.

(4.8) Lemma. Each raeHomeo(G) and av-r, is a continuous monomorphism
G — Homeo(G).

Proof. Continuity of r, at points of G is a consequence of G being a topological
group. If e is an end of G then the definition ea={Qa}, , makes it clear that r, is
continuous at e. Since r,_, =r,"*, r,e Homeo(G). Continuity of a+—r, need only be
checked at a=1, the identity of G and at some end e of G. Let a,— 1. (If G is
discrete then a,=1.) Let Q be a neighborhood of ¢ in G, Q=0 NG. Then r, (&)=
{0a,} pe. Clearly Q'a,cQ for n large, 0'=0Q— 0,0, and any fixed seed U "of G.
Hence r, (¢) e and (4 8) is proved.

(4.9) Lemma. Let S be the isotropy subgroup of the ends of G,
S={seG: es=e for all ends ¢ of G}.

Then S is a closed, normal subgroup of G. If G is two-ended then either G=S or
G/S~Z
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Proof. S is clearly a normal subgroup since gsg~! fixes the ends of G, geG.
By (4.8) it is closed. If G is two-ended then each g, g'e G — S switch the ends of G.
Thus, so does g~' and g~ g’eS so g'egS. This shows G/S has only two cosets, so
G/S~Z,.

Definition [5]. Let G be a compactly generated group. G is elliptic, parabolic,
or hyperbolic iff G has exactly 0, 1, or 2 ends e which are fixed under multiplication
by all elements of G, ge=¢=eg, geG.

It is not hard to see that a group with infinitely many ends cannot be hyperbolic.
For if ¢, e, are the right invariant ends and e, is a third end then we can find a
sequence in G, a, — e, such that a; ! — e, use (4.7) to conclude (by right-invariance
of e, ;) that ;' accumulates at ¢, and at ¢,, so ¢, =¢, =¢,, a contradiction to
the distinctness of ¢;, ¢,. Hence, by (4.3), every compactly generated group is
hyperbolic, parabolic, or elliptic.

Question. A problem which Freudenthal poses, but which remains open we
think, is whether a group with infinitely many ends can be parabolic—1i.e. have
exactly one invariant end.

(4.10) Lemma. Let H be a hyperbolic group and U be a seed of H. If a, tends to
one end of H then a; ' U tends to the other.

Proof. Let the ends be ¢, and suppose a, -~ ¢, but a, ' u, does not accumulate
at e_ for some sequence u, € U. By (4.7) ¢_(a, ' u,) — e, since '

(a7 u) ' =u;'a,eHyla) e, .

Since H is two-ended, convergence means equality: e (a7 'u)=e
contradicting hyperbolicity.

n large,

L)

Remark. If hyperbolicity is weakened to two-endedness than (4.10) become
faise. For example, let G=Z, - Z where - means semi-direct-product relative to
the Z,-action on Z, m+— —m. {Thus, writing Z, multiplicatively, (a, n) - (b, m)=
(ab,n+am).) Then G is two ended but (— I, n)=(—1,n)"! both tend to the same
end as n— oo.

Question. If G is two-ended and H is the isotropy subgroup of the ends as in
(49) thenis G=Z,-H?

Proof of (4.6). We may assume the ends of G are right invariant. Otherwise
replace G by the subgroup S of index two constructed in (4.9). Let U be a seed of G.
Let @, e, be such that

HyQ oAy Q. =F=Unit,Q,.

Let Vbe a large bounded setso Q wVuQ, =G, Vo U.

Thereisa @' ee , Q' =@ ,such that any aeQ’, has a 'eQ_. This is implied
by (4.10). There is a Q[ ee,, Q" =Q', =Q,, such that @, ac=Q, for all aeQ, .
Otherwise there exists a sequence a, — e, such that @, a,4$0Q. . Since 9,0, is
bounded, (6,0 ,)a,=Q_, n large. As in the proof of (4.7) this implies that @, a,
contains one of the finitely many U-connected components of Q. infinitely often,
ie. xeQ, a, for some constant xeQ", . This says xa_;'eQ , for some fixed x. But
by (4.10), a; ' —e_ and left multiplication by x does not affect such convergence.
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Hence Q' exists as asserted. Symmetrically, thereexist " < Q" <Q _,Q"_,Q" €e_,
such that any aeQ’ has a~'eQ, and any aeQ” has Q_acQ_.
Choose any heQ’| with h™'eQ”. Since heQ", Q, h=Q,. In particular,
h*, k... all belong to Q.. We claim h"—e_ . Otherwise there is an infinite
sequence of powers h* occurring in some bounded subset of G. By local compact-
ness, (4.1), a subsequence of these converge to some xeG. But h", h™ being near x
means h"(h™)~' and h™(h")~! are near 1, in particular they are in U. We may
assume n<m. Then
W =h"""=h"h=uecU =>ht=u"'p
with k=m—n—120. We already saw that h, h%,...,eQ, . Thus,
hl=u'hHelUu#Q,

which is disjoint from Q by our original choice of Q , . This contradicts h~'eQ .
Therefore i — e, as n—oo. By (410), h"—e_ as n— —oc. Thus, H={h"} is a
closed infinite cyclic subgroup of G. It remains to show G/H and H\G are
bounded.

If H happens to be normal then by (4.5), H\G = G/H is bounded, for otherwise
G would be one-ended. But there is no reason to think H is normal. Instead,
consider again the sets Q , e, used above. Since Q, h< @, we get a decreasing
sequence Q, oQ, ho0Q, h*>.... Since i"—e , (0,0, )h"—>e,, ¢,Q, being
bounded. Hence (), ,Q, h"=#. Also,since @, ,Q, hee ,thedifference @, —~Q , h
is a bounded set. Let W be a seed of G containing Vand Q, —Q, h. Then

Wh>(Q, —Q. Wh=0, h—Q, h*

and in general Wh*>Q h*~Q W' Hence WuWhUWh?*U--->Q U V. This
says that #,,(H}>Q, uV.

We chose h so that h~'eQ"” . Thus everything true for h relative to Q, is true
for h~! relative to O _. That means (enlarging W to also include the bounded set
Q —Q_h"Y)y #,(H)=G and so each geG can be expressed g=wh for some
heH, weW. Thus, G/H is bounded. For each geG, g~ '=w'#k for some h'eH,
w eW. Thus each g=(#)"1(w)~! and so H~ G is bounded too.

From (4.4, 5) we deduce

(4.11) Corollary. If ¢ is an Axiom A G-action on M with more than one orbit then
G has either one or two ends.

Proof. Let H be the subgroup of G generated by a hyperbolic element f.
Since f™ does not cluster in G, H is a closed non-compact subgroup of G iso-
morphic to Z. Since f is central, H is normal in G. If G/H is bounded then (4.4ii)
says G is two-ended because H is. If G/H is unbounded then (4.5) says G is one-
ended.

We have now come to the main goal of §4.

(4.12) 'Theorem. If ¢ is an Axiom A G-action on M then either Q,=M or else G
is hyperbolic.

Proof. Assume Q=+ M. By (4.11) G has either one or two ends; we must show
it does not have just one end and that the ends are right-invariant.
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The ©-Decomposition Theorem, (2.3), says that =0, u---UQ, disjointly
with ¢ topologically transitive on each Q. Let xe M —Q_ and consider the orbit
of x, 0,. By (3.6), 60, cannot be entirely in one basic set, it must meet at least two,
say

0,cA_vudA, A, =Q A =JQ
jFi
and f™x —x, €A, for some sequence n, — + oo as k— + 0.

Let U be a fixed seed of G. Let N, be small disjoint neighborhoods of 4, .
Then G=L_ovwSulL, where

S={geG:gxeM —(N_uUN, )}
L,={geG:gxeN,}.
Clearly S is compact. Since A, are @-invariant ¢(U, A,)=1,. Hence
o(U,N.)no(U,N,)=0

for small N, by continuity of ¢.
For each ug, ey (L,), g, €L,

olug.,x)=ou, o(g,,x))ep(U, N,)

and so A,(L_)niAy(L, )= [Here we must use a left-end theory.] Hence
O L, )= A, S so 0,(L,) is bounded. Since L, contains infinitely many powers
of f and since Z~ { "} is a closed noncompact subgroup of G, L, is unbounded.
By Zorn’s Lemma there are ends e, containing L. Since L N L =0 e =+ e,,
i.e. G has z2 ends. By (4.11), it has exactly two, ¢ _and e .

It remains to show e, are right-invariant. Suppose G is two-ended but not
hyperbolic. Consider the isotropy subgroup H of the ends as in (4.9). Choose any
geUn(G—H). Then g switches the ends: ¢, g=e¢_, ¢_g=e, . Hence, if f"™eL,
and k is very large then f"™geL_. (We have not yet established that /" — e, as
n— + oo, merely that this holds for a subsequence.) Since f is central,

o(f™g, x)=(gf™, x)=0(g, o(f™, x))ep(U,N,).

But (U, N,)AN_=f, so f™g cannot belong to L _. Thus, no such g can exist
and the proof of (4.12) is complete.

(4.13) Corollary. If ¢ is an Axiom A G-action with hyperbolic element { and if
Q% M then f" converges to one end of G as n— oo and to the other as n— — .

Proof Let A,,N,,L,, S, n beasin(4.12). We may assume fe U, the seed of G.
Since S is compact and { f"} is closed noncompact, there is an integer N such that
n=N implies f"¢S. Since (U, N, )nN_=8, f"*'eL, for any n=N such that
Sf"eL, . Since n,— oo as k— oo we can start at any f"™eL, with n,>N and be
assured of staying in L, for all f*, nzn,. Hence f"—e, as n— 0. By (4.10),
f"—>e_asn— —oo.

Remark. (4.12) could be paraphrased as: Q-hyperbolicity of a G-action implies
hyperbolicity of G. This pleasant coincidence of terminology is not unique. The
geodesic flow on the hyperbolic plane is hyperbolic and the hyperbolic trigono-
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metric functions appear in its tangent flow. It remains to involve hyperbolic
PDE’s.

Let us return to the problem of intrinsically defining when an action has
cycles. Let ¢ be an Axiom A G-action with Q decomposition Q, u---UQ, =Q_+M.
By (4.12) G is a hyperbolic group, say its ends are e, . Let U be a seed of G and let
N, ..., N, be small open neighborhoods of Q,, ..., 2. For any xe M —Q let

L,={geG:gxeN} i=1,...,m.

Since €, is p-invariant, the J#; L, are disjoint, just as in the proof of (4.12), at least
if the N, are small enough. Also as in (4.12), each L, belongs to an end ¢, of G.
Since G is two-ended we conclude that 40, meets at most two Q,’s. By (3.6), 00,
meets at least two Qs, say @, , Q, . Define

3, 0.= [ ¢(Q, x)=limit points of gx.

Qeey g—ex

Then ¢0,=0_0,0v0, 0,=£, UQ, . We observe that 0_ O, lies in one basic set
and J_ O, in the other. For L, , L, are disjoint, nonempty, one belonging to e _,
the other to e, ,say L, ee_, L, e, . Then

0 0,= () ¢Q.x) ¢,0.= () ¢(Q x)
o<, osi,

shows that 0 _0,<Q,,0, 0,cQ,,.
Without reference to a particular hyperbolic element of ¢ define
Q<Q; iff 6_0,<Q;, 0,0,=Q; for some O, cM—Q.

This gives a partial order on Q,,..., 2, unique up to the reversal caused by
interchanging e _ and ¢, . If f is a hyperbolic element of ¢, let < denote the partial
order on the ©, defined in §2 by !

Q<Q, iff WQAW Q¢
S

where the stable and unstable manifoids were constructed using f By (4.13),
either f"—e, orelse f"—e_asn—oow. lf f"—>e then <=<.Hf"—>e¢_ then
< = <. Summing this up, we state 4

f*l

(4.14) Proposition. If ¢ is an Axiom A action then the cycles of any two hyper-
bolic elements are equal up to reversal. In particular, the no cycle assumption is
independent of which hyperbolic element is chosen.

The next result has the consequence that there is an order on a hyperbolic
group which makes it like Z modulo bounded sets.

(4.15) Proposition. Let G be a hyperbolic group with ends ¢ .. Then G has a seed U
and there is a map 1: G — Z such that ©1(1)=0 and

(1) There are positive constants c,, C,— co such that if k=3 then

da'leUt=|ta—1d|<C,
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and
lta—1d'|<¢ = d a e U*.

(2) There is a positive constant K such that for all ac G

@)=z K =1(d a)>1(a)

@)L —K=1(d a)<t{a).
3) Hy(x)n Ay(t H(n+1)*£0  for each xet™'(n), neZ
4) a,—e, iff tla) > +o.

Remarks. (1) asserts bi-continuity of t modulo U, (2) is a weak sort of translation
invariance, (3) is an Archimedean Law modulo U. By 1 we mean the identity
element of G. Recall that hyperbolicity of G means G is two ended with right-
invariant ends.

Proof of (4.15). By (4.6), G has a subgroup H = {h"} such that h"—e¢, asn— +oc
and G/H, H\G are bounded. Let U be a seed for G with heU and #, H=G=

UkEZ Hy(H*). Let
H,={h, —oo<k<n} T,=H,(h"y— A, (H,_,).
Clearly G=|J,., T, disjointly and the T, are bounded sets. We claim
(*) ' "eT  nelk
when A" is the largest positive power of h lying in U. We observe
' WeU=h'r"eUh"=H#,(h") neZ.

But if A¥*"e A, (h™), m<n, then h¥*"=uh™ for some ueU, and so KN """eU,
a contradiction to A" being the last power of h in U. Hence h"'"¢ #,(H, )
proving ().
Define 1: G—Z by
t(g=n+N iff geT,.
By () h°=1eT_j so t(1)=0.

(1) Fix any k>3. Let ¢, +1 be the first positive power of h in G—U*~2. Let
C, be the last positive power of hin U** 2. If ae T, and '€ T, then n—m=ta—1d
and a=uh", a =u' W" for some u,u’'eU, so

da'=uh""ut Qe W) Nda HYu=h"""

If /m—n|<c, then h""eU*? so a'a~'eU* If @a~'eU* then " "eU*"? so
Im—n|< C,. This proves (1).
(2) Since h"ﬂei as k— + oo there is a constant K such that
{(h: kzK}n(U*H- U)=8
(i k< —K}n(U*H* U)=§

where H* ={h**: k20}. If aeT,,d €T, d aeT, then a=uh™ a =u'h", d' a=u" I,
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so a'a=u h"ul™ implies
=) "'w' - "u " teUhF mU.

But s—m=1(d'a)—t(a). If n< —K then s—m=< —1, ie. t(d’a)<t(a) as claimed.
If n= K then s—m= 1, i.e. 7(a’a)>t(a) as claimed, proving (2).

(3) Let xet~'(n). Then xe T,  and so x=uh""" for some ueU. Thus
H()su~x =N =h N e s (M) A (r (n+ 1)

by () proving (3).

(4) Since T,c A, ;("")=Uh" and 1 '(n+N)=T, (4) follows from h"—e,
as n— + 0.

5. 2-Stability

Here we prove our Main Theorem: Axiom A4 plus no cycles implies Q2-stability
for a G-action ¢. There are two cases Q=M and Q& M. (3.10) gives the result
when Q=M.

Suppose 25 M. Let f,€G be a hyperbolic element for ¢. Let f =¢@(f,) and let &
be the @-orbit lamination of Q. By (3.1}, (f, Q) has local product structure. Since
¢ obeys Axiom A, it leaves W*O,_, W*O,_ invariant. (This was observed in §2
and follows at once from centralness of f and the asymptotic characterizations of
the strong stable and unstable laminations.} Hence % is subordinate to %", #_°
and so local product structure for (f, ) implies local product structure for (f, £).
By (7A.1) of [HPS] f has a neighborhood U in Diff' (M) and 2, has a neighbor-
hood U in M such that if f'e U, then h,.(€) is the largest f"-invariant subset of U
when h . is the canonical candidate for a leaf conjugacy from (7.4) of [HPS].

Let ¢’ be a G-action near ¢ in A'(G, M) and let /'=¢'(f,). By (3.9) the ¢'-
orbits laminate '=h () and h is an orbit conjugacy (¢, Q,)— (¢, Q). Since
the compact @-orbits are dense in 2, the compact ¢’-orbits are dense in '. Hence
Q' =@, Since  is the largest f-invariant set near £, the ¢’ orbit of any point
in Q,—< is never wholly near Q. It remains to rule out such a “global -
explosion”.

By (2.3), 2 decomposes into basic sets =0, u--- U, . By (4.12) G is hyper-
bolic and there is a natural partial order < on the Q. We are assuming, from now
on, that in this order there are no cycles.

As in [15] global Q-stability modulo local Q-stability is true in more generality
than Axiom A actions. Namely, let 4,, ..., A4, be compact, disjoint, ¢-invariant
subsets of M such that

QA u-0A,

where ¢ is a continuous G-action on the compact metric space M and G is hyper-
bolic. Let the ends of G be called e_, e, and define the ends of an orbit 0=0, as

0,0= () Cl{gx: geQ}.
Qee .
Since e, are fixed by right multiplication, ¢, O is independent of xeQ and ¢, O
is g-invariant. Clearly ¢, O is compact, nonempty. Equivalenty, ¢, (0,) is the set
of limit points of gx as g—e,.
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Let W*A, denote the unstable set of A;, {xeM:0_(0,)cA,} and let W°A
denote the stable set W* A ={xeM: 0. (OX)CAI} We claim that if ,(0,) meets
A, then it is contained in A;. For suppose @, (0,) meets A, and 4,. Take open
disjoint neighborhoods N,, N, of A,, A, as in the proof of (4.12). The sets {geG:
gxeN,}, {geG: gxeN,} are elements of different ends. But each is contained in
e, contradicting the fact that G has exactly two ends. Similarly ¢ _. Thus, there
are disjoint decompositions

U WiA, =M= U weA

i=0 i=0
We say that A4,<A; iff W*A, meets WA off A=A, U---UA,. A cycle is a chain
A, <--<A; =4, , nz2. The following result completes the proof of our Main
Theorem.

(5.1) Theorem. Let V,, ..., V, be any neighborhoods of A,, ..., A,,. If there are no
cycles among the A; then any G-action C° near ¢ has nonwandering set contained
mV=Vu--ul,.

Proof. The idea of the proof is the same as the one in [15]. The details are
considerably harder due to the use of (4.15) instead of obvious properties of R.
We shall assume (5.1) is false and produce an arbitrarily long chain of unrepeated
As.

Let U be the seed of G, 1: G—Z be the map, and ¢,, C,, K the constants
constructed in (4.15). We think of 7 as “time along G from e_ toward e, ”. We
write @(g)}(x)=¢@{g, x) when convenient.

Let V,, ..., V, be neighborhoods of A, ..., A, in M. Let W, be a small neighbor-
hood of (p(U“, ‘, {p(g, x): geU*, xeV} dnd fet X, bea small neighborhood of
W,. Without loss of generality we assume the V, are open, the W, are compact,
the X, are open, disjoint, and prove that the nonwandering set of the nearby
action lies in X=X, U ---uX,. For @(U* V) shrinks to A, as ¥, does since
(G, A)=41

Let N,=W,—V;, a compact set disjoint from A. We claim that N, acts as a sort

of fundamental neighborhood for A;. Precisely, we assert that if ¢’ is a G-action
near ¢ and xeM then

pla, x)eV, ¢'(g, x)e N, for some geG with t(a)<1(g)<1(b)
ob,x)eM—W,} = Jand ¢'(g, x)e@(U>, V) for all g (n
(a)<t(b) with t(a) < t(g) < 1(g).

When G=IR (1) says that a trajectory leaving V, must traverse N, on its way out.
The proof of (1) is a sort of least upper bound argument, using (4.15(3)).

For any ¢, a, b, x as in (1) consider
T.={teG: (@)= t(t) < {b) and
if t(@) < t(r) < (t) then @'(¢, x)e @' (U3, V)}.
We observe that ae T, since any ¢ with t(a) S (') S 7(b) has ©(t')=1(a) and hence
by (4.15) t'a ‘e U3 (Thls is the inequality |ta—1d'|<c; = a’a 'eU?) Hence

@'t x)=¢'(ta a,x)=¢'(a"", ¢'(a,x))e¢" (U ).
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Thus aeT,. In particular T, =+ and is T-bounded above by z(b), so we can choose
some ¢, € T such that =(t;) = ©(t) for all te T. By (4.15) there is a ge #,(t,) such that
t(g)=r1(t,)+ 1. This says g¢ T, g=ut, for some ueU, and so

@' (g, x)=0' (ut,, x) B
=¢'(u, @'(t;, X))@' (U, ¢’ (U, V)= @' (U4, V).

Since V; and U* are compact, this last set, ¢'(U*, V), will lie in W, for ¢’ near o.
Thus, ¢'(g, x)e W, but since g¢ T, ¢'{g, x)¢ V.. This says ¢’'(g, x)e N, and proves (1).
[Note how important it is that g be ut , not t,u. That is, we must use a left-end
theory here.]
Suppose that (5.1) is false. Then there are G-actions ¢, converging to ¢ in
A®°G, M) as n— 0, such that Q, meets M — X. By compactness of M —X there
exists a limit point xe M — X of 'the Q, . Using a diagonal process, a sequence
g,€G can be selected so that {g,} has no llmlt point in G and

?,(8,s X,) =y, X <X, n—>®©
Xys Vs XEM — W,

Since G has only two ends, e, g must be getting near one or both of them as
n— o0. By choosing a subsequence and possibly interchanging x, with y, we may
assume g, — ¢, . In what follows we choose subsequences freely without relabelling
them.

Since xe and there are no cycles, d_0,=A4,, 0, O,=A,,, and i, #1,. Since
@,— ¢ in A(G, M) and x,— x in M we can find a sequence g eG such that

0<t(g:|)<r(gn) qon(g:,?xn)zx;—‘)iiZEAiz'

To see this, choose any sequence a, — ¢, in G. For k fixed, ¢, (q,, x,)—— @(q,, X).
As k— o0, @lg,x)—>4,€4,;, (for a subsequence). Thus g,=aq,,, n>k->c0
suffices,

In particular, x, eV, , n large. Since y,=@,(g,,x,)eM—W, (1) gives some
g, €G with

?,(8,» X, JEN,, Wlth t(g) st(g) = (g, )
(pn(g’ X")EQD"(Us, V;z) lf gET -t [Tgn’ Tgn)‘
We observe that
(g,)—(g,) > 0. (3)

For otherwise we could apply (4.15) and get a subsequence with g/ (g)) '—g «€G.
But then
0,8 x,)=0,(g, (g;)‘l 8 X)

=0,(2,(28) 7", 0,2, x,))

=0,(8, (&) ", x1) > 0(g,, 4, )€ 4,
contradicting the fact that ¢, (g, x,)e N, , a compact set disjoint from A.

Since N, is compact we may assume X, =,(g,, x,) ~»x’€N, . We claim that

o _, xz)c W, for some Q ce_. In fact consider Q_={geG: 1(g)< —K}
where K is the “translation constant” in (4.15(2)). Suppose that ¢(g, x*)e M — W,

3 Inventiones math., Vol. 29
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for some g with 1(g)< — K. Then

@8 x)— o8, x).
But ¢,(g, x;)=9,(gg,, x,) and by (4.15(2)),
1(gg,) <t(g,)-
By (4.15(1)) I=(g))—t(gg,)| £ C, where gg/(g)) ‘e U ie. where geU* This k is

fixed and so

©(g,)— G, =(gg,) <t(g,)
By (3)
g <t(gg,)<t(g,)
for large n. This says that x) =¢,(gg/, x,)e@,(U?, V) since all aeG with r(gn)
t(a)<t(g]) have this property according to (2). But this contradicts ¢, (g, x.)—
(g, x*)eM — W,,. Hence such a g does not exist and ¢(Q _, x*)c W,,. Therefore
Jd_(0p)=4,,.

Let 0,(0:)<=4,,. Since there are no cycles, iy, i,,i; are distinct. We shall
proceed with x* as we did with x. We do not claim x*elim €, . Rather we shall
use the same x,,y, we used above, x,,y, —x. This makes it slightly harder to
find x* and i,.

First observe that

(g,) —7(g,) —> 0. 4

Otherwise by (4.15(2)) and a subsequence we could assume g,(g/)~'— geG. Then

X <Y, =0,(8,, X,) = 0,(8,(8) 7" &> x,)
Pul8a(87) 1 x0) > 0(g,, X7
Hence x and x? are on the same orbit so 0 0,=0_0,,, contradicting i, +1,.

Since x —x* in M and ¢,—¢ in A(G, M), we can find a sequence g, —
such that

©(g")<(g,) <1(g,) )
(g, x")=x;”ﬂ/1iseAi3.

To see this, choose any sequence a,—e¢, in G, say g, € U*. For k fixed

@y, X)) —> lay, x7).

As k— o0, ¢(a,, x,) tends to some 4, A, (for a subsequence). Consider g,"=a, g,

1"

where k=k(n), n»k—co. Clearly we can assume ¢,(g), x,)=¢{q,, X)),
By (4.15(2)), t(g.")>t(g,) as soon as t(a,)= K. By (4.15(1))
lt(g)— (g, )= C,

when g/’ (g)~'e U*. But g/ (g/)~! =a,e U*. Thus, o0 «k(n)<n and (4) let us make
7(g,) > 1(g."), completing the proof of (5).

In particular, x,"=¢,(g,’, x,)€V, ,n large, and (1) implies the analogue of (2)
(p"(g///l xn)GNiJ Wlth 1'_(g///)<,t( N//)<‘C(gn)

6
.8 x,)€0, (U V) if ! [(gy)), ©(g)")- (©)
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By exactly the same reasoning as above we get ¢,(g.”, x,)=x."—x> €N, with
0_(0,s) = 4;,. Again the no cycles assumption implies 0, (O,;) = A, with i, i), 15,1,
distinct. Continuing this was (the succeeding steps are exactly the same as i, —i,)
we produce an arbitrarily long chain of unrepeated A;’s which is ridiculous since
there are only m of them. Hence (5.1) and the Main Theorem are proved.

§ 6. Examples
(i) It is Reasonable to Assume G is Compactly Generated. Let A be the standard

11 o
linear Anosov diffeomorphism of T2, A= ( | 2). Let G be the infinite direct

sum Z@Z @ --- with the discrete topology. Elements of G are infinite strings
(n;, n,,...) with all but finitely many entries equal to zero. G is not compactly
generated but otherwise is a perfectly good Lie group. Let G act on T? by

(P(nv n,, L)l x;—»AZ(an”..,)(x).

The @-orbits are clearly the 42-orbits, the compact ( =finite) 42-orbits are dense
in T2, and f= A? is hyperbolic to the @-orbit lamination. The laminae are points
and the orbits are finite or countable sets of points. Thus, ¢ is an Axiom 4 G-action
with hyperbolic elements f=¢(1,0,0,...)=A4% Since Q,=M, ¢ satisfies the no
cycle condition vacuously. It also satisfies Axiom B [16].

However, ¢ is not Q-stable. Any given neighborhood U of ¢ in A"(G, M)
contains a smaller neighborhood of the form

{YeA (G, M): d.(y(n,, n,,..), en, ny, .. ))<e
for all (n,,n,,...) with n,=0 VI[>k}.

The numbers ¢ and k depend on U. The d, is a metric on Diff (T"2). In particular,
we can choose ¥ to be
!//(nl, n,, ...):AZ("‘ g o)+ nk

and  will lie in U. The y-orbits are the A-orbits. Since 4* has more one-point-
orbits than A has, A% and A are not orbit-conjugate. Hence i is not orbit conjugate
to ¢ and so ¢ is not Q-stable.

(i) Why do we Assume the Hyperbolic Element f central? Let F, be the free
group on two generators, a and b. Give F, the discrete topology. F, is compactly
generated. Let 4 be an Anosov diffeomorphism of M. Then

@: F,— Diff(M)
ar— A

bi—id

gives an F,-action on M and f = ¢{(a) is normally hyperbolic to the orbit lamination.
(The ¢@-orbits are the A-orbits.) But : F, — Diff(M) defined by a+— A4, br—g=id,
is an action near iy whose orbits, in all likelihood, are totally different than the
@-orbits. Hence ¢ is not Q stable. The same example shows why M. Hirsch needs
to assume G/G, is connected in [6].

3
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w Ay

Aj
w2

Fig. 3. Arcs in a circle

(ii1) J. Stallings’ Example of a Hyperbolic Group which is Not the Direct
Product: Finite x Z. Let F, be the free group on the generators a, b. Let G be F,
divided out by the relations

a*=1 bab '=a°

We continue to denote by a, b the cosets containing a, b. It is easy (and it is left
for the reader) to check that the center of G is {b**}, ,. Suppose G~ K x Z.
Then Z =center (G), and some b?' generates Z. But b*-itself must be expressible as

b'=(k,b*") for some keK, neZ.

This implies b*' =(k?,b*™), so 2n=1. Since 3¢Z, no such factorization G=
K x Z exists.

Any element of G can be written in one of the forms
b™ ab™ a*b™ mel.

It is then easy to see that G has two ends (they are approached as m— + o
in the above expressions} and that right G-multiplication leaves the ends invariant.
Hence G is hyperbolic.

(iv) How Stallings Group Acts Faithfully on S!, Satisfving Axiom A. An
action ¢: G— Diff(M) is faithful iff ¢ is injective. Thus, we think of an action as
a representation of G in Diff(M). If ¢ is not faithful then it can be replaced by
¥: G/ker @ — Diff(M) which is faithful. The orbit decompositions of M by i and
¢ are equal, so faithful actions are the only interesting ones for us.

Let o=e>""* and let 4,, 4,, A, be the counterclockwise arcs of S* from 1
to w, w to w?, w? to 1. See Fig. 3. Let g: §*— S' be rotation by 27/3. Thus, g =w?,
gw’=1, gl=w. Let h;: A,—> A, be a diffeomorphism fixing 1 and having
T, h,=(T,.g)o (T, h))o(T, g). Thus, h; reverses orientation and, up to translation,
has equal derivative at 1 and w. Put

hi(2) ze A,
hz)=1{g*h,g*(z) zeA,
gh, g(2) Z€A,.

Then h is a diffeomorphism of S' which sends 4, > 4,, A;—4,, A,— A4,. Since
T,h=(T,.g)(T, h)o(T, g), the left and right derivatives of h match up at 1, w, ®*.
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Now h, can be chosen, subject to the above condition on its derivative at 1
and o, so that h is a Morse-Smale diffeomorphism of S'. For instance, requiring
|T, h,| <1 forces sinks at 1, », w?; the rest of h, may be defined to give three sources
for h in between the sinks. For such an 4 define

@: F, — Diff(M)
ar—g

b—h

where F, is the free group generated by a, b. Then ker(¢) is generated by a’=1
and ba=a?b. That is, ¢ induces a faithful action of Stallings’ group G on S'.
This ¥ satisfies Axiom A4 because, as is easily checked, 2, = the sources and sinks
of h. Thus b? is a hyperbolic element of G. (Note that b is not a hyperbolic element
since bé¢center(G).)

(v) Question. Can Axiom Ab be weakened to

Ab': @-orbits with noncompact isotropy group are dense in €,

so that Aa+ Ab" = Q-stability? It seems to us that the Cloud Lemma is the
main obstacle here.

(vi) Question. If G is a hyperbolic group and M is a smooth compact manifold,
when is there a faithful Axiom A4 G-action on M? When G=Z or R the answer
is “always”. For any manifold supports Morse-Smale diffeomorphisms and
flows.

(vii) Question. If ¢ is an Axiom A action with strong transversality is ¢
structurally stable?
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